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critical temperatures). In other words, the descriptor is the language 
with which the researcher speaks to the database, and thus the 
heart of any e!ective HT implementation. In Table 1 we illustrate 
examples of recently introduced descriptors.

Once a good descriptor is identi#ed, the search for better 
materials within the repository can be performed intrinsically or 
extrinsically, depending on whether the optimum solutions are 
already included in the set of calculations or not. Intrinsic searches 
include just step (iii), require only fast descriptors, and may employ 
various informatics techniques. Examples of previous such searches 
include the scanning of better cathode materials27,28, and the uncov-
ering of unknown compounds9,29,30, novel topological insulators16 or 
thermoelectric materials15. Extrinsic searches involve all three steps, 
because the search for an optimal solution includes iterations lead-
ing to an expansion of the repository.

An important component of extrinsic HT computational research 
is a scheme capable of using the evaluation of descriptors on exist-
ing database entries to guide new calculations not yet included in 
the database. Examples of such schemes published in the literature 
comprise evolutionary and genetic algorithms7,8, data mining of 
spectral decompositions3 and Bayesian probabilities10, re#nement 
and optimization by cluster expansion13,31 and structure map analy-
sis32–34. Neural networks35,36 and support vector machines37 have 
also been utilized in a few cases. $ese methods may sometimes 
be used to bypass step (iii) of the HT analysis, that is, the formula-
tion of a physically meaningful descriptor, so that a search can still 
be implemented even with only a super#cial understanding of the 
physical problem.

Areas of current application
Following the general framework outlined above, we describe in 
this section a few speci#c examples of computational HT studies 
reported in the literature, ordered by increasing degree of complexity. 

!ermodynamics for the identi"cation of binary and ternary 
compounds. $e identi#cation of stable structures is the #rst step 
in the design of materials with various speci#c functionalities. $e 
proper descriptor of alloy stability, the formation enthalpy, is the 
simplest example of a parameter used for HT materials development.

Alloys are the workhorse material of many important techno-
logical applications. $us, #nding new and improved alloys could 

be transformative in some areas and would have a substantial 
economic impact. When improving an existing alloy or designing 
a new one, scientists rely on databases of alloy thermodynamics 
and phase diagrams (for example, the Massalski’s Binary Alloy 
Phase Diagrams38 and the Villars’s et  al. Pauling File39). Although 
the utility of these repositories is tremendous, they could be of even 
greater use if they were more complete. Experimental complete-
ness is di%cult to achieve due to the vast combination space and 
because experimentation is o&en di%cult: it requires high tempera-
tures or pressures, very long equilibration processes, or may involve 
hazardous, highly reactive, poisonous or radioactive materials. 
Computational compilation of the properties of materials is more 
feasible and will lead to much more complete repositories. Examples 
that demonstrate this are the almost simultaneous prediction and 
experimental veri#cation of the previously unknown C11b structure 
of the Pd2Ti compound9,40, the veri#cation by Niu et al.41 of an ear-
lier prediction42 that the CrB4 compound, thought for 40 years to 
have an oI10 structure, is actually more stable in an oP10 structure, 
and the simultaneous synthesis and solution, by an ab initio evolu-
tionary search, of an unexpectedly complex tI56 crystal structure of 
CaB6 (ref. 43).

In alloy design, the targets of the formation enthalpy descrip-
tor are stable phases. $e HT ab initio method explores the phase 
stability landscape of alloys by calculating the descriptor for a large 
number of possible structures. An HT code must perform these 
calculations automatically, transform the structures into standard 
forms that are the easiest to calculate, and automatically set the nec-
essary k-point grid densities, basis-set energy cuto!s and relaxation 
cycles with a convergence tolerance of the order of a few meV per 
atom44. It should also respond automatically to calculation failures, 
due to insu%cient hardware resources or runtime errors of the 
ab initio calculation itself. $ese are among the most di%cult chal-
lenges in HT database generation that have only recently been over-
come (ref. 44 gives details about how this automatic data generation 
is implemented in the AFLOW HT framework). $e initial search is 
performed on a set of known crystal structures, of all lattice types, 
spanning the entire composition range of the investigated systems3,9. 
In advanced HT studies this set includes hundreds of structures per 
system44. In subsequent steps, the search is o&en aided by data-min-
ing and optimization techniques that re#ne and accelerate the struc-
ture screening. $ey include a variety of di!erent approaches: for 

Table 1 | Examples of descriptors introduced in the literature.

Problem Combination of materials properties (gene) Descriptor
Structure stability: convex hull of an alloy 
system

Formation enthalpy (Hf) as a function of concentration (x) and the 
enthalpies (H) of A and B.

Hf(x) = H(A1−xBx) − (1−x)H(A)−xH(B)

Phase stability in off-lattice alloys Spectral decomposition of alloy vector-energies (En,p, n-rows = species, 
p-columns = configurations) with principal-component-analysis 
coefficients (αi) and truncation error ( (d)) (ref. 3).

En,p α1En,1  αp–1En,p–1 + (d)+ +

Nanosintered thermoelectrics Ratio of the average power factor (<P>) to the grain size (L) (ref. 15). thermo �ˆ χ <P>
L

Topological insulators (epitaxial growth) Variational ratio of spin–orbit distortion versus non-spin–orbit 
derivative strain (EkSOC , EknoSOC , spin/no spin–orbit bandgaps at 
k, a0 lattice)16.

Ek
Ek

TI � –ˆ χ
a0(a0)

(a)0

SOC

noSOC a0 a0

Power conversion efficiency of a solar cell 
(spectroscopic limited maximum efficiency)

Ratio of the maximum output power density (Pm) to the incident solar 
energy density (Pin) — a function (η) of the radiative electron–hole 
recombination current (fr) and the photon absorptivity (α(E)) — 
versus bandgap energy (Eg)62.

η(α(E),fr) = Pm/Pin; Eg

Non-proportionality in scintillators Maximum mismatch between effective masses of electrons (me) 
and holes (mh)75.

,
np � max ˆ χ ( (mh

me

me
mh

Morphotropic phase boundary 
piezoelectrics

Energy proximity between tetragonal, rhombohedra and rotational 
distortions (ΔEp). Angular coordinate (αAB) of the energy minimum in 
the A–B off-centerings energy map for ABO3 systems79.

∆Ep � 0.5 eV
αAB ≈ 45°
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critical temperatures). In other words, the descriptor is the language 
with which the researcher speaks to the database, and thus the 
heart of any e!ective HT implementation. In Table 1 we illustrate 
examples of recently introduced descriptors.

Once a good descriptor is identi#ed, the search for better 
materials within the repository can be performed intrinsically or 
extrinsically, depending on whether the optimum solutions are 
already included in the set of calculations or not. Intrinsic searches 
include just step (iii), require only fast descriptors, and may employ 
various informatics techniques. Examples of previous such searches 
include the scanning of better cathode materials27,28, and the uncov-
ering of unknown compounds9,29,30, novel topological insulators16 or 
thermoelectric materials15. Extrinsic searches involve all three steps, 
because the search for an optimal solution includes iterations lead-
ing to an expansion of the repository.

An important component of extrinsic HT computational research 
is a scheme capable of using the evaluation of descriptors on exist-
ing database entries to guide new calculations not yet included in 
the database. Examples of such schemes published in the literature 
comprise evolutionary and genetic algorithms7,8, data mining of 
spectral decompositions3 and Bayesian probabilities10, re#nement 
and optimization by cluster expansion13,31 and structure map analy-
sis32–34. Neural networks35,36 and support vector machines37 have 
also been utilized in a few cases. $ese methods may sometimes 
be used to bypass step (iii) of the HT analysis, that is, the formula-
tion of a physically meaningful descriptor, so that a search can still 
be implemented even with only a super#cial understanding of the 
physical problem.

Areas of current application
Following the general framework outlined above, we describe in 
this section a few speci#c examples of computational HT studies 
reported in the literature, ordered by increasing degree of complexity. 

!ermodynamics for the identi"cation of binary and ternary 
compounds. $e identi#cation of stable structures is the #rst step 
in the design of materials with various speci#c functionalities. $e 
proper descriptor of alloy stability, the formation enthalpy, is the 
simplest example of a parameter used for HT materials development.

Alloys are the workhorse material of many important techno-
logical applications. $us, #nding new and improved alloys could 

be transformative in some areas and would have a substantial 
economic impact. When improving an existing alloy or designing 
a new one, scientists rely on databases of alloy thermodynamics 
and phase diagrams (for example, the Massalski’s Binary Alloy 
Phase Diagrams38 and the Villars’s et  al. Pauling File39). Although 
the utility of these repositories is tremendous, they could be of even 
greater use if they were more complete. Experimental complete-
ness is di%cult to achieve due to the vast combination space and 
because experimentation is o&en di%cult: it requires high tempera-
tures or pressures, very long equilibration processes, or may involve 
hazardous, highly reactive, poisonous or radioactive materials. 
Computational compilation of the properties of materials is more 
feasible and will lead to much more complete repositories. Examples 
that demonstrate this are the almost simultaneous prediction and 
experimental veri#cation of the previously unknown C11b structure 
of the Pd2Ti compound9,40, the veri#cation by Niu et al.41 of an ear-
lier prediction42 that the CrB4 compound, thought for 40 years to 
have an oI10 structure, is actually more stable in an oP10 structure, 
and the simultaneous synthesis and solution, by an ab initio evolu-
tionary search, of an unexpectedly complex tI56 crystal structure of 
CaB6 (ref. 43).

In alloy design, the targets of the formation enthalpy descrip-
tor are stable phases. $e HT ab initio method explores the phase 
stability landscape of alloys by calculating the descriptor for a large 
number of possible structures. An HT code must perform these 
calculations automatically, transform the structures into standard 
forms that are the easiest to calculate, and automatically set the nec-
essary k-point grid densities, basis-set energy cuto!s and relaxation 
cycles with a convergence tolerance of the order of a few meV per 
atom44. It should also respond automatically to calculation failures, 
due to insu%cient hardware resources or runtime errors of the 
ab initio calculation itself. $ese are among the most di%cult chal-
lenges in HT database generation that have only recently been over-
come (ref. 44 gives details about how this automatic data generation 
is implemented in the AFLOW HT framework). $e initial search is 
performed on a set of known crystal structures, of all lattice types, 
spanning the entire composition range of the investigated systems3,9. 
In advanced HT studies this set includes hundreds of structures per 
system44. In subsequent steps, the search is o&en aided by data-min-
ing and optimization techniques that re#ne and accelerate the struc-
ture screening. $ey include a variety of di!erent approaches: for 

Table 1 | Examples of descriptors introduced in the literature.

Problem Combination of materials properties (gene) Descriptor
Structure stability: convex hull of an alloy 
system

Formation enthalpy (Hf) as a function of concentration (x) and the 
enthalpies (H) of A and B.

Hf(x) = H(A1−xBx) − (1−x)H(A)−xH(B)

Phase stability in off-lattice alloys Spectral decomposition of alloy vector-energies (En,p, n-rows = species, 
p-columns = configurations) with principal-component-analysis 
coefficients (αi) and truncation error ( (d)) (ref. 3).

En,p α1En,1  αp–1En,p–1 + (d)+ +

Nanosintered thermoelectrics Ratio of the average power factor (<P>) to the grain size (L) (ref. 15). thermo �ˆ χ <P>
L

Topological insulators (epitaxial growth) Variational ratio of spin–orbit distortion versus non-spin–orbit 
derivative strain (EkSOC , EknoSOC , spin/no spin–orbit bandgaps at 
k, a0 lattice)16.

Ek
Ek

TI � –ˆ χ
a0(a0)

(a)0

SOC

noSOC a0 a0

Power conversion efficiency of a solar cell 
(spectroscopic limited maximum efficiency)

Ratio of the maximum output power density (Pm) to the incident solar 
energy density (Pin) — a function (η) of the radiative electron–hole 
recombination current (fr) and the photon absorptivity (α(E)) — 
versus bandgap energy (Eg)62.

η(α(E),fr) = Pm/Pin; Eg

Non-proportionality in scintillators Maximum mismatch between effective masses of electrons (me) 
and holes (mh)75.

,
np � max ˆ χ ( (mh

me

me
mh

Morphotropic phase boundary 
piezoelectrics

Energy proximity between tetragonal, rhombohedra and rotational 
distortions (ΔEp). Angular coordinate (αAB) of the energy minimum in 
the A–B off-centerings energy map for ABO3 systems79.

∆Ep � 0.5 eV
αAB ≈ 45°
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TI: insulator inside and conductor in the 
surface. The conducting state is protected by 
the symmetry of the system !
(inversion and time reversal).!
!
Fu, Kane, Mele, PRL 98, 106803 (2007).!
Hasan, Kane, Rev. Mod. Phys. 82, 3045 (2010).!
Haldane, PRL 61, 2015 (1988).!
Nielssen, Ninomiya, Phys. Lett. 130B, 389 (1983).!

Graphene is a 2D form of carbon that is of current
interest !Novoselov et al., 2005; Zhang et al., 2005; Geim
and Novoselov, 2007; Castro Neto et al., 2009". What
makes graphene interesting electronically is the fact that
the conduction band and valence band touch each other
at two distinct points in the Brillouin zone. Near those
points the electronic dispersion resembles the linear dis-
persion of massless relativistic particles, described by the
Dirac equation !DiVincenzo and Mele, 1984; Semenoff,
1984". The simplest description of graphene employs a
two band model for the pz orbitals on the two equivalent
atoms in the unit cell of graphene’s honeycomb lattice.
The Bloch Hamiltonian is then a 2!2 matrix,

H!k" = h!k" · "! , !3"

where "! = !"x ,"y ,"z" are Pauli matrices and h!k"
= „hx!k" ,hy!k" ,0…. The combination of inversion !P" and
time-reversal !T" symmetry requires hz!k"=0 because P
takes hz!k" to −hz!−k", while T takes hz!k" to +hz!−k".
The Dirac points occur because the two components
h!k" can have point zeros in two dimensions. In
graphene they occur at two points, K and K!=−K,
whose locations at the Brillouin-zone corners are fixed
by graphene’s rotational symmetry. For small q#k−K,
h!q"=#vFq, where vF is a velocity, so H!q"=#vFq ·"! has
the form of a 2D massless Dirac Hamiltonian.

The degeneracy at the Dirac point is protected by P
and T symmetry. By breaking these symmetries the de-
generacy can be lifted. For instance, P symmetry is vio-
lated if the two atoms in the unit cell are inequivalent.
This allows hz!k" to be nonzero. If hz!k" is small, then
near K $Eq. !3"% becomes a massive Dirac Hamiltonian,

H!q" = #vFq · "! + m"z, !4"

where m=hz!K". The dispersion E!q"= ±&'#vFq'2+m2

has an energy gap 2'm'. Note that T symmetry requires
the Dirac point at K! to have a mass m!=hz!K!" with the
same magnitude and sign, m!=m. This state describes an
ordinary insulator.

Haldane !1988" imagined lifting the degeneracy by
breaking T symmetry with a magnetic field that is zero
on the average but has the full symmetry on the lattice.
This perturbation allows nonzero hz!k" and introduces a
mass to the Dirac points. However, P symmetry requires
the masses at K and K! to have opposite signs, m!=−m.
Haldane showed that this gapped state is not an insula-
tor but rather a quantum Hall state with "xy=e2 /h.

This nonzero Hall conductivity can be understood in
terms of Eq. !2". For a two level Hamiltonian of the
form of Eq. !3" it is well known that the Berry flux
!Berry, 1984" is related to the solid angle subtended by
the unit vector ĥ!k"=h!k" / 'h!k"', so that Eq. !2" takes
the form

n =
1

4$
( d2k!!kx

ĥ ! !ky
ĥ" · ĥ . !5"

This simply counts the number of times ĥ!k" wraps
around the unit sphere as a function of k. When the

masses m=m!=0, ĥ!k" is confined to the equator hz=0,
with a unit !and opposite" winding around each of the
Dirac points where 'h'=0. For small but finite m, 'h'
"0 everywhere, and ĥ!K" visits the north or south pole,
depending on the sign of m. It follows that each Dirac
point contributes ±e2 /2h to "xy. In the insulating state
with m=m! the two cancel, so "xy=0. In the quantum
Hall state they add.

It is essential that there were an even number of Dirac
points since otherwise the Hall conductivity would be
quantized to a half integer. This is in fact guaranteed by
the fermion doubling theorem !Nielssen and Ninomiya,
1983", which states that for a T invariant system Dirac
points must come in pairs. We return to this issue in Sec.
IV, where the surface of a topological insulator provides
a loophole for this theorem.

3. Edge states and the bulk-boundary correspondence

A fundamental consequence of the topological classi-
fication of gapped band structures is the existence of
gapless conducting states at interfaces where the topo-
logical invariant changes. Such edge states are well
known at the interface between the integer quantum
Hall state and vacuum !Halperin, 1982". They may be
understood in terms of the skipping motion electrons
execute as their cyclotron orbits bounce off the edge
$Fig. 2!a"%. Importantly, the electronic states responsible
for this motion are chiral in the sense that they propa-
gate in one direction only along the edge. These states
are insensitive to disorder because there are no states
available for backscattering—a fact that underlies the
perfectly quantized electronic transport in the quantum
Hall effect.

The existence of such “one way” edge states is deeply
related to the topology of the bulk quantum Hall state.
Imagine an interface where a crystal slowly interpolates
as a function of distance y between a quantum Hall state
!n=1" and a trivial insulator !n=0". Somewhere along
the way the energy gap has to vanish because otherwise
it is impossible for the topological invariant to change.
There will therefore be low energy electronic states
bound to the region where the energy gap passes
through zero. This interplay between topology and gap-
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FIG. 2. !Color online" The interface between a quantum Hall
state and an insulator has chiral edge mode. !a" The skipping
cyclotron orbits. !b" The electronic structure of a semi-infinite
strip described by the Haldane model. A single edge state con-
nects the valence band to the conduction band.
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interest !Novoselov et al., 2005; Zhang et al., 2005; Geim
and Novoselov, 2007; Castro Neto et al., 2009". What
makes graphene interesting electronically is the fact that
the conduction band and valence band touch each other
at two distinct points in the Brillouin zone. Near those
points the electronic dispersion resembles the linear dis-
persion of massless relativistic particles, described by the
Dirac equation !DiVincenzo and Mele, 1984; Semenoff,
1984". The simplest description of graphene employs a
two band model for the pz orbitals on the two equivalent
atoms in the unit cell of graphene’s honeycomb lattice.
The Bloch Hamiltonian is then a 2!2 matrix,

H!k" = h!k" · "! , !3"

where "! = !"x ,"y ,"z" are Pauli matrices and h!k"
= „hx!k" ,hy!k" ,0…. The combination of inversion !P" and
time-reversal !T" symmetry requires hz!k"=0 because P
takes hz!k" to −hz!−k", while T takes hz!k" to +hz!−k".
The Dirac points occur because the two components
h!k" can have point zeros in two dimensions. In
graphene they occur at two points, K and K!=−K,
whose locations at the Brillouin-zone corners are fixed
by graphene’s rotational symmetry. For small q#k−K,
h!q"=#vFq, where vF is a velocity, so H!q"=#vFq ·"! has
the form of a 2D massless Dirac Hamiltonian.

The degeneracy at the Dirac point is protected by P
and T symmetry. By breaking these symmetries the de-
generacy can be lifted. For instance, P symmetry is vio-
lated if the two atoms in the unit cell are inequivalent.
This allows hz!k" to be nonzero. If hz!k" is small, then
near K $Eq. !3"% becomes a massive Dirac Hamiltonian,

H!q" = #vFq · "! + m"z, !4"

where m=hz!K". The dispersion E!q"= ±&'#vFq'2+m2

has an energy gap 2'm'. Note that T symmetry requires
the Dirac point at K! to have a mass m!=hz!K!" with the
same magnitude and sign, m!=m. This state describes an
ordinary insulator.

Haldane !1988" imagined lifting the degeneracy by
breaking T symmetry with a magnetic field that is zero
on the average but has the full symmetry on the lattice.
This perturbation allows nonzero hz!k" and introduces a
mass to the Dirac points. However, P symmetry requires
the masses at K and K! to have opposite signs, m!=−m.
Haldane showed that this gapped state is not an insula-
tor but rather a quantum Hall state with "xy=e2 /h.

This nonzero Hall conductivity can be understood in
terms of Eq. !2". For a two level Hamiltonian of the
form of Eq. !3" it is well known that the Berry flux
!Berry, 1984" is related to the solid angle subtended by
the unit vector ĥ!k"=h!k" / 'h!k"', so that Eq. !2" takes
the form

n =
1
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( d2k!!kx

ĥ ! !ky
ĥ" · ĥ . !5"

This simply counts the number of times ĥ!k" wraps
around the unit sphere as a function of k. When the

masses m=m!=0, ĥ!k" is confined to the equator hz=0,
with a unit !and opposite" winding around each of the
Dirac points where 'h'=0. For small but finite m, 'h'
"0 everywhere, and ĥ!K" visits the north or south pole,
depending on the sign of m. It follows that each Dirac
point contributes ±e2 /2h to "xy. In the insulating state
with m=m! the two cancel, so "xy=0. In the quantum
Hall state they add.

It is essential that there were an even number of Dirac
points since otherwise the Hall conductivity would be
quantized to a half integer. This is in fact guaranteed by
the fermion doubling theorem !Nielssen and Ninomiya,
1983", which states that for a T invariant system Dirac
points must come in pairs. We return to this issue in Sec.
IV, where the surface of a topological insulator provides
a loophole for this theorem.

3. Edge states and the bulk-boundary correspondence

A fundamental consequence of the topological classi-
fication of gapped band structures is the existence of
gapless conducting states at interfaces where the topo-
logical invariant changes. Such edge states are well
known at the interface between the integer quantum
Hall state and vacuum !Halperin, 1982". They may be
understood in terms of the skipping motion electrons
execute as their cyclotron orbits bounce off the edge
$Fig. 2!a"%. Importantly, the electronic states responsible
for this motion are chiral in the sense that they propa-
gate in one direction only along the edge. These states
are insensitive to disorder because there are no states
available for backscattering—a fact that underlies the
perfectly quantized electronic transport in the quantum
Hall effect.

The existence of such “one way” edge states is deeply
related to the topology of the bulk quantum Hall state.
Imagine an interface where a crystal slowly interpolates
as a function of distance y between a quantum Hall state
!n=1" and a trivial insulator !n=0". Somewhere along
the way the energy gap has to vanish because otherwise
it is impossible for the topological invariant to change.
There will therefore be low energy electronic states
bound to the region where the energy gap passes
through zero. This interplay between topology and gap-
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FIG. 2. !Color online" The interface between a quantum Hall
state and an insulator has chiral edge mode. !a" The skipping
cyclotron orbits. !b" The electronic structure of a semi-infinite
strip described by the Haldane model. A single edge state con-
nects the valence band to the conduction band.
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Graphene is a 2D form of carbon that is of current
interest !Novoselov et al., 2005; Zhang et al., 2005; Geim
and Novoselov, 2007; Castro Neto et al., 2009". What
makes graphene interesting electronically is the fact that
the conduction band and valence band touch each other
at two distinct points in the Brillouin zone. Near those
points the electronic dispersion resembles the linear dis-
persion of massless relativistic particles, described by the
Dirac equation !DiVincenzo and Mele, 1984; Semenoff,
1984". The simplest description of graphene employs a
two band model for the pz orbitals on the two equivalent
atoms in the unit cell of graphene’s honeycomb lattice.
The Bloch Hamiltonian is then a 2!2 matrix,

H!k" = h!k" · "! , !3"

where "! = !"x ,"y ,"z" are Pauli matrices and h!k"
= „hx!k" ,hy!k" ,0…. The combination of inversion !P" and
time-reversal !T" symmetry requires hz!k"=0 because P
takes hz!k" to −hz!−k", while T takes hz!k" to +hz!−k".
The Dirac points occur because the two components
h!k" can have point zeros in two dimensions. In
graphene they occur at two points, K and K!=−K,
whose locations at the Brillouin-zone corners are fixed
by graphene’s rotational symmetry. For small q#k−K,
h!q"=#vFq, where vF is a velocity, so H!q"=#vFq ·"! has
the form of a 2D massless Dirac Hamiltonian.

The degeneracy at the Dirac point is protected by P
and T symmetry. By breaking these symmetries the de-
generacy can be lifted. For instance, P symmetry is vio-
lated if the two atoms in the unit cell are inequivalent.
This allows hz!k" to be nonzero. If hz!k" is small, then
near K $Eq. !3"% becomes a massive Dirac Hamiltonian,

H!q" = #vFq · "! + m"z, !4"

where m=hz!K". The dispersion E!q"= ±&'#vFq'2+m2

has an energy gap 2'm'. Note that T symmetry requires
the Dirac point at K! to have a mass m!=hz!K!" with the
same magnitude and sign, m!=m. This state describes an
ordinary insulator.

Haldane !1988" imagined lifting the degeneracy by
breaking T symmetry with a magnetic field that is zero
on the average but has the full symmetry on the lattice.
This perturbation allows nonzero hz!k" and introduces a
mass to the Dirac points. However, P symmetry requires
the masses at K and K! to have opposite signs, m!=−m.
Haldane showed that this gapped state is not an insula-
tor but rather a quantum Hall state with "xy=e2 /h.

This nonzero Hall conductivity can be understood in
terms of Eq. !2". For a two level Hamiltonian of the
form of Eq. !3" it is well known that the Berry flux
!Berry, 1984" is related to the solid angle subtended by
the unit vector ĥ!k"=h!k" / 'h!k"', so that Eq. !2" takes
the form

n =
1

4$
( d2k!!kx

ĥ ! !ky
ĥ" · ĥ . !5"

This simply counts the number of times ĥ!k" wraps
around the unit sphere as a function of k. When the

masses m=m!=0, ĥ!k" is confined to the equator hz=0,
with a unit !and opposite" winding around each of the
Dirac points where 'h'=0. For small but finite m, 'h'
"0 everywhere, and ĥ!K" visits the north or south pole,
depending on the sign of m. It follows that each Dirac
point contributes ±e2 /2h to "xy. In the insulating state
with m=m! the two cancel, so "xy=0. In the quantum
Hall state they add.

It is essential that there were an even number of Dirac
points since otherwise the Hall conductivity would be
quantized to a half integer. This is in fact guaranteed by
the fermion doubling theorem !Nielssen and Ninomiya,
1983", which states that for a T invariant system Dirac
points must come in pairs. We return to this issue in Sec.
IV, where the surface of a topological insulator provides
a loophole for this theorem.

3. Edge states and the bulk-boundary correspondence

A fundamental consequence of the topological classi-
fication of gapped band structures is the existence of
gapless conducting states at interfaces where the topo-
logical invariant changes. Such edge states are well
known at the interface between the integer quantum
Hall state and vacuum !Halperin, 1982". They may be
understood in terms of the skipping motion electrons
execute as their cyclotron orbits bounce off the edge
$Fig. 2!a"%. Importantly, the electronic states responsible
for this motion are chiral in the sense that they propa-
gate in one direction only along the edge. These states
are insensitive to disorder because there are no states
available for backscattering—a fact that underlies the
perfectly quantized electronic transport in the quantum
Hall effect.

The existence of such “one way” edge states is deeply
related to the topology of the bulk quantum Hall state.
Imagine an interface where a crystal slowly interpolates
as a function of distance y between a quantum Hall state
!n=1" and a trivial insulator !n=0". Somewhere along
the way the energy gap has to vanish because otherwise
it is impossible for the topological invariant to change.
There will therefore be low energy electronic states
bound to the region where the energy gap passes
through zero. This interplay between topology and gap-
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FIG. 2. !Color online" The interface between a quantum Hall
state and an insulator has chiral edge mode. !a" The skipping
cyclotron orbits. !b" The electronic structure of a semi-infinite
strip described by the Haldane model. A single edge state con-
nects the valence band to the conduction band.
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Graphene is a 2D form of carbon that is of current
interest !Novoselov et al., 2005; Zhang et al., 2005; Geim
and Novoselov, 2007; Castro Neto et al., 2009". What
makes graphene interesting electronically is the fact that
the conduction band and valence band touch each other
at two distinct points in the Brillouin zone. Near those
points the electronic dispersion resembles the linear dis-
persion of massless relativistic particles, described by the
Dirac equation !DiVincenzo and Mele, 1984; Semenoff,
1984". The simplest description of graphene employs a
two band model for the pz orbitals on the two equivalent
atoms in the unit cell of graphene’s honeycomb lattice.
The Bloch Hamiltonian is then a 2!2 matrix,

H!k" = h!k" · "! , !3"

where "! = !"x ,"y ,"z" are Pauli matrices and h!k"
= „hx!k" ,hy!k" ,0…. The combination of inversion !P" and
time-reversal !T" symmetry requires hz!k"=0 because P
takes hz!k" to −hz!−k", while T takes hz!k" to +hz!−k".
The Dirac points occur because the two components
h!k" can have point zeros in two dimensions. In
graphene they occur at two points, K and K!=−K,
whose locations at the Brillouin-zone corners are fixed
by graphene’s rotational symmetry. For small q#k−K,
h!q"=#vFq, where vF is a velocity, so H!q"=#vFq ·"! has
the form of a 2D massless Dirac Hamiltonian.

The degeneracy at the Dirac point is protected by P
and T symmetry. By breaking these symmetries the de-
generacy can be lifted. For instance, P symmetry is vio-
lated if the two atoms in the unit cell are inequivalent.
This allows hz!k" to be nonzero. If hz!k" is small, then
near K $Eq. !3"% becomes a massive Dirac Hamiltonian,

H!q" = #vFq · "! + m"z, !4"

where m=hz!K". The dispersion E!q"= ±&'#vFq'2+m2

has an energy gap 2'm'. Note that T symmetry requires
the Dirac point at K! to have a mass m!=hz!K!" with the
same magnitude and sign, m!=m. This state describes an
ordinary insulator.

Haldane !1988" imagined lifting the degeneracy by
breaking T symmetry with a magnetic field that is zero
on the average but has the full symmetry on the lattice.
This perturbation allows nonzero hz!k" and introduces a
mass to the Dirac points. However, P symmetry requires
the masses at K and K! to have opposite signs, m!=−m.
Haldane showed that this gapped state is not an insula-
tor but rather a quantum Hall state with "xy=e2 /h.

This nonzero Hall conductivity can be understood in
terms of Eq. !2". For a two level Hamiltonian of the
form of Eq. !3" it is well known that the Berry flux
!Berry, 1984" is related to the solid angle subtended by
the unit vector ĥ!k"=h!k" / 'h!k"', so that Eq. !2" takes
the form

n =
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This simply counts the number of times ĥ!k" wraps
around the unit sphere as a function of k. When the

masses m=m!=0, ĥ!k" is confined to the equator hz=0,
with a unit !and opposite" winding around each of the
Dirac points where 'h'=0. For small but finite m, 'h'
"0 everywhere, and ĥ!K" visits the north or south pole,
depending on the sign of m. It follows that each Dirac
point contributes ±e2 /2h to "xy. In the insulating state
with m=m! the two cancel, so "xy=0. In the quantum
Hall state they add.

It is essential that there were an even number of Dirac
points since otherwise the Hall conductivity would be
quantized to a half integer. This is in fact guaranteed by
the fermion doubling theorem !Nielssen and Ninomiya,
1983", which states that for a T invariant system Dirac
points must come in pairs. We return to this issue in Sec.
IV, where the surface of a topological insulator provides
a loophole for this theorem.

3. Edge states and the bulk-boundary correspondence

A fundamental consequence of the topological classi-
fication of gapped band structures is the existence of
gapless conducting states at interfaces where the topo-
logical invariant changes. Such edge states are well
known at the interface between the integer quantum
Hall state and vacuum !Halperin, 1982". They may be
understood in terms of the skipping motion electrons
execute as their cyclotron orbits bounce off the edge
$Fig. 2!a"%. Importantly, the electronic states responsible
for this motion are chiral in the sense that they propa-
gate in one direction only along the edge. These states
are insensitive to disorder because there are no states
available for backscattering—a fact that underlies the
perfectly quantized electronic transport in the quantum
Hall effect.

The existence of such “one way” edge states is deeply
related to the topology of the bulk quantum Hall state.
Imagine an interface where a crystal slowly interpolates
as a function of distance y between a quantum Hall state
!n=1" and a trivial insulator !n=0". Somewhere along
the way the energy gap has to vanish because otherwise
it is impossible for the topological invariant to change.
There will therefore be low energy electronic states
bound to the region where the energy gap passes
through zero. This interplay between topology and gap-
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FIG. 2. !Color online" The interface between a quantum Hall
state and an insulator has chiral edge mode. !a" The skipping
cyclotron orbits. !b" The electronic structure of a semi-infinite
strip described by the Haldane model. A single edge state con-
nects the valence band to the conduction band.
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Graphene is a 2D form of carbon that is of current
interest !Novoselov et al., 2005; Zhang et al., 2005; Geim
and Novoselov, 2007; Castro Neto et al., 2009". What
makes graphene interesting electronically is the fact that
the conduction band and valence band touch each other
at two distinct points in the Brillouin zone. Near those
points the electronic dispersion resembles the linear dis-
persion of massless relativistic particles, described by the
Dirac equation !DiVincenzo and Mele, 1984; Semenoff,
1984". The simplest description of graphene employs a
two band model for the pz orbitals on the two equivalent
atoms in the unit cell of graphene’s honeycomb lattice.
The Bloch Hamiltonian is then a 2!2 matrix,

H!k" = h!k" · "! , !3"

where "! = !"x ,"y ,"z" are Pauli matrices and h!k"
= „hx!k" ,hy!k" ,0…. The combination of inversion !P" and
time-reversal !T" symmetry requires hz!k"=0 because P
takes hz!k" to −hz!−k", while T takes hz!k" to +hz!−k".
The Dirac points occur because the two components
h!k" can have point zeros in two dimensions. In
graphene they occur at two points, K and K!=−K,
whose locations at the Brillouin-zone corners are fixed
by graphene’s rotational symmetry. For small q#k−K,
h!q"=#vFq, where vF is a velocity, so H!q"=#vFq ·"! has
the form of a 2D massless Dirac Hamiltonian.

The degeneracy at the Dirac point is protected by P
and T symmetry. By breaking these symmetries the de-
generacy can be lifted. For instance, P symmetry is vio-
lated if the two atoms in the unit cell are inequivalent.
This allows hz!k" to be nonzero. If hz!k" is small, then
near K $Eq. !3"% becomes a massive Dirac Hamiltonian,

H!q" = #vFq · "! + m"z, !4"

where m=hz!K". The dispersion E!q"= ±&'#vFq'2+m2

has an energy gap 2'm'. Note that T symmetry requires
the Dirac point at K! to have a mass m!=hz!K!" with the
same magnitude and sign, m!=m. This state describes an
ordinary insulator.

Haldane !1988" imagined lifting the degeneracy by
breaking T symmetry with a magnetic field that is zero
on the average but has the full symmetry on the lattice.
This perturbation allows nonzero hz!k" and introduces a
mass to the Dirac points. However, P symmetry requires
the masses at K and K! to have opposite signs, m!=−m.
Haldane showed that this gapped state is not an insula-
tor but rather a quantum Hall state with "xy=e2 /h.

This nonzero Hall conductivity can be understood in
terms of Eq. !2". For a two level Hamiltonian of the
form of Eq. !3" it is well known that the Berry flux
!Berry, 1984" is related to the solid angle subtended by
the unit vector ĥ!k"=h!k" / 'h!k"', so that Eq. !2" takes
the form

n =
1

4$
( d2k!!kx

ĥ ! !ky
ĥ" · ĥ . !5"

This simply counts the number of times ĥ!k" wraps
around the unit sphere as a function of k. When the

masses m=m!=0, ĥ!k" is confined to the equator hz=0,
with a unit !and opposite" winding around each of the
Dirac points where 'h'=0. For small but finite m, 'h'
"0 everywhere, and ĥ!K" visits the north or south pole,
depending on the sign of m. It follows that each Dirac
point contributes ±e2 /2h to "xy. In the insulating state
with m=m! the two cancel, so "xy=0. In the quantum
Hall state they add.

It is essential that there were an even number of Dirac
points since otherwise the Hall conductivity would be
quantized to a half integer. This is in fact guaranteed by
the fermion doubling theorem !Nielssen and Ninomiya,
1983", which states that for a T invariant system Dirac
points must come in pairs. We return to this issue in Sec.
IV, where the surface of a topological insulator provides
a loophole for this theorem.

3. Edge states and the bulk-boundary correspondence

A fundamental consequence of the topological classi-
fication of gapped band structures is the existence of
gapless conducting states at interfaces where the topo-
logical invariant changes. Such edge states are well
known at the interface between the integer quantum
Hall state and vacuum !Halperin, 1982". They may be
understood in terms of the skipping motion electrons
execute as their cyclotron orbits bounce off the edge
$Fig. 2!a"%. Importantly, the electronic states responsible
for this motion are chiral in the sense that they propa-
gate in one direction only along the edge. These states
are insensitive to disorder because there are no states
available for backscattering—a fact that underlies the
perfectly quantized electronic transport in the quantum
Hall effect.

The existence of such “one way” edge states is deeply
related to the topology of the bulk quantum Hall state.
Imagine an interface where a crystal slowly interpolates
as a function of distance y between a quantum Hall state
!n=1" and a trivial insulator !n=0". Somewhere along
the way the energy gap has to vanish because otherwise
it is impossible for the topological invariant to change.
There will therefore be low energy electronic states
bound to the region where the energy gap passes
through zero. This interplay between topology and gap-
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FIG. 2. !Color online" The interface between a quantum Hall
state and an insulator has chiral edge mode. !a" The skipping
cyclotron orbits. !b" The electronic structure of a semi-infinite
strip described by the Haldane model. A single edge state con-
nects the valence band to the conduction band.
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persion of massless relativistic particles, described by the
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1984". The simplest description of graphene employs a
two band model for the pz orbitals on the two equivalent
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The Bloch Hamiltonian is then a 2!2 matrix,
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The Dirac points occur because the two components
h!k" can have point zeros in two dimensions. In
graphene they occur at two points, K and K!=−K,
whose locations at the Brillouin-zone corners are fixed
by graphene’s rotational symmetry. For small q#k−K,
h!q"=#vFq, where vF is a velocity, so H!q"=#vFq ·"! has
the form of a 2D massless Dirac Hamiltonian.

The degeneracy at the Dirac point is protected by P
and T symmetry. By breaking these symmetries the de-
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has an energy gap 2'm'. Note that T symmetry requires
the Dirac point at K! to have a mass m!=hz!K!" with the
same magnitude and sign, m!=m. This state describes an
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Haldane !1988" imagined lifting the degeneracy by
breaking T symmetry with a magnetic field that is zero
on the average but has the full symmetry on the lattice.
This perturbation allows nonzero hz!k" and introduces a
mass to the Dirac points. However, P symmetry requires
the masses at K and K! to have opposite signs, m!=−m.
Haldane showed that this gapped state is not an insula-
tor but rather a quantum Hall state with "xy=e2 /h.

This nonzero Hall conductivity can be understood in
terms of Eq. !2". For a two level Hamiltonian of the
form of Eq. !3" it is well known that the Berry flux
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the unit vector ĥ!k"=h!k" / 'h!k"', so that Eq. !2" takes
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This simply counts the number of times ĥ!k" wraps
around the unit sphere as a function of k. When the

masses m=m!=0, ĥ!k" is confined to the equator hz=0,
with a unit !and opposite" winding around each of the
Dirac points where 'h'=0. For small but finite m, 'h'
"0 everywhere, and ĥ!K" visits the north or south pole,
depending on the sign of m. It follows that each Dirac
point contributes ±e2 /2h to "xy. In the insulating state
with m=m! the two cancel, so "xy=0. In the quantum
Hall state they add.

It is essential that there were an even number of Dirac
points since otherwise the Hall conductivity would be
quantized to a half integer. This is in fact guaranteed by
the fermion doubling theorem !Nielssen and Ninomiya,
1983", which states that for a T invariant system Dirac
points must come in pairs. We return to this issue in Sec.
IV, where the surface of a topological insulator provides
a loophole for this theorem.

3. Edge states and the bulk-boundary correspondence

A fundamental consequence of the topological classi-
fication of gapped band structures is the existence of
gapless conducting states at interfaces where the topo-
logical invariant changes. Such edge states are well
known at the interface between the integer quantum
Hall state and vacuum !Halperin, 1982". They may be
understood in terms of the skipping motion electrons
execute as their cyclotron orbits bounce off the edge
$Fig. 2!a"%. Importantly, the electronic states responsible
for this motion are chiral in the sense that they propa-
gate in one direction only along the edge. These states
are insensitive to disorder because there are no states
available for backscattering—a fact that underlies the
perfectly quantized electronic transport in the quantum
Hall effect.

The existence of such “one way” edge states is deeply
related to the topology of the bulk quantum Hall state.
Imagine an interface where a crystal slowly interpolates
as a function of distance y between a quantum Hall state
!n=1" and a trivial insulator !n=0". Somewhere along
the way the energy gap has to vanish because otherwise
it is impossible for the topological invariant to change.
There will therefore be low energy electronic states
bound to the region where the energy gap passes
through zero. This interplay between topology and gap-
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FIG. 2. !Color online" The interface between a quantum Hall
state and an insulator has chiral edge mode. !a" The skipping
cyclotron orbits. !b" The electronic structure of a semi-infinite
strip described by the Haldane model. A single edge state con-
nects the valence band to the conduction band.
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The TRP associated with !a can be expressed as !a !
"i!a1"i!a2, where [12]

 "i !
!!!!!!!!!!!!!!!!!!!!!!
det"w#"i$%

q
=Pf"w#"i$% ! &1: (1)

Here the unitary matrix wij#k$ ! hui#'k$j#juj#k$i. At
k ! "i, wij ! 'wji, so the Pfaffian Pf"w% is defined. !a

is free of the ambiguity of the square root in (1), provided
the square root is chosen continuously as a function of k.
However, !a is not gauge invariant. A k dependent gauge
transformation can change the sign of any pair of "i’s. This
reflects the physical fact that the end Kramers degeneracy
depends on how the crystal is terminated. It is similar to the
ambiguity of the charge polarization [12]. The product,
!1!2 ! "1"2"3"4, is gauge invariant, and characterizes
the change in TRP due to changing the flux from !1 ! 0 to
!2 ! !. This defines the single Z2 invariant in 2D, and
using the above argument, determines the connectivity of
the edge state spectrum.

In three dimensions there are 8 distinct TRIM, which are
expressed in terms of primitive reciprocal lattice vectors as
"i!#n1n2n3$ ! #n1b1 ( n2b2 ( n3b3$=2, with nj ! 0, 1.
They can be visualized as the vertices of a cube as in
Fig. 2. A gauge transformation can change the signs of "i
associated with any four "i that lie in the same plane.
Modulo these gauge transformations, there are 16 invariant
configurations of "i. These can be distinguished by 4 Z2
indices #0; (#1#2#3), which we define as

 #'1$#0 !
Y

nj!0;1

"n1n2n3 ; (2)

 #'1$#i!1;2;3 !
Y

nj!i!0;1;ni!1

"n1n2n3 : (3)

#0 is independent of the choice of bk. (#1#2#3) are not, but
they can be identified with G# ) P

i#ibi, which belongs to

the 8 element mod 2 reciprocal lattice, in which vectors
that differ by 2G are identified. (#1#2#3) can be interpreted
as Miller indices for G#.
#0–4 are equivalent to the four invariants introduced by

Moore and Balents [10] using general homotopy argu-
ments. The power of the present approach is that it allows
us to characterize the surface states on an arbitrary crystal
face. Generalizing the Laughlin argument to three dimen-
sions, consider a system with open ends in one direction
and periodic boundary conditions in the other two direc-
tions. This can be visualized as a torus with a finite thick-
ness (a ‘‘Corbino donut’’), which has an inside and an
outside surface. Viewed as a 1D system, we then seek to
classify the changes in the Kramers degeneracy associated
with the surfaces as a function of two fluxes threading the
torus (or equivalently as a function of the two components
of the surface crystal momentum).

For a surface perpendicular to G, the surface Brillouin
zone has four TRIM !a which are the projections of pairs
"a1, "a2, that differ by G=2, into the plane perpendicular to
G. Because of Kramers’ degeneracy, the surface spectrum
has two dimensional Dirac points at !a. The relative values
of !a ! "a1"a2 determine how these Dirac points are
connected to one another, as illustrated in Fig. 1. For any
path connecting !a to !b, the surface band structure will
resemble Fig. 1(a) and 1(b) for !a!b ! '1#(1$, and the
surface bands will intersect EF an odd (even) number of
times. It follows that the surface Fermi arc divides the
surface Brillouin zone into two regions. The Dirac points
at the TRIM !a with !a ! (1 are on one side, while those
with !a ! '1 are on the other side.

In Fig. 2 we depict "i for four different topological
classes, along with the predictions for the edge state spec-
trum for a 001 face. The surface Fermi arc encloses either
0(4), 1(3), or 2 Dirac points. When the number of Dirac
points is not 0(4), there must be surface states which
connect the bulk conduction and valence bands.

There are two classes of phases depending on the parity
of #0. For #0 ! 0 each face has either 0(4) or 2 enclosed
Dirac points. For a face G ! P

imibi there are 0(4) Dirac
points for mi ! #imod 2#i ! 1; 2; 3$ and 2 Dirac points
otherwise. These phases can be interpreted as layers of
2D QSH states stacked in the G# direction. They resemble
3D quantum Hall phases [14], which are indexed by a triad
of Chern integers that define a reciprocal lattice vector G
perpendicular to the layers and give the conductivity $ij !
#e2=h$"ijkGk=#2!$. In the present case, G# is defined
modulo 2G, so that layered QSH phases stacked along
G# and G# ( 2G are equivalent.

The presence or absence of surface states in the #0 ! 0
phases is delicate. For the 0;(001) phase in Fig. 2, the 100
face has two Dirac points, while the 801 face has 0(4). This
sensitivity is a symptom of the fact that the topological
distinction of these phases relies on the translational sym-
metry of the lattice. Indeed, if the unit cell is doubled, the
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FIG. 2. Diagrams depicting four different phases indexed by
#0; (#1#2#3). (a) depicts "i at the TRIM "i at the vertices of the
cube. (b) characterizes the 001 surface in each phase. The
surface TRIM !a are denoted by open (closed) circles for !a !
"a1"a2 ! (1#'1$. They are projections of "a1 and "a2, which
are connected by solid lines in (a). The thick lines and shaded
regions in (b) indicate possible surface Fermi arcs which enclose
specific !a.
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less modes is ubiquitous in physics and has appeared in
many contexts. It was originally found by Jackiw and
Rebbi !1976" in their analysis of a 1D field theory. Simi-
lar ideas were used by Su, Schrieffer, and Heeger !1979"
to describe soliton states in polyacetalene.

A simple theory of the chiral edge states based on
Jackiw and Rebbi !1976" can be developed using the two
band Dirac model !4". Consider an interface where the
mass m at one of the Dirac points changes sign as a
function of y. We thus let m→m!y", where m!y"!0
gives the insulator for y!0 and m!y""0 gives the quan-
tum Hall state for y"0. Assume m!!0 is fixed. The
Schrödinger equation, obtained by replacing q by −i!! in
Eq. !4", has a simple and elegant exact solution,

#qx
!x,y" $ eiqxx exp#− $

0

y

dy!m!y!"dy!/vF%#1
1
% , !6"

with E!qx"=%vFqx. This band of states intersects the
Fermi energy EF with a positive group velocity dE /dqx
=%vF and defines a right moving chiral edge mode.

In the 1980s related ideas were applied to narrow gap
semiconductors, which can be modeled using a 3D mas-
sive Dirac Hamiltonian !Volkov and Pankratov, 1985;
Fradkin, Dagotto, and Boyanovsky, 1986". An interface
where the Dirac mass changes sign is associated with
gapless 2D Dirac fermion states. These share some simi-
larities with the surface states of a 3D topological insu-
lator, but as we shall see in Sec. IV.A there is a funda-
mental difference. In a separate development, Kaplan
!1992" showed that in lattice quantum chromodynamics
four-dimensional !4D" chiral fermions could be simu-
lated on a five-dimensional lattice by introducing a simi-
lar domain wall. This provided a method for circumvent-
ing the doubling theorem !Nielssen and Ninomiya,
1983", which prevented the simulation of chiral fermions
on a 4D lattice. Quantum Hall edge states and surface
states of a topological insulator evade similar doubling
theorems.

The chiral edge states in the quantum Hall effect can
be seen explicitly by solving the Haldane model in a
semi-infinite geometry with an edge at y=0. Figure 2!b"
shows the energy levels as a function of the momentum
kx along the edge. The solid regions show the bulk con-
duction and valence bands, which form continuum states
and show the energy gap near K and K!. A single band,
describing states bound to the edge, connects the va-
lence band to the conduction band with a positive group
velocity.

By changing the Hamiltonian near the surface the dis-
persion of the edge states can be modified. For instance,
E!qx" could develop a kink so that the edge states inter-
sect EF three times—twice with a positive group velocity
and once with a negative group velocity. The difference,
NR−NL, between the number of right and left moving
modes, however, cannot change and is determined by
the topological structure of the bulk states. This is sum-
marized by the bulk-boundary correspondence,

NR − NL = &n , !7"

where &n is the difference in the Chern number across
the interface.

C. Z2 topological insulator

Since the Hall conductivity is odd under T, the topo-
logically nontrivial states described in Sec. II.B.3 can
only occur when T symmetry is broken. However, the
spin-orbit interaction allows a different topological class
of insulating band structures when T symmetry is unbro-
ken !Kane and Mele, 2005a". The key to understanding
this new topological class is to examine the role of T
symmetry for spin 1/2 particles.

T symmetry is represented by an antiunitary operator
'=exp!i(Sy /%"K, where Sy is the spin operator and K is
complex conjugation. For spin 1/2 electrons, ' has the
property '2=−1. This leads to an important constraint,
known as Kramers’ theorem, which all eigenstates of a T
invariant Hamiltonian are at least twofold degenerate.
This follows because if a nondegenerate state &)' existed
then '&)'=c&)' for some constant c. This would mean
'2&)'= &c&2&)', which is not allowed because &c&2
"−1. In the absence of spin-orbit interactions, Kramers’
degeneracy is simply the degeneracy between up and
down spins. In the presence of spin-orbit interactions,
however, it has nontrivial consequences.

A T invariant Bloch Hamiltonian must satisfy

'H!k"'−1 = H!− k" . !8"

One can classify the equivalence classes of Hamiltonians
satisfying this constraint that can be smoothly deformed
without closing the energy gap. The TKNN invariant is
n=0, but there is an additional invariant with two pos-
sible values, *=0 or 1 !Kane and Mele, 2005b". The fact
that there are two topological classes can be understood
by appealing to the bulk-boundary correspondence.

In Fig. 3 we plot analogous to Fig. 2 the electronic
states associated with the edge of a T invariant 2D insu-
lator as a function of the crystal momentum along the
edge. Only half of the Brillouin zone 0"kx"( /a is
shown because T symmetry requires that the other half
−( /a"k"0 is a mirror image. As in Fig. 2, the shaded
regions depict the bulk conduction and valence bands
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FIG. 3. !Color online" Electronic dispersion between two
boundary Kramers degenerate points +a=0 and +b=( /a. In !a"
the number of surface states crossing the Fermi energy EF is
even, whereas in !b" it is odd. An odd number of crossings
leads to topologically protected metallic boundary states.
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will be transparent, while the 2D conductive network will still be capable of conducing elec-
tricity, by percolation. This is demonstrated in Fig. 2(g). Now the problem becomes finding
systems with spinodally separating insulating-phases and interfacial-metallic states.

B. Topological insulators as the spinodal phases

Topological insulators. Topological Insulators (TI) are becoming one of the most stud-
ied materials because of their great potential for applications ranging from spintronics to
quantum computers. To fully integrate TI materials in electronic devices, high-quality epi-
taxial single crystalline phases with su⇤ciently large bulk band-gaps are necessary. Current
e�orts have relied mostly on costly and time-consuming trial and error procedures.

The family of known TI materials has been growing steadily in the last few years48–52. Topo-
logically protected surface states have been experimentally identified in Bi2Te3

53,54 Bi2Se3
55,56

TlBiTe2
57, TlBiSe2

57–59, Bi2Te2Se60,61, Sb2Te2Se61, GeBi2Te4
61, PbBi2Te4

62 and PbBi4Te7
63,

and predicted in a variety of other systems64–70. In TIs, the mechanism of the protected
conducting surface states can be explained by invoking a model where a band inversion, BI,

FIG. 3: The birth of a conductive surface state. (a) In the bulk, the roto-translational invariance
and the maximum spin for half occupied orbitals, allows spin-orbit-coupling (SOC) to favorite p orbitals over
s, Ep < Es, causing band gap inversion. (b) When the symmetry is broken at an interface, the angular
momentum is not conserved, and the order of the orbitals recovers the usual trend: Ep > Es. (c) In a thin
film the surface becomes a virtual alloy of the two regions Ep < Es and Ep > Es leading to the closure of the
gap by Dirac cones48. If this happens at the TRIM points, the conductive cones become robust with respect
to moderate disorder. (d) The metallic state is localized in the surface, as shown by the wavefunction density
at the Fermi energy: we have a 2D metal � 3D insulator transition caused by symmetry loss. (e) A 3D BZ
(here shown for bct with TRIMs at N,X,�), and the corresponding 2D cones obtained by projecting the 3D
insulator onto (100), leading to cones at the point M of the 2D BZ (CsSnI3).
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A search model for topological insulators with
high-throughput robustness descriptors
Kesong Yang1, Wahyu Setyawan2, ShidongWang1, Marco Buongiorno Nardelli3,4

and Stefano Curtarolo1,4,5*

Topological insulators (TI) are becoming one of the most studied classes of novel materials because of their great potential for
applications ranging from spintronics to quantum computers. To fully integrate TI materials in electronic devices, high-quality
epitaxial single crystalline phases with sufficiently large bulk bandgaps are necessary. Current efforts have relied mostly on
costly and time-consuming trial and error procedures. Here we show that by defining a reliable and accessible descriptor �̂TI,
which represents the topological robustness or feasibility of the candidate, and by searching the quantummaterials repository
aflowlib.org, we have automatically discovered 28TIs (some of them already known) in five different symmetry families. These
include peculiar ternary halides, Cs{Sn,Pb,Ge}{Cl,Br,I}3, which could have been hardly anticipated without high-throughput
means. Our search model, by relying on the significance of repositories in materials development, opens new avenues for the
discovery of more TIs in different and unexplored classes of systems.

The family of known TI materials has been growing steadily1

in recent years1–5. Topologically protected surface states have2

been experimentally identified in Bi2Te3 (refs 6,7), Bi2Se33

(refs 8,9), TlBiTe2 (ref. 10), TlBiSe2 (refs 10–12), Bi2Te2Se (refs 13,4

14), Sb2Te2Se (ref. 14), GeBi2Te4 (ref. 14), PbBi2Te4 (ref. 15) and5

PbBi4Te7 (ref. 16), and predicted in a variety of other systems17–23. In6

topological insulators, the mechanism of the protected conducting7

surface states can be explained by invoking a model where a8

band inversion, BI, is induced by the spin–orbit-coupling (SOC).9

Such inversion must occur at the special time-reversal-invariant10

momentum (TRIM) points of the Brillouin zone5,24. SOC is11

responsible for the splitting of the p (d) bands into p3/2 (d5/2)12

and p1/2 (d3/2) in crystalline solids25. When the magnitude of13

the splitting is comparable to the energy difference between the14

conduction, Ecb, and the valence bands, Evb, (the bandgap, if the15

material has a direct gap), the character of the bands around the16

Fermi level might interchange: p ⌅ s (d ⌅ p; refs 5,24). If this17

happens at the TRIMpoints, then thematerial is a TI.18

To identify novel TIs withHigh-Throughput (HT) strategies one19

can proceed by (1) testing compounds containing heavy elements20

with expected high SOC (refs 17–22,26,27) and/or (2) identifying21

mechanical deformation that could reduce the band energy22

difference Ek ⇥ Ecb �Evb at the TRIM points so that even materials23

with relatively weaker SOCs could display a band inversion. Starting24

from the availability of the extensive ab initio electronic structure25

on-line repository aflowlib.org (refs 28–30) (one of the available26

materials genome databases), based on Inorganic Crystal Structure27

Databaseternational (ICSD) compounds31, we have extracted a28

subset of systems satisfying the conditions. Five families of TIs29

(including strong and weak TIs), for a total of⇤28 compounds, are30

then further characterized using electronic structure calculations31

based on density functional theory (DFT).32
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For searches based on HT frameworks, the construction of a 33

reliable and accessible ‘descriptor’ is crucial. We start by analysing 34

the ‘SOC-noSOC energy discrepancy’, ⇤Ek(a) ⇥ (ESOC
cb � ESOC

vb � 35

EnoSOC
cb + EnoSOC

vb )(k,a), the energy difference between SOC and 36

noSOCcalculations as a function of the cell dimensions a, calculated 37

at the k ⌃TRIM points (if the bandgap is direct, then ⇤Ek(a) is the 38

difference between SOC and noSOC bandgaps). Here, ⇤Ek differs 39

from the band-inversion strength defined in refs 17,18, where ⇤Ek 40

represented the energy difference between the ⇥6 and ⇥8 bands in 41

cubic lattices, equivalent to the energy gap in our work. ⇤Ek(a) is 42

tested in two systems: Bi2Te2S (k=⇥) andPbTe (k=N). In Fig. 1a,b 43

we show the energy differences (positive or negative32) and⇤Ek(a). 44

To resemble one possible configuration of epitaxial growth, such as 45

materials experiencing biaxial strain, we vary the coefficient a on the 46

plane while the other degrees of freedom are allowed to relax (c/a 47

and internal atom positions). 48

Green lines denote experimental lattice parameters, while blue 49

lines indicate the thresholds for band inversion at ⇥: when the 50

lattice parameter crosses the critical value, acrit, the SOCband energy 51

difference changes sign32. These findings confirm that Bi2Te2S 52

is indeed a TI and that PbTe becomes a TI with appropriate 53

strain. Knowing the values of ESOC
k (a0) and �ESOC

k (a)/�(a)|a0 one 54

can rapidly find the threshold acrit identifying the zero-difference 55

lattice parameter. However, the derivative �ESOC
k (a)/�(a)|a0 might 56

not be easily accessible within a HT framework, as it would 57

require a larger set of expensive SOC calculations, especially if 58

the criticality of the band inversion involves multi-dimensional 59

optimization. Fortunately, Fig. 1a,b also indicates that ⇤Ek(a) 60

varies much less than ESOC
k (a) and EnoSOC

k (a) over a wide range 61

of surface strain (most of the SOC effect comes from core 62

electrons, unaffected during bond strain). Therefore we can ap- 63

proximate �ESOC
k (a)/�(a)⇧ �ESOC

k (a)/�(a)|a0 ⇧ �EnoSOC
k (a)/�(a)|a0 . 64
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Figure 1 | Extraction of the high-throughput TI robustness descriptor from energy versus strain variations in SOC and noSOC calculations. SOC and
noSOC band energy differences, and SOC–noSOC energy discrepancy ⇧Ek as functions of the lattice parameter. a, Bi2Te2S at k= ⌅ and b, PbTe at k=N of
the bct2 BZ (refs 39,40) with biaxial strains along a and b (to reproduce epitaxial growth, all the other degrees of freedom are relaxed). The vertical green
line indicates the DFT relaxed geometry, a0, while the vertical blue line denotes the critical value, acrit, separating the TI and non-TI regions. For Bi2Te2S, the
bandgap is direct, so the band energy difference is the actual gap (Table 1). The arrows with ⇤̂TI indicate the strain to lose or achieve the TI condition in a or
b, respectively.

Consequently, we introduce the variational ‘high-throughput TI1

robustness descriptor’:2

⇤̂TI ⇥ � ESOC
k (a0)/a0

�EnoSOC
k (a)/�(a)

��
a0

(1)

3

Formally, the descriptor is defined as a ‘strain’ which represents4

either the robustness or the feasibility of the TI state. If the system5

is already a TI under equilibrium conditions (Fig. 1a) then ⇤̂TI6

represents the maximum biaxial strain applicable before the TI7

condition is lost. Thus, the value of ⇤̂TI can be associated with8

the robustness of the TI state on epitaxial growth conditions.9

Alternatively, if the system is not a TI under equilibrium con-10

ditions, but can be made so by applying a specific strain field11

(Fig. 1b), then ⇤̂TI represents the minimum biaxial strain applicable12

before the TI condition is reached. Thus, the value of ⇤̂TI can13

be associated with the feasibility of the TI state under epitaxial14

growth on an appropriate substrate. In the case where more15

than one TRIM exhibits band inversion, one needs to construct16

different HT robustness descriptor parameters ⇤̂TI and monitor the17

behaviour of the system. Clearly, 2D inequivalent TRIMs might18

exhibit different robustness or feasibility characteristics. These19

will dictate the choice of the proper substrate and/or cleavage20

plane that would indeed show the TI protected state.. By con-21

struction, ⇤̂TI can be rapidly estimated within a HT approach22

by using only three ab initio calculations: ESOC
k (a0), EnoSOC

k (a0),23

and EnoSOC
k (a0 + ⇥). The descriptor is built ad hoc to minimize24

the number of computationally expensive SOC calculations and25

to make effective use of the 15,000 + noSOC electronic struc-26

ture data already available in the aflowlib.org repository28,29. If27

we were including other phenomena, different surface strains,28

and/or more complex symmetries, then the descriptor (1) could be 29

rewritten within a tensorial formalism. Having the HT-descriptor, 30

the band inversion threshold can finally be estimated as acrit ⌅ 31

a0(1 + ⇤̂TI) (for a multi-dimensional HT-descriptor we would 32

have loci of criticality). 33

The values of ESOC
k (a0) and ⇤̂TI give indications on the feasibility 34

and robustness of the potential TI. On application of compressive 35

surface strain, the bandgap increases (Fig. 1a) or decreases (Fig. 1b). 36

The first case is typical of covalent systems (layered Bi2Te2S; refs 33, 37

34), whereas the second is common in ionic compounds (PbTe; 38

refs 35,36). Given these facts, the behaviour of �ESOC
k (a)/�(a)|a0 can 39

then be guessed a priori from the spread of the electronegativities 40

of the constituents (or better from the Mendeleev numbers37,38). 41

Finally, after characterizing ⇤̂TI as in equation (1), two scenarios 42

arise. (1) If ESOC
k (a0)⇤ 0, the system is already a TI and this state 43

should be preserved. Since the compound is intended to be grown 44

epitaxially, the applied strain (positive or negative) should not go 45

beyond ⇤̂TI, otherwise the fortunate TI condition disappears. The 46

larger the value of |⇤̂TI|, the more robust the TI is, with respect to 47

the choice of potential substrates. Thus |⇤̂TI| represents a legitimate 48

description of TI robustness. (2) If ESOC
k (a0)> 0, the system is not 49

a TI. The condition might be changed with the application of a 50

surface strain (positive or negative) larger than ⇤̂TI. If the strain is 51

physically achievable on the interface (|⇤̂TI| ⌅< 1 ⌅ 2%), then the 52

band inversion is enforced and the system becomes a TI. In this 53

second scenario, |⇤̂TI| can be considered as an appropriate measure 54

of the feasibility of the growth. 55

Equipped with the HT-descriptor (1), we have examined the 56

whole aflowlib.org repository28. We rapidly identify 28 novel 57

potential TIs. The compounds are divided into five classes according 58

to the prototypes and constituents. They are listed in Table 1, 59
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rewritten within a tensorial formalism. Having the HT-descriptor, 30

the band inversion threshold can finally be estimated as acrit ⌅ 31

a0(1 + ⇤̂TI) (for a multi-dimensional HT-descriptor we would 32

have loci of criticality). 33

The values of ESOC
k (a0) and ⇤̂TI give indications on the feasibility 34

and robustness of the potential TI. On application of compressive 35

surface strain, the bandgap increases (Fig. 1a) or decreases (Fig. 1b). 36

The first case is typical of covalent systems (layered Bi2Te2S; refs 33, 37

34), whereas the second is common in ionic compounds (PbTe; 38

refs 35,36). Given these facts, the behaviour of �ESOC
k (a)/�(a)|a0 can 39

then be guessed a priori from the spread of the electronegativities 40

of the constituents (or better from the Mendeleev numbers37,38). 41

Finally, after characterizing ⇤̂TI as in equation (1), two scenarios 42

arise. (1) If ESOC
k (a0)⇤ 0, the system is already a TI and this state 43

should be preserved. Since the compound is intended to be grown 44

epitaxially, the applied strain (positive or negative) should not go 45

beyond ⇤̂TI, otherwise the fortunate TI condition disappears. The 46

larger the value of |⇤̂TI|, the more robust the TI is, with respect to 47

the choice of potential substrates. Thus |⇤̂TI| represents a legitimate 48

description of TI robustness. (2) If ESOC
k (a0)> 0, the system is not 49

a TI. The condition might be changed with the application of a 50

surface strain (positive or negative) larger than ⇤̂TI. If the strain is 51

physically achievable on the interface (|⇤̂TI| ⌅< 1 ⌅ 2%), then the 52

band inversion is enforced and the system becomes a TI. In this 53

second scenario, |⇤̂TI| can be considered as an appropriate measure 54

of the feasibility of the growth. 55

Equipped with the HT-descriptor (1), we have examined the 56

whole aflowlib.org repository28. We rapidly identify 28 novel 57

potential TIs. The compounds are divided into five classes according 58

to the prototypes and constituents. They are listed in Table 1, 59
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Figure 1 | Extraction of the high-throughput TI robustness descriptor from energy versus strain variations in SOC and noSOC calculations. SOC and
noSOC band energy differences, and SOC–noSOC energy discrepancy ⇧Ek as functions of the lattice parameter. a, Bi2Te2S at k= ⌅ and b, PbTe at k=N of
the bct2 BZ (refs 39,40) with biaxial strains along a and b (to reproduce epitaxial growth, all the other degrees of freedom are relaxed). The vertical green
line indicates the DFT relaxed geometry, a0, while the vertical blue line denotes the critical value, acrit, separating the TI and non-TI regions. For Bi2Te2S, the
bandgap is direct, so the band energy difference is the actual gap (Table 1). The arrows with ⇤̂TI indicate the strain to lose or achieve the TI condition in a or
b, respectively.

Consequently, we introduce the variational ‘high-throughput TI1

robustness descriptor’:2

⇤̂TI ⇥ � ESOC
k (a0)/a0

�EnoSOC
k (a)/�(a)

��
a0

(1)

3
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(Fig. 1b), then ⇤̂TI represents the minimum biaxial strain applicable12

before the TI condition is reached. Thus, the value of ⇤̂TI can13
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and EnoSOC
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the number of computationally expensive SOC calculations and25

to make effective use of the 15,000 + noSOC electronic struc-26

ture data already available in the aflowlib.org repository28,29. If27

we were including other phenomena, different surface strains,28

and/or more complex symmetries, then the descriptor (1) could be 29

rewritten within a tensorial formalism. Having the HT-descriptor, 30

the band inversion threshold can finally be estimated as acrit ⌅ 31

a0(1 + ⇤̂TI) (for a multi-dimensional HT-descriptor we would 32

have loci of criticality). 33

The values of ESOC
k (a0) and ⇤̂TI give indications on the feasibility 34

and robustness of the potential TI. On application of compressive 35

surface strain, the bandgap increases (Fig. 1a) or decreases (Fig. 1b). 36

The first case is typical of covalent systems (layered Bi2Te2S; refs 33, 37

34), whereas the second is common in ionic compounds (PbTe; 38

refs 35,36). Given these facts, the behaviour of �ESOC
k (a)/�(a)|a0 can 39

then be guessed a priori from the spread of the electronegativities 40

of the constituents (or better from the Mendeleev numbers37,38). 41

Finally, after characterizing ⇤̂TI as in equation (1), two scenarios 42

arise. (1) If ESOC
k (a0)⇤ 0, the system is already a TI and this state 43

should be preserved. Since the compound is intended to be grown 44

epitaxially, the applied strain (positive or negative) should not go 45

beyond ⇤̂TI, otherwise the fortunate TI condition disappears. The 46

larger the value of |⇤̂TI|, the more robust the TI is, with respect to 47

the choice of potential substrates. Thus |⇤̂TI| represents a legitimate 48

description of TI robustness. (2) If ESOC
k (a0)> 0, the system is not 49

a TI. The condition might be changed with the application of a 50

surface strain (positive or negative) larger than ⇤̂TI. If the strain is 51

physically achievable on the interface (|⇤̂TI| ⌅< 1 ⌅ 2%), then the 52

band inversion is enforced and the system becomes a TI. In this 53

second scenario, |⇤̂TI| can be considered as an appropriate measure 54

of the feasibility of the growth. 55

Equipped with the HT-descriptor (1), we have examined the 56

whole aflowlib.org repository28. We rapidly identify 28 novel 57

potential TIs. The compounds are divided into five classes according 58

to the prototypes and constituents. They are listed in Table 1, 59

2 NATUREMATERIALS | ADVANCE ONLINE PUBLICATION | www.nature.com/naturematerials

robustness descriptor varitional 
(“quasi-meaningful” quantity) 



compounds 

23 
top. insul.!

4

FIG. 2: Two dimensional surface electronic structure for selected compounds. Surface electronic band structures,
Brillouin zone and charge density. (a) Bi2Te2S, (b) GeBi2Te4, (c) PbBi4Te7, (d) CsSnI3 and (e) PbTe. (a’) Charge density
of Bi2Te2S projected on the conic bands forming the Dirac point. The conducting surface states mainly originate from the Te
and S atoms on the surface layer. (f) 3D-BZ of bct2 PbTe projected onto the 2D-BZ of the (001) surface. The 3D-N points
become the 2D locations of the cones.

band inversion (at � or Z). The third group of materials
has space group P3̄m1 (#164) with layered hexagonal
lattice. Like before, they are strong TIs (one band in-
version at A with multiplicity 1). The materials in the
fourth group are cubic with Pm3̄m space group (#221).
They are strong TIs having one band inversion at the A
point of the epitaxially distorted tet BZ (multiplicity 1)
[? ]. The fifth group of materials, PbS, PbSe, PbTe, and
SnTe, have fcc lattice and Fm3̄m space group (# 225).
They are weak TIs with a band inversion observed at the
N point of the distorted bct2 BZ (multiplicity 4) [? ].

if ESOC
k (a0) � 0, robustness:

|�̂TI|�1%⇥fragile,
1% < |�̂TI|�2%⇥robust,
2% < |�̂TI|⇥very-robust.

if ESOC
k (a0) > 0, feasibility:

|�̂TI|�3%⇥potentially-feasible,
3% < |�̂TI|⇥hardly-feasible.

To describe the protected surface states coming from
the projection of the 3D TRIMs onto the 2D surface Bril-
louin zone, we have characterized the surface band struc-
tures for five systems, one per class (Bi2Te2S, GeBi2Te4,
PbBi4Te7, CsSnI3, PbTe). They are shown in Figures
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Table 1 | Properties of bulk and simulated epitaxial structures.

Bulk Simulated epitaxial growth (a optimized, c/a free)

Compound Space ICSD # Pearson Latt. Exp. DFT Pearson Latt. acrit ESOCk Ref. ESOCg TRIM ⇥Ek @ ESOCk @ �̂TI

group ref. 31 symbol ref. 39 a0,c0 a0,c0 symbol cleav. (Å) ‘ref’ lattice ‘ref’ (mult.) (a0,c0) (a0,c0) (%)

Sb2Te2S R3̄m – hR5 rhl1 – 4.192 hR5 rhl1 1.006a0 �0.106 1.019a0 0.106 ⇥ (1) 0.21 0.043 0.6
31.001 (0001) 0.993c0 0.975c0 (D) PF

Sb2Te2Se R3̄m 2085 hR5 rhl1 4.188 4.244 hR5 rhl1 0.987a0 �0.079 a0 0.079 ⇥ (1) 0.21 �0.079 �1.3
⇥ 29.938 31.212 (0001) 1.017c0 c0 (D) R
Bi2Te2S R3̄m 617050 hR5 rhl1 4.33 4.297 hR5 rhl1 0.987a0 �0.089 a0 0.089 ⇥ (1) 0.62 �0.089 �1.3
Fig. 2a 30.07 31.513 (0001) 1.013c0 c0 (D) R
Bi2Te2Se R3̄m 43512 hR5 rhl1 4.282 4.347 hR5 rhl1 0.943a0 �0.302 a0 0.21 ⇥ (1) 0.63 �0.302 �5.7
⇥ 29.861 31.260 (0001) 1.061c0 c0 (I) VR

GeSb2Te4 R3̄m ref. 45 hR7 rhl1 4.21 4.295 hR7 rhl1 1.038a0 �0.036 1.051a0 0.033 Z(1) 0.30 0.170 3.8
40.6 42.295 (0001) 0.951c0 0.937c0 (I) HF

SnSb2Te4 R3̄m 30392 hR7 rhl1 4.312 4.389 hR7 rhl1 0.999a0 �0.065 1.011a0 0.065 Z(1) 0.22 0.013 �0.1
41.72 42.347 (0001) 0.998c0 0.984c0 (D) PF

PbSb2Te4 R3̄m 250250 hR7 rhl1 4.35 4.413 hR7 rhl1 0.988a0 �0.017 a0 0.017 Z(1) 0.35 �0.017 �1.2
41.712 42.792 (0001) 1.011c0 c0 (D) R

GeBi2Te4 R3̄m 30394 hR7 rhl1 4.282 4.390 hR7 rhl1 0.988a0 �0.076 a0 0.028 Z(1) 0.69 �0.076 �1.2
⇥ Fig. 2b 39.22 42.027 (0001) 1.009c0 c0 (I) R
SnBi2Te4 R3̄m ref. 46 hR7 rhl1 4.411 4.471 hR7 rhl1 0.939a0 �0.129 a0 0.062 Z(1) 0.65 �0.129 �6.1

41.511 42.799 (0001) 1.069c0 c0 (I) VR
PbBi2Te4 R3̄m ref. 47 hR7 rhl1 4.436 4.507 hR7 rhl1 0.914a0 �0.126 a0 0.061 Z(1) 0.74 �0.126 �8.6
⇥ 41.77 43.339 (0001) 1.077c0 c0 (I) VR
PbBi2Se4 R3̄m ref. 48 hR7 rhl1 4.16 4.250 hR7 rhl1 1.035a0 �0.079 1.052a0 0.035 Z(1) 0.41 0.314 5.2

39.2 41.755 (0001) 0.944c0 0.928c0 (I) HF

PbBi4Se7 P3̄m1 ref. 49 hP12 hex 4.25 4.216 hP12 hex 1.018a0 �0.016 1.023a0 0.016 A(1) 0.41 0.128 2.3
22.68 23.839 (0001) 0.971c0 0.966c0 (D) PF

GeBi4Te7 P3̄m1 42891 hP12 hex 4.36 4.412 hP12 hex 0.968a0 �0.037 a0 0.02 A(1) 0.69 �0.037 �3.2
24.11 23.932 (0001) 1.074c0 c0 (I) VR

SnBi4Te7 P3̄m1 ref. 50 hP12 hex 4.392 4.460 hP12 hex 0.926a0 �0.092 a0 0.014 A(1) 0.59 �0.092 �7.4
23.99 25.036 (0001) 1.085c0 c0 (I) VR

PbBi4Te7 P3̄m1 42707 hP12 hex 4.42 4.472 hP12 hex 0.959a0 �0.144 a0 0.085 A(1) 0.60 �0.144 �4.1
⇥ Fig. 2c 23.6 24.863 (0001) 1.063c0 c0 (I) VR
GeSb4Te7 P3̄m1 42875 hP12 hex 4.212 4.321 hP12 hex 0.986a0 �0.016 a0 0.016 A(1) 0.32 �0.016 �1.4

23.651 24.398 (0001) 1.012c0 c0 (D) R
SnSb4Te7 P3̄m1 ref. 51 hP12 hex 4.37 4.367 hP12 hex 0.982a0 �0.041 a0 0.041 A(1) 0.26 �0.041 �1.8

23.79 24.623 (0001) 1.019c0 c0 (D) R
PbSb4Te7 P3̄m1 ref. 52 hP12 hex 4.306 4.384 hP12 hex 0.972a0 �0.068 a0 0.068 A(1) 0.30 �0.068 �2.8

24.017 24.681 (0001) 1.033c0 c0 (D) R

CsSnCl3 Pm3̄m 28082 cP5 cub 5.504 5.618 tP5 tet 0.951a0 �0.281 0.936a0 0.111 A(1) 0.34 0.646 �4.9
5.504 5.618 (001) 1.022c0 1.209c0 (I) HF

CsPbCl3 Pm3̄m 29072 cP5 cub 5.605 5.733 tP5 tet 0.914a0 �0.450 0.890a0 0.354 A(1) 1.11 1.073 �8.6
5.605 5.733 (001) 1.037c0 1.050c0 (I) HF

CsGeBr3 Pm3̄m 80320 cP5 cub 5.36 5.603 tP5 tet 0.955a0 �0.055 0.952a0 0.026 A(1) 0.16 0.591 �4.5
5.36 5.603 (001) 1.022c0 1.023c0 (I) HF

CsSnBr3 Pm3̄m 4071 cP5 cub 5.795 5.884 tP5 tet 0.972a0 �0.099 0.965a0 0.099 A(1) 0.34 0.288 �2.8
5.795 5.884 (001) 1.010c0 1.013c0 (D) PF

CsPbBr3 Pm3̄m 29073 cP5 cub 5.874 5.993 tP5 tet 0.934a0 �0.120 0.926a0 0.120 A(1) 1.11 0.641 �6.6
5.874 5.993 (001) 1.024c0 1.027c0 ( D) HF

CsSnI3 Pm3̄m 69997 cP5 cub 6.219 6.272 tP5 tet 0.993a0 �0.335 0.960a0 0.169 A(1) 0.39 0.070 �0.7
Fig. 2d 6.219 6.272 (001) 1.002c0 1.013c0 (I) PF

PbS Fm3̄m 38293 cF8 fcc 4.196 4.248 tI4 bct2 0.986a0 �0.129 0.970a0 0.129 N (4) 0.37 0.099 �1.4
5.934 6.008 (001) 1.005c0 1.009c0 (D) PF

PbSe Fm3̄m 38294 cF8 fcc 4.333 4.388 tI4 bct2 1.003a0 �0.218 0.970a0 0.218 N (4) 0.41 �0.013 0.3
6.128 6.206 (001) 0.999c0 1.006c0 (D) F

PbTe Fm3̄m 38295 cF8 fcc 4.569 4.634 tI4 bct2 0.985a0 �0.520 0.96a0 0.086 N (4) 0.72 0.072 �1.5
Fig. 2e 6.462 6.554 (001) 1.001c0 1.004c0 (I) PF
SnTe Fm3̄m 52489 cF8 fcc 4.471 4.528 tI4 bct2 1.027a0 �0.058 1.010a0 0.058 N (4) 0.15 �0.107 2.7

6.323 6.404 (001) 0.998c0 0.999c0 (D) VR

Properties of bulk structure: compound (⇥ indicates experimental validation), space group, ICSD number31, Pearson symbol, Bravais lattice39, experimental and DFT equilibrium lattices a,c in (Å).
Properties under the simulated epitaxial growth condition: Pearson symbol, Bravais lattice with conventional cleavage Miller indices, critical value for band inversion (acrit), SOC band energy difference
(ESOCk (ref.)) at the TRIMwith the reference lattice, reference lattice, SOC band-gap at the reference lattice (direct/indirect) (ESOCg (ref.)), TRIMs having band inversion withmultiplicity39, SOC energy-gap
discrepancy (⇤Ek) at the ab initio equilibrium lattice, SOC band energy difference (ESOCk (a0)) at the TRIMwith the ab initio equilibrium lattice, HT-descriptor (�̂TI). The labels below �̂TI indicate: F(fragile),
R(robust), VR(very robust), PF(potentially feasible), and HF(hardly feasible) (structural and electronic data is available by following the links listed in the Supplementary Information Extended Table).
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Table 1 | Properties of bulk and simulated epitaxial structures.

Bulk Simulated epitaxial growth (a optimized, c/a free)

Compound Space ICSD # Pearson Latt. Exp. DFT Pearson Latt. acrit ESOCk Ref. ESOCg TRIM ⇥Ek @ ESOCk @ �̂TI

group ref. 31 symbol ref. 39 a0,c0 a0,c0 symbol cleav. (Å) ‘ref’ lattice ‘ref’ (mult.) (a0,c0) (a0,c0) (%)

Sb2Te2S R3̄m – hR5 rhl1 – 4.192 hR5 rhl1 1.006a0 �0.106 1.019a0 0.106 ⇥ (1) 0.21 0.043 0.6
31.001 (0001) 0.993c0 0.975c0 (D) PF

Sb2Te2Se R3̄m 2085 hR5 rhl1 4.188 4.244 hR5 rhl1 0.987a0 �0.079 a0 0.079 ⇥ (1) 0.21 �0.079 �1.3
⇥ 29.938 31.212 (0001) 1.017c0 c0 (D) R
Bi2Te2S R3̄m 617050 hR5 rhl1 4.33 4.297 hR5 rhl1 0.987a0 �0.089 a0 0.089 ⇥ (1) 0.62 �0.089 �1.3
Fig. 2a 30.07 31.513 (0001) 1.013c0 c0 (D) R
Bi2Te2Se R3̄m 43512 hR5 rhl1 4.282 4.347 hR5 rhl1 0.943a0 �0.302 a0 0.21 ⇥ (1) 0.63 �0.302 �5.7
⇥ 29.861 31.260 (0001) 1.061c0 c0 (I) VR

GeSb2Te4 R3̄m ref. 45 hR7 rhl1 4.21 4.295 hR7 rhl1 1.038a0 �0.036 1.051a0 0.033 Z(1) 0.30 0.170 3.8
40.6 42.295 (0001) 0.951c0 0.937c0 (I) HF

SnSb2Te4 R3̄m 30392 hR7 rhl1 4.312 4.389 hR7 rhl1 0.999a0 �0.065 1.011a0 0.065 Z(1) 0.22 0.013 �0.1
41.72 42.347 (0001) 0.998c0 0.984c0 (D) PF

PbSb2Te4 R3̄m 250250 hR7 rhl1 4.35 4.413 hR7 rhl1 0.988a0 �0.017 a0 0.017 Z(1) 0.35 �0.017 �1.2
41.712 42.792 (0001) 1.011c0 c0 (D) R

GeBi2Te4 R3̄m 30394 hR7 rhl1 4.282 4.390 hR7 rhl1 0.988a0 �0.076 a0 0.028 Z(1) 0.69 �0.076 �1.2
⇥ Fig. 2b 39.22 42.027 (0001) 1.009c0 c0 (I) R
SnBi2Te4 R3̄m ref. 46 hR7 rhl1 4.411 4.471 hR7 rhl1 0.939a0 �0.129 a0 0.062 Z(1) 0.65 �0.129 �6.1

41.511 42.799 (0001) 1.069c0 c0 (I) VR
PbBi2Te4 R3̄m ref. 47 hR7 rhl1 4.436 4.507 hR7 rhl1 0.914a0 �0.126 a0 0.061 Z(1) 0.74 �0.126 �8.6
⇥ 41.77 43.339 (0001) 1.077c0 c0 (I) VR
PbBi2Se4 R3̄m ref. 48 hR7 rhl1 4.16 4.250 hR7 rhl1 1.035a0 �0.079 1.052a0 0.035 Z(1) 0.41 0.314 5.2

39.2 41.755 (0001) 0.944c0 0.928c0 (I) HF

PbBi4Se7 P3̄m1 ref. 49 hP12 hex 4.25 4.216 hP12 hex 1.018a0 �0.016 1.023a0 0.016 A(1) 0.41 0.128 2.3
22.68 23.839 (0001) 0.971c0 0.966c0 (D) PF

GeBi4Te7 P3̄m1 42891 hP12 hex 4.36 4.412 hP12 hex 0.968a0 �0.037 a0 0.02 A(1) 0.69 �0.037 �3.2
24.11 23.932 (0001) 1.074c0 c0 (I) VR

SnBi4Te7 P3̄m1 ref. 50 hP12 hex 4.392 4.460 hP12 hex 0.926a0 �0.092 a0 0.014 A(1) 0.59 �0.092 �7.4
23.99 25.036 (0001) 1.085c0 c0 (I) VR

PbBi4Te7 P3̄m1 42707 hP12 hex 4.42 4.472 hP12 hex 0.959a0 �0.144 a0 0.085 A(1) 0.60 �0.144 �4.1
⇥ Fig. 2c 23.6 24.863 (0001) 1.063c0 c0 (I) VR
GeSb4Te7 P3̄m1 42875 hP12 hex 4.212 4.321 hP12 hex 0.986a0 �0.016 a0 0.016 A(1) 0.32 �0.016 �1.4

23.651 24.398 (0001) 1.012c0 c0 (D) R
SnSb4Te7 P3̄m1 ref. 51 hP12 hex 4.37 4.367 hP12 hex 0.982a0 �0.041 a0 0.041 A(1) 0.26 �0.041 �1.8

23.79 24.623 (0001) 1.019c0 c0 (D) R
PbSb4Te7 P3̄m1 ref. 52 hP12 hex 4.306 4.384 hP12 hex 0.972a0 �0.068 a0 0.068 A(1) 0.30 �0.068 �2.8

24.017 24.681 (0001) 1.033c0 c0 (D) R

CsSnCl3 Pm3̄m 28082 cP5 cub 5.504 5.618 tP5 tet 0.951a0 �0.281 0.936a0 0.111 A(1) 0.34 0.646 �4.9
5.504 5.618 (001) 1.022c0 1.209c0 (I) HF

CsPbCl3 Pm3̄m 29072 cP5 cub 5.605 5.733 tP5 tet 0.914a0 �0.450 0.890a0 0.354 A(1) 1.11 1.073 �8.6
5.605 5.733 (001) 1.037c0 1.050c0 (I) HF

CsGeBr3 Pm3̄m 80320 cP5 cub 5.36 5.603 tP5 tet 0.955a0 �0.055 0.952a0 0.026 A(1) 0.16 0.591 �4.5
5.36 5.603 (001) 1.022c0 1.023c0 (I) HF

CsSnBr3 Pm3̄m 4071 cP5 cub 5.795 5.884 tP5 tet 0.972a0 �0.099 0.965a0 0.099 A(1) 0.34 0.288 �2.8
5.795 5.884 (001) 1.010c0 1.013c0 (D) PF

CsPbBr3 Pm3̄m 29073 cP5 cub 5.874 5.993 tP5 tet 0.934a0 �0.120 0.926a0 0.120 A(1) 1.11 0.641 �6.6
5.874 5.993 (001) 1.024c0 1.027c0 ( D) HF

CsSnI3 Pm3̄m 69997 cP5 cub 6.219 6.272 tP5 tet 0.993a0 �0.335 0.960a0 0.169 A(1) 0.39 0.070 �0.7
Fig. 2d 6.219 6.272 (001) 1.002c0 1.013c0 (I) PF

PbS Fm3̄m 38293 cF8 fcc 4.196 4.248 tI4 bct2 0.986a0 �0.129 0.970a0 0.129 N (4) 0.37 0.099 �1.4
5.934 6.008 (001) 1.005c0 1.009c0 (D) PF

PbSe Fm3̄m 38294 cF8 fcc 4.333 4.388 tI4 bct2 1.003a0 �0.218 0.970a0 0.218 N (4) 0.41 �0.013 0.3
6.128 6.206 (001) 0.999c0 1.006c0 (D) F

PbTe Fm3̄m 38295 cF8 fcc 4.569 4.634 tI4 bct2 0.985a0 �0.520 0.96a0 0.086 N (4) 0.72 0.072 �1.5
Fig. 2e 6.462 6.554 (001) 1.001c0 1.004c0 (I) PF
SnTe Fm3̄m 52489 cF8 fcc 4.471 4.528 tI4 bct2 1.027a0 �0.058 1.010a0 0.058 N (4) 0.15 �0.107 2.7

6.323 6.404 (001) 0.998c0 0.999c0 (D) VR

Properties of bulk structure: compound (⇥ indicates experimental validation), space group, ICSD number31, Pearson symbol, Bravais lattice39, experimental and DFT equilibrium lattices a,c in (Å).
Properties under the simulated epitaxial growth condition: Pearson symbol, Bravais lattice with conventional cleavage Miller indices, critical value for band inversion (acrit), SOC band energy difference
(ESOCk (ref.)) at the TRIMwith the reference lattice, reference lattice, SOC band-gap at the reference lattice (direct/indirect) (ESOCg (ref.)), TRIMs having band inversion withmultiplicity39, SOC energy-gap
discrepancy (⇤Ek) at the ab initio equilibrium lattice, SOC band energy difference (ESOCk (a0)) at the TRIMwith the ab initio equilibrium lattice, HT-descriptor (�̂TI). The labels below �̂TI indicate: F(fragile),
R(robust), VR(very robust), PF(potentially feasible), and HF(hardly feasible) (structural and electronic data is available by following the links listed in the Supplementary Information Extended Table).
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Table 1 | Properties of bulk and simulated epitaxial structures.

Bulk Simulated epitaxial growth (a optimized, c/a free)

Compound Space ICSD # Pearson Latt. Exp. DFT Pearson Latt. acrit ESOCk Ref. ESOCg TRIM ⇥Ek @ ESOCk @ �̂TI

group ref. 31 symbol ref. 39 a0,c0 a0,c0 symbol cleav. (Å) ‘ref’ lattice ‘ref’ (mult.) (a0,c0) (a0,c0) (%)

Sb2Te2S R3̄m – hR5 rhl1 – 4.192 hR5 rhl1 1.006a0 �0.106 1.019a0 0.106 ⇥ (1) 0.21 0.043 0.6
31.001 (0001) 0.993c0 0.975c0 (D) PF

Sb2Te2Se R3̄m 2085 hR5 rhl1 4.188 4.244 hR5 rhl1 0.987a0 �0.079 a0 0.079 ⇥ (1) 0.21 �0.079 �1.3
⇥ 29.938 31.212 (0001) 1.017c0 c0 (D) R
Bi2Te2S R3̄m 617050 hR5 rhl1 4.33 4.297 hR5 rhl1 0.987a0 �0.089 a0 0.089 ⇥ (1) 0.62 �0.089 �1.3
Fig. 2a 30.07 31.513 (0001) 1.013c0 c0 (D) R
Bi2Te2Se R3̄m 43512 hR5 rhl1 4.282 4.347 hR5 rhl1 0.943a0 �0.302 a0 0.21 ⇥ (1) 0.63 �0.302 �5.7
⇥ 29.861 31.260 (0001) 1.061c0 c0 (I) VR

GeSb2Te4 R3̄m ref. 45 hR7 rhl1 4.21 4.295 hR7 rhl1 1.038a0 �0.036 1.051a0 0.033 Z(1) 0.30 0.170 3.8
40.6 42.295 (0001) 0.951c0 0.937c0 (I) HF

SnSb2Te4 R3̄m 30392 hR7 rhl1 4.312 4.389 hR7 rhl1 0.999a0 �0.065 1.011a0 0.065 Z(1) 0.22 0.013 �0.1
41.72 42.347 (0001) 0.998c0 0.984c0 (D) PF

PbSb2Te4 R3̄m 250250 hR7 rhl1 4.35 4.413 hR7 rhl1 0.988a0 �0.017 a0 0.017 Z(1) 0.35 �0.017 �1.2
41.712 42.792 (0001) 1.011c0 c0 (D) R

GeBi2Te4 R3̄m 30394 hR7 rhl1 4.282 4.390 hR7 rhl1 0.988a0 �0.076 a0 0.028 Z(1) 0.69 �0.076 �1.2
⇥ Fig. 2b 39.22 42.027 (0001) 1.009c0 c0 (I) R
SnBi2Te4 R3̄m ref. 46 hR7 rhl1 4.411 4.471 hR7 rhl1 0.939a0 �0.129 a0 0.062 Z(1) 0.65 �0.129 �6.1

41.511 42.799 (0001) 1.069c0 c0 (I) VR
PbBi2Te4 R3̄m ref. 47 hR7 rhl1 4.436 4.507 hR7 rhl1 0.914a0 �0.126 a0 0.061 Z(1) 0.74 �0.126 �8.6
⇥ 41.77 43.339 (0001) 1.077c0 c0 (I) VR
PbBi2Se4 R3̄m ref. 48 hR7 rhl1 4.16 4.250 hR7 rhl1 1.035a0 �0.079 1.052a0 0.035 Z(1) 0.41 0.314 5.2

39.2 41.755 (0001) 0.944c0 0.928c0 (I) HF

PbBi4Se7 P3̄m1 ref. 49 hP12 hex 4.25 4.216 hP12 hex 1.018a0 �0.016 1.023a0 0.016 A(1) 0.41 0.128 2.3
22.68 23.839 (0001) 0.971c0 0.966c0 (D) PF

GeBi4Te7 P3̄m1 42891 hP12 hex 4.36 4.412 hP12 hex 0.968a0 �0.037 a0 0.02 A(1) 0.69 �0.037 �3.2
24.11 23.932 (0001) 1.074c0 c0 (I) VR

SnBi4Te7 P3̄m1 ref. 50 hP12 hex 4.392 4.460 hP12 hex 0.926a0 �0.092 a0 0.014 A(1) 0.59 �0.092 �7.4
23.99 25.036 (0001) 1.085c0 c0 (I) VR

PbBi4Te7 P3̄m1 42707 hP12 hex 4.42 4.472 hP12 hex 0.959a0 �0.144 a0 0.085 A(1) 0.60 �0.144 �4.1
⇥ Fig. 2c 23.6 24.863 (0001) 1.063c0 c0 (I) VR
GeSb4Te7 P3̄m1 42875 hP12 hex 4.212 4.321 hP12 hex 0.986a0 �0.016 a0 0.016 A(1) 0.32 �0.016 �1.4

23.651 24.398 (0001) 1.012c0 c0 (D) R
SnSb4Te7 P3̄m1 ref. 51 hP12 hex 4.37 4.367 hP12 hex 0.982a0 �0.041 a0 0.041 A(1) 0.26 �0.041 �1.8

23.79 24.623 (0001) 1.019c0 c0 (D) R
PbSb4Te7 P3̄m1 ref. 52 hP12 hex 4.306 4.384 hP12 hex 0.972a0 �0.068 a0 0.068 A(1) 0.30 �0.068 �2.8

24.017 24.681 (0001) 1.033c0 c0 (D) R

CsSnCl3 Pm3̄m 28082 cP5 cub 5.504 5.618 tP5 tet 0.951a0 �0.281 0.936a0 0.111 A(1) 0.34 0.646 �4.9
5.504 5.618 (001) 1.022c0 1.209c0 (I) HF

CsPbCl3 Pm3̄m 29072 cP5 cub 5.605 5.733 tP5 tet 0.914a0 �0.450 0.890a0 0.354 A(1) 1.11 1.073 �8.6
5.605 5.733 (001) 1.037c0 1.050c0 (I) HF

CsGeBr3 Pm3̄m 80320 cP5 cub 5.36 5.603 tP5 tet 0.955a0 �0.055 0.952a0 0.026 A(1) 0.16 0.591 �4.5
5.36 5.603 (001) 1.022c0 1.023c0 (I) HF

CsSnBr3 Pm3̄m 4071 cP5 cub 5.795 5.884 tP5 tet 0.972a0 �0.099 0.965a0 0.099 A(1) 0.34 0.288 �2.8
5.795 5.884 (001) 1.010c0 1.013c0 (D) PF

CsPbBr3 Pm3̄m 29073 cP5 cub 5.874 5.993 tP5 tet 0.934a0 �0.120 0.926a0 0.120 A(1) 1.11 0.641 �6.6
5.874 5.993 (001) 1.024c0 1.027c0 ( D) HF

CsSnI3 Pm3̄m 69997 cP5 cub 6.219 6.272 tP5 tet 0.993a0 �0.335 0.960a0 0.169 A(1) 0.39 0.070 �0.7
Fig. 2d 6.219 6.272 (001) 1.002c0 1.013c0 (I) PF

PbS Fm3̄m 38293 cF8 fcc 4.196 4.248 tI4 bct2 0.986a0 �0.129 0.970a0 0.129 N (4) 0.37 0.099 �1.4
5.934 6.008 (001) 1.005c0 1.009c0 (D) PF

PbSe Fm3̄m 38294 cF8 fcc 4.333 4.388 tI4 bct2 1.003a0 �0.218 0.970a0 0.218 N (4) 0.41 �0.013 0.3
6.128 6.206 (001) 0.999c0 1.006c0 (D) F

PbTe Fm3̄m 38295 cF8 fcc 4.569 4.634 tI4 bct2 0.985a0 �0.520 0.96a0 0.086 N (4) 0.72 0.072 �1.5
Fig. 2e 6.462 6.554 (001) 1.001c0 1.004c0 (I) PF
SnTe Fm3̄m 52489 cF8 fcc 4.471 4.528 tI4 bct2 1.027a0 �0.058 1.010a0 0.058 N (4) 0.15 �0.107 2.7

6.323 6.404 (001) 0.998c0 0.999c0 (D) VR

Properties of bulk structure: compound (⇥ indicates experimental validation), space group, ICSD number31, Pearson symbol, Bravais lattice39, experimental and DFT equilibrium lattices a,c in (Å).
Properties under the simulated epitaxial growth condition: Pearson symbol, Bravais lattice with conventional cleavage Miller indices, critical value for band inversion (acrit), SOC band energy difference
(ESOCk (ref.)) at the TRIMwith the reference lattice, reference lattice, SOC band-gap at the reference lattice (direct/indirect) (ESOCg (ref.)), TRIMs having band inversion withmultiplicity39, SOC energy-gap
discrepancy (⇤Ek) at the ab initio equilibrium lattice, SOC band energy difference (ESOCk (a0)) at the TRIMwith the ab initio equilibrium lattice, HT-descriptor (�̂TI). The labels below �̂TI indicate: F(fragile),
R(robust), VR(very robust), PF(potentially feasible), and HF(hardly feasible) (structural and electronic data is available by following the links listed in the Supplementary Information Extended Table).
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Table 1 | Properties of bulk and simulated epitaxial structures.

Bulk Simulated epitaxial growth (a optimized, c/a free)

Compound Space ICSD # Pearson Latt. Exp. DFT Pearson Latt. acrit ESOCk Ref. ESOCg TRIM ⇥Ek @ ESOCk @ �̂TI

group ref. 31 symbol ref. 39 a0,c0 a0,c0 symbol cleav. (Å) ‘ref’ lattice ‘ref’ (mult.) (a0,c0) (a0,c0) (%)

Sb2Te2S R3̄m – hR5 rhl1 – 4.192 hR5 rhl1 1.006a0 �0.106 1.019a0 0.106 ⇥ (1) 0.21 0.043 0.6
31.001 (0001) 0.993c0 0.975c0 (D) PF

Sb2Te2Se R3̄m 2085 hR5 rhl1 4.188 4.244 hR5 rhl1 0.987a0 �0.079 a0 0.079 ⇥ (1) 0.21 �0.079 �1.3
⇥ 29.938 31.212 (0001) 1.017c0 c0 (D) R
Bi2Te2S R3̄m 617050 hR5 rhl1 4.33 4.297 hR5 rhl1 0.987a0 �0.089 a0 0.089 ⇥ (1) 0.62 �0.089 �1.3
Fig. 2a 30.07 31.513 (0001) 1.013c0 c0 (D) R
Bi2Te2Se R3̄m 43512 hR5 rhl1 4.282 4.347 hR5 rhl1 0.943a0 �0.302 a0 0.21 ⇥ (1) 0.63 �0.302 �5.7
⇥ 29.861 31.260 (0001) 1.061c0 c0 (I) VR

GeSb2Te4 R3̄m ref. 45 hR7 rhl1 4.21 4.295 hR7 rhl1 1.038a0 �0.036 1.051a0 0.033 Z(1) 0.30 0.170 3.8
40.6 42.295 (0001) 0.951c0 0.937c0 (I) HF

SnSb2Te4 R3̄m 30392 hR7 rhl1 4.312 4.389 hR7 rhl1 0.999a0 �0.065 1.011a0 0.065 Z(1) 0.22 0.013 �0.1
41.72 42.347 (0001) 0.998c0 0.984c0 (D) PF

PbSb2Te4 R3̄m 250250 hR7 rhl1 4.35 4.413 hR7 rhl1 0.988a0 �0.017 a0 0.017 Z(1) 0.35 �0.017 �1.2
41.712 42.792 (0001) 1.011c0 c0 (D) R

GeBi2Te4 R3̄m 30394 hR7 rhl1 4.282 4.390 hR7 rhl1 0.988a0 �0.076 a0 0.028 Z(1) 0.69 �0.076 �1.2
⇥ Fig. 2b 39.22 42.027 (0001) 1.009c0 c0 (I) R
SnBi2Te4 R3̄m ref. 46 hR7 rhl1 4.411 4.471 hR7 rhl1 0.939a0 �0.129 a0 0.062 Z(1) 0.65 �0.129 �6.1

41.511 42.799 (0001) 1.069c0 c0 (I) VR
PbBi2Te4 R3̄m ref. 47 hR7 rhl1 4.436 4.507 hR7 rhl1 0.914a0 �0.126 a0 0.061 Z(1) 0.74 �0.126 �8.6
⇥ 41.77 43.339 (0001) 1.077c0 c0 (I) VR
PbBi2Se4 R3̄m ref. 48 hR7 rhl1 4.16 4.250 hR7 rhl1 1.035a0 �0.079 1.052a0 0.035 Z(1) 0.41 0.314 5.2

39.2 41.755 (0001) 0.944c0 0.928c0 (I) HF

PbBi4Se7 P3̄m1 ref. 49 hP12 hex 4.25 4.216 hP12 hex 1.018a0 �0.016 1.023a0 0.016 A(1) 0.41 0.128 2.3
22.68 23.839 (0001) 0.971c0 0.966c0 (D) PF

GeBi4Te7 P3̄m1 42891 hP12 hex 4.36 4.412 hP12 hex 0.968a0 �0.037 a0 0.02 A(1) 0.69 �0.037 �3.2
24.11 23.932 (0001) 1.074c0 c0 (I) VR

SnBi4Te7 P3̄m1 ref. 50 hP12 hex 4.392 4.460 hP12 hex 0.926a0 �0.092 a0 0.014 A(1) 0.59 �0.092 �7.4
23.99 25.036 (0001) 1.085c0 c0 (I) VR

PbBi4Te7 P3̄m1 42707 hP12 hex 4.42 4.472 hP12 hex 0.959a0 �0.144 a0 0.085 A(1) 0.60 �0.144 �4.1
⇥ Fig. 2c 23.6 24.863 (0001) 1.063c0 c0 (I) VR
GeSb4Te7 P3̄m1 42875 hP12 hex 4.212 4.321 hP12 hex 0.986a0 �0.016 a0 0.016 A(1) 0.32 �0.016 �1.4

23.651 24.398 (0001) 1.012c0 c0 (D) R
SnSb4Te7 P3̄m1 ref. 51 hP12 hex 4.37 4.367 hP12 hex 0.982a0 �0.041 a0 0.041 A(1) 0.26 �0.041 �1.8

23.79 24.623 (0001) 1.019c0 c0 (D) R
PbSb4Te7 P3̄m1 ref. 52 hP12 hex 4.306 4.384 hP12 hex 0.972a0 �0.068 a0 0.068 A(1) 0.30 �0.068 �2.8

24.017 24.681 (0001) 1.033c0 c0 (D) R

CsSnCl3 Pm3̄m 28082 cP5 cub 5.504 5.618 tP5 tet 0.951a0 �0.281 0.936a0 0.111 A(1) 0.34 0.646 �4.9
5.504 5.618 (001) 1.022c0 1.209c0 (I) HF

CsPbCl3 Pm3̄m 29072 cP5 cub 5.605 5.733 tP5 tet 0.914a0 �0.450 0.890a0 0.354 A(1) 1.11 1.073 �8.6
5.605 5.733 (001) 1.037c0 1.050c0 (I) HF

CsGeBr3 Pm3̄m 80320 cP5 cub 5.36 5.603 tP5 tet 0.955a0 �0.055 0.952a0 0.026 A(1) 0.16 0.591 �4.5
5.36 5.603 (001) 1.022c0 1.023c0 (I) HF

CsSnBr3 Pm3̄m 4071 cP5 cub 5.795 5.884 tP5 tet 0.972a0 �0.099 0.965a0 0.099 A(1) 0.34 0.288 �2.8
5.795 5.884 (001) 1.010c0 1.013c0 (D) PF

CsPbBr3 Pm3̄m 29073 cP5 cub 5.874 5.993 tP5 tet 0.934a0 �0.120 0.926a0 0.120 A(1) 1.11 0.641 �6.6
5.874 5.993 (001) 1.024c0 1.027c0 ( D) HF

CsSnI3 Pm3̄m 69997 cP5 cub 6.219 6.272 tP5 tet 0.993a0 �0.335 0.960a0 0.169 A(1) 0.39 0.070 �0.7
Fig. 2d 6.219 6.272 (001) 1.002c0 1.013c0 (I) PF

PbS Fm3̄m 38293 cF8 fcc 4.196 4.248 tI4 bct2 0.986a0 �0.129 0.970a0 0.129 N (4) 0.37 0.099 �1.4
5.934 6.008 (001) 1.005c0 1.009c0 (D) PF

PbSe Fm3̄m 38294 cF8 fcc 4.333 4.388 tI4 bct2 1.003a0 �0.218 0.970a0 0.218 N (4) 0.41 �0.013 0.3
6.128 6.206 (001) 0.999c0 1.006c0 (D) F

PbTe Fm3̄m 38295 cF8 fcc 4.569 4.634 tI4 bct2 0.985a0 �0.520 0.96a0 0.086 N (4) 0.72 0.072 �1.5
Fig. 2e 6.462 6.554 (001) 1.001c0 1.004c0 (I) PF
SnTe Fm3̄m 52489 cF8 fcc 4.471 4.528 tI4 bct2 1.027a0 �0.058 1.010a0 0.058 N (4) 0.15 �0.107 2.7

6.323 6.404 (001) 0.998c0 0.999c0 (D) VR

Properties of bulk structure: compound (⇥ indicates experimental validation), space group, ICSD number31, Pearson symbol, Bravais lattice39, experimental and DFT equilibrium lattices a,c in (Å).
Properties under the simulated epitaxial growth condition: Pearson symbol, Bravais lattice with conventional cleavage Miller indices, critical value for band inversion (acrit), SOC band energy difference
(ESOCk (ref.)) at the TRIMwith the reference lattice, reference lattice, SOC band-gap at the reference lattice (direct/indirect) (ESOCg (ref.)), TRIMs having band inversion withmultiplicity39, SOC energy-gap
discrepancy (⇤Ek) at the ab initio equilibrium lattice, SOC band energy difference (ESOCk (a0)) at the TRIMwith the ab initio equilibrium lattice, HT-descriptor (�̂TI). The labels below �̂TI indicate: F(fragile),
R(robust), VR(very robust), PF(potentially feasible), and HF(hardly feasible) (structural and electronic data is available by following the links listed in the Supplementary Information Extended Table).
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Table 1 | Properties of bulk and simulated epitaxial structures.

Bulk Simulated epitaxial growth (a optimized, c/a free)

Compound Space ICSD # Pearson Latt. Exp. DFT Pearson Latt. acrit ESOCk Ref. ESOCg TRIM ⇥Ek @ ESOCk @ �̂TI

group ref. 31 symbol ref. 39 a0,c0 a0,c0 symbol cleav. (Å) ‘ref’ lattice ‘ref’ (mult.) (a0,c0) (a0,c0) (%)

Sb2Te2S R3̄m – hR5 rhl1 – 4.192 hR5 rhl1 1.006a0 �0.106 1.019a0 0.106 ⇥ (1) 0.21 0.043 0.6
31.001 (0001) 0.993c0 0.975c0 (D) PF

Sb2Te2Se R3̄m 2085 hR5 rhl1 4.188 4.244 hR5 rhl1 0.987a0 �0.079 a0 0.079 ⇥ (1) 0.21 �0.079 �1.3
⇥ 29.938 31.212 (0001) 1.017c0 c0 (D) R
Bi2Te2S R3̄m 617050 hR5 rhl1 4.33 4.297 hR5 rhl1 0.987a0 �0.089 a0 0.089 ⇥ (1) 0.62 �0.089 �1.3
Fig. 2a 30.07 31.513 (0001) 1.013c0 c0 (D) R
Bi2Te2Se R3̄m 43512 hR5 rhl1 4.282 4.347 hR5 rhl1 0.943a0 �0.302 a0 0.21 ⇥ (1) 0.63 �0.302 �5.7
⇥ 29.861 31.260 (0001) 1.061c0 c0 (I) VR

GeSb2Te4 R3̄m ref. 45 hR7 rhl1 4.21 4.295 hR7 rhl1 1.038a0 �0.036 1.051a0 0.033 Z(1) 0.30 0.170 3.8
40.6 42.295 (0001) 0.951c0 0.937c0 (I) HF

SnSb2Te4 R3̄m 30392 hR7 rhl1 4.312 4.389 hR7 rhl1 0.999a0 �0.065 1.011a0 0.065 Z(1) 0.22 0.013 �0.1
41.72 42.347 (0001) 0.998c0 0.984c0 (D) PF

PbSb2Te4 R3̄m 250250 hR7 rhl1 4.35 4.413 hR7 rhl1 0.988a0 �0.017 a0 0.017 Z(1) 0.35 �0.017 �1.2
41.712 42.792 (0001) 1.011c0 c0 (D) R

GeBi2Te4 R3̄m 30394 hR7 rhl1 4.282 4.390 hR7 rhl1 0.988a0 �0.076 a0 0.028 Z(1) 0.69 �0.076 �1.2
⇥ Fig. 2b 39.22 42.027 (0001) 1.009c0 c0 (I) R
SnBi2Te4 R3̄m ref. 46 hR7 rhl1 4.411 4.471 hR7 rhl1 0.939a0 �0.129 a0 0.062 Z(1) 0.65 �0.129 �6.1

41.511 42.799 (0001) 1.069c0 c0 (I) VR
PbBi2Te4 R3̄m ref. 47 hR7 rhl1 4.436 4.507 hR7 rhl1 0.914a0 �0.126 a0 0.061 Z(1) 0.74 �0.126 �8.6
⇥ 41.77 43.339 (0001) 1.077c0 c0 (I) VR
PbBi2Se4 R3̄m ref. 48 hR7 rhl1 4.16 4.250 hR7 rhl1 1.035a0 �0.079 1.052a0 0.035 Z(1) 0.41 0.314 5.2

39.2 41.755 (0001) 0.944c0 0.928c0 (I) HF

PbBi4Se7 P3̄m1 ref. 49 hP12 hex 4.25 4.216 hP12 hex 1.018a0 �0.016 1.023a0 0.016 A(1) 0.41 0.128 2.3
22.68 23.839 (0001) 0.971c0 0.966c0 (D) PF

GeBi4Te7 P3̄m1 42891 hP12 hex 4.36 4.412 hP12 hex 0.968a0 �0.037 a0 0.02 A(1) 0.69 �0.037 �3.2
24.11 23.932 (0001) 1.074c0 c0 (I) VR

SnBi4Te7 P3̄m1 ref. 50 hP12 hex 4.392 4.460 hP12 hex 0.926a0 �0.092 a0 0.014 A(1) 0.59 �0.092 �7.4
23.99 25.036 (0001) 1.085c0 c0 (I) VR

PbBi4Te7 P3̄m1 42707 hP12 hex 4.42 4.472 hP12 hex 0.959a0 �0.144 a0 0.085 A(1) 0.60 �0.144 �4.1
⇥ Fig. 2c 23.6 24.863 (0001) 1.063c0 c0 (I) VR
GeSb4Te7 P3̄m1 42875 hP12 hex 4.212 4.321 hP12 hex 0.986a0 �0.016 a0 0.016 A(1) 0.32 �0.016 �1.4

23.651 24.398 (0001) 1.012c0 c0 (D) R
SnSb4Te7 P3̄m1 ref. 51 hP12 hex 4.37 4.367 hP12 hex 0.982a0 �0.041 a0 0.041 A(1) 0.26 �0.041 �1.8

23.79 24.623 (0001) 1.019c0 c0 (D) R
PbSb4Te7 P3̄m1 ref. 52 hP12 hex 4.306 4.384 hP12 hex 0.972a0 �0.068 a0 0.068 A(1) 0.30 �0.068 �2.8

24.017 24.681 (0001) 1.033c0 c0 (D) R

CsSnCl3 Pm3̄m 28082 cP5 cub 5.504 5.618 tP5 tet 0.951a0 �0.281 0.936a0 0.111 A(1) 0.34 0.646 �4.9
5.504 5.618 (001) 1.022c0 1.209c0 (I) HF

CsPbCl3 Pm3̄m 29072 cP5 cub 5.605 5.733 tP5 tet 0.914a0 �0.450 0.890a0 0.354 A(1) 1.11 1.073 �8.6
5.605 5.733 (001) 1.037c0 1.050c0 (I) HF

CsGeBr3 Pm3̄m 80320 cP5 cub 5.36 5.603 tP5 tet 0.955a0 �0.055 0.952a0 0.026 A(1) 0.16 0.591 �4.5
5.36 5.603 (001) 1.022c0 1.023c0 (I) HF

CsSnBr3 Pm3̄m 4071 cP5 cub 5.795 5.884 tP5 tet 0.972a0 �0.099 0.965a0 0.099 A(1) 0.34 0.288 �2.8
5.795 5.884 (001) 1.010c0 1.013c0 (D) PF

CsPbBr3 Pm3̄m 29073 cP5 cub 5.874 5.993 tP5 tet 0.934a0 �0.120 0.926a0 0.120 A(1) 1.11 0.641 �6.6
5.874 5.993 (001) 1.024c0 1.027c0 ( D) HF

CsSnI3 Pm3̄m 69997 cP5 cub 6.219 6.272 tP5 tet 0.993a0 �0.335 0.960a0 0.169 A(1) 0.39 0.070 �0.7
Fig. 2d 6.219 6.272 (001) 1.002c0 1.013c0 (I) PF

PbS Fm3̄m 38293 cF8 fcc 4.196 4.248 tI4 bct2 0.986a0 �0.129 0.970a0 0.129 N (4) 0.37 0.099 �1.4
5.934 6.008 (001) 1.005c0 1.009c0 (D) PF

PbSe Fm3̄m 38294 cF8 fcc 4.333 4.388 tI4 bct2 1.003a0 �0.218 0.970a0 0.218 N (4) 0.41 �0.013 0.3
6.128 6.206 (001) 0.999c0 1.006c0 (D) F

PbTe Fm3̄m 38295 cF8 fcc 4.569 4.634 tI4 bct2 0.985a0 �0.520 0.96a0 0.086 N (4) 0.72 0.072 �1.5
Fig. 2e 6.462 6.554 (001) 1.001c0 1.004c0 (I) PF
SnTe Fm3̄m 52489 cF8 fcc 4.471 4.528 tI4 bct2 1.027a0 �0.058 1.010a0 0.058 N (4) 0.15 �0.107 2.7

6.323 6.404 (001) 0.998c0 0.999c0 (D) VR

Properties of bulk structure: compound (⇥ indicates experimental validation), space group, ICSD number31, Pearson symbol, Bravais lattice39, experimental and DFT equilibrium lattices a,c in (Å).
Properties under the simulated epitaxial growth condition: Pearson symbol, Bravais lattice with conventional cleavage Miller indices, critical value for band inversion (acrit), SOC band energy difference
(ESOCk (ref.)) at the TRIMwith the reference lattice, reference lattice, SOC band-gap at the reference lattice (direct/indirect) (ESOCg (ref.)), TRIMs having band inversion withmultiplicity39, SOC energy-gap
discrepancy (⇤Ek) at the ab initio equilibrium lattice, SOC band energy difference (ESOCk (a0)) at the TRIMwith the ab initio equilibrium lattice, HT-descriptor (�̂TI). The labels below �̂TI indicate: F(fragile),
R(robust), VR(very robust), PF(potentially feasible), and HF(hardly feasible) (structural and electronic data is available by following the links listed in the Supplementary Information Extended Table).
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Table 1 | Properties of bulk and simulated epitaxial structures.

Bulk Simulated epitaxial growth (a optimized, c/a free)

Compound Space ICSD # Pearson Latt. Exp. DFT Pearson Latt. acrit ESOCk Ref. ESOCg TRIM ⇥Ek @ ESOCk @ �̂TI

group ref. 31 symbol ref. 39 a0,c0 a0,c0 symbol cleav. (Å) ‘ref’ lattice ‘ref’ (mult.) (a0,c0) (a0,c0) (%)

Sb2Te2S R3̄m – hR5 rhl1 – 4.192 hR5 rhl1 1.006a0 �0.106 1.019a0 0.106 ⇥ (1) 0.21 0.043 0.6
31.001 (0001) 0.993c0 0.975c0 (D) PF

Sb2Te2Se R3̄m 2085 hR5 rhl1 4.188 4.244 hR5 rhl1 0.987a0 �0.079 a0 0.079 ⇥ (1) 0.21 �0.079 �1.3
⇥ 29.938 31.212 (0001) 1.017c0 c0 (D) R
Bi2Te2S R3̄m 617050 hR5 rhl1 4.33 4.297 hR5 rhl1 0.987a0 �0.089 a0 0.089 ⇥ (1) 0.62 �0.089 �1.3
Fig. 2a 30.07 31.513 (0001) 1.013c0 c0 (D) R
Bi2Te2Se R3̄m 43512 hR5 rhl1 4.282 4.347 hR5 rhl1 0.943a0 �0.302 a0 0.21 ⇥ (1) 0.63 �0.302 �5.7
⇥ 29.861 31.260 (0001) 1.061c0 c0 (I) VR

GeSb2Te4 R3̄m ref. 45 hR7 rhl1 4.21 4.295 hR7 rhl1 1.038a0 �0.036 1.051a0 0.033 Z(1) 0.30 0.170 3.8
40.6 42.295 (0001) 0.951c0 0.937c0 (I) HF

SnSb2Te4 R3̄m 30392 hR7 rhl1 4.312 4.389 hR7 rhl1 0.999a0 �0.065 1.011a0 0.065 Z(1) 0.22 0.013 �0.1
41.72 42.347 (0001) 0.998c0 0.984c0 (D) PF

PbSb2Te4 R3̄m 250250 hR7 rhl1 4.35 4.413 hR7 rhl1 0.988a0 �0.017 a0 0.017 Z(1) 0.35 �0.017 �1.2
41.712 42.792 (0001) 1.011c0 c0 (D) R

GeBi2Te4 R3̄m 30394 hR7 rhl1 4.282 4.390 hR7 rhl1 0.988a0 �0.076 a0 0.028 Z(1) 0.69 �0.076 �1.2
⇥ Fig. 2b 39.22 42.027 (0001) 1.009c0 c0 (I) R
SnBi2Te4 R3̄m ref. 46 hR7 rhl1 4.411 4.471 hR7 rhl1 0.939a0 �0.129 a0 0.062 Z(1) 0.65 �0.129 �6.1

41.511 42.799 (0001) 1.069c0 c0 (I) VR
PbBi2Te4 R3̄m ref. 47 hR7 rhl1 4.436 4.507 hR7 rhl1 0.914a0 �0.126 a0 0.061 Z(1) 0.74 �0.126 �8.6
⇥ 41.77 43.339 (0001) 1.077c0 c0 (I) VR
PbBi2Se4 R3̄m ref. 48 hR7 rhl1 4.16 4.250 hR7 rhl1 1.035a0 �0.079 1.052a0 0.035 Z(1) 0.41 0.314 5.2

39.2 41.755 (0001) 0.944c0 0.928c0 (I) HF

PbBi4Se7 P3̄m1 ref. 49 hP12 hex 4.25 4.216 hP12 hex 1.018a0 �0.016 1.023a0 0.016 A(1) 0.41 0.128 2.3
22.68 23.839 (0001) 0.971c0 0.966c0 (D) PF

GeBi4Te7 P3̄m1 42891 hP12 hex 4.36 4.412 hP12 hex 0.968a0 �0.037 a0 0.02 A(1) 0.69 �0.037 �3.2
24.11 23.932 (0001) 1.074c0 c0 (I) VR

SnBi4Te7 P3̄m1 ref. 50 hP12 hex 4.392 4.460 hP12 hex 0.926a0 �0.092 a0 0.014 A(1) 0.59 �0.092 �7.4
23.99 25.036 (0001) 1.085c0 c0 (I) VR

PbBi4Te7 P3̄m1 42707 hP12 hex 4.42 4.472 hP12 hex 0.959a0 �0.144 a0 0.085 A(1) 0.60 �0.144 �4.1
⇥ Fig. 2c 23.6 24.863 (0001) 1.063c0 c0 (I) VR
GeSb4Te7 P3̄m1 42875 hP12 hex 4.212 4.321 hP12 hex 0.986a0 �0.016 a0 0.016 A(1) 0.32 �0.016 �1.4

23.651 24.398 (0001) 1.012c0 c0 (D) R
SnSb4Te7 P3̄m1 ref. 51 hP12 hex 4.37 4.367 hP12 hex 0.982a0 �0.041 a0 0.041 A(1) 0.26 �0.041 �1.8

23.79 24.623 (0001) 1.019c0 c0 (D) R
PbSb4Te7 P3̄m1 ref. 52 hP12 hex 4.306 4.384 hP12 hex 0.972a0 �0.068 a0 0.068 A(1) 0.30 �0.068 �2.8

24.017 24.681 (0001) 1.033c0 c0 (D) R

CsSnCl3 Pm3̄m 28082 cP5 cub 5.504 5.618 tP5 tet 0.951a0 �0.281 0.936a0 0.111 A(1) 0.34 0.646 �4.9
5.504 5.618 (001) 1.022c0 1.209c0 (I) HF

CsPbCl3 Pm3̄m 29072 cP5 cub 5.605 5.733 tP5 tet 0.914a0 �0.450 0.890a0 0.354 A(1) 1.11 1.073 �8.6
5.605 5.733 (001) 1.037c0 1.050c0 (I) HF

CsGeBr3 Pm3̄m 80320 cP5 cub 5.36 5.603 tP5 tet 0.955a0 �0.055 0.952a0 0.026 A(1) 0.16 0.591 �4.5
5.36 5.603 (001) 1.022c0 1.023c0 (I) HF

CsSnBr3 Pm3̄m 4071 cP5 cub 5.795 5.884 tP5 tet 0.972a0 �0.099 0.965a0 0.099 A(1) 0.34 0.288 �2.8
5.795 5.884 (001) 1.010c0 1.013c0 (D) PF

CsPbBr3 Pm3̄m 29073 cP5 cub 5.874 5.993 tP5 tet 0.934a0 �0.120 0.926a0 0.120 A(1) 1.11 0.641 �6.6
5.874 5.993 (001) 1.024c0 1.027c0 ( D) HF

CsSnI3 Pm3̄m 69997 cP5 cub 6.219 6.272 tP5 tet 0.993a0 �0.335 0.960a0 0.169 A(1) 0.39 0.070 �0.7
Fig. 2d 6.219 6.272 (001) 1.002c0 1.013c0 (I) PF

PbS Fm3̄m 38293 cF8 fcc 4.196 4.248 tI4 bct2 0.986a0 �0.129 0.970a0 0.129 N (4) 0.37 0.099 �1.4
5.934 6.008 (001) 1.005c0 1.009c0 (D) PF

PbSe Fm3̄m 38294 cF8 fcc 4.333 4.388 tI4 bct2 1.003a0 �0.218 0.970a0 0.218 N (4) 0.41 �0.013 0.3
6.128 6.206 (001) 0.999c0 1.006c0 (D) F

PbTe Fm3̄m 38295 cF8 fcc 4.569 4.634 tI4 bct2 0.985a0 �0.520 0.96a0 0.086 N (4) 0.72 0.072 �1.5
Fig. 2e 6.462 6.554 (001) 1.001c0 1.004c0 (I) PF
SnTe Fm3̄m 52489 cF8 fcc 4.471 4.528 tI4 bct2 1.027a0 �0.058 1.010a0 0.058 N (4) 0.15 �0.107 2.7

6.323 6.404 (001) 0.998c0 0.999c0 (D) VR

Properties of bulk structure: compound (⇥ indicates experimental validation), space group, ICSD number31, Pearson symbol, Bravais lattice39, experimental and DFT equilibrium lattices a,c in (Å).
Properties under the simulated epitaxial growth condition: Pearson symbol, Bravais lattice with conventional cleavage Miller indices, critical value for band inversion (acrit), SOC band energy difference
(ESOCk (ref.)) at the TRIMwith the reference lattice, reference lattice, SOC band-gap at the reference lattice (direct/indirect) (ESOCg (ref.)), TRIMs having band inversion withmultiplicity39, SOC energy-gap
discrepancy (⇤Ek) at the ab initio equilibrium lattice, SOC band energy difference (ESOCk (a0)) at the TRIMwith the ab initio equilibrium lattice, HT-descriptor (�̂TI). The labels below �̂TI indicate: F(fragile),
R(robust), VR(very robust), PF(potentially feasible), and HF(hardly feasible) (structural and electronic data is available by following the links listed in the Supplementary Information Extended Table).
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Table 1 | Properties of bulk and simulated epitaxial structures.

Bulk Simulated epitaxial growth (a optimized, c/a free)

Compound Space ICSD # Pearson Latt. Exp. DFT Pearson Latt. acrit ESOCk Ref. ESOCg TRIM ⇥Ek @ ESOCk @ �̂TI

group ref. 31 symbol ref. 39 a0,c0 a0,c0 symbol cleav. (Å) ‘ref’ lattice ‘ref’ (mult.) (a0,c0) (a0,c0) (%)

Sb2Te2S R3̄m – hR5 rhl1 – 4.192 hR5 rhl1 1.006a0 �0.106 1.019a0 0.106 ⇥ (1) 0.21 0.043 0.6
31.001 (0001) 0.993c0 0.975c0 (D) PF

Sb2Te2Se R3̄m 2085 hR5 rhl1 4.188 4.244 hR5 rhl1 0.987a0 �0.079 a0 0.079 ⇥ (1) 0.21 �0.079 �1.3
⇥ 29.938 31.212 (0001) 1.017c0 c0 (D) R
Bi2Te2S R3̄m 617050 hR5 rhl1 4.33 4.297 hR5 rhl1 0.987a0 �0.089 a0 0.089 ⇥ (1) 0.62 �0.089 �1.3
Fig. 2a 30.07 31.513 (0001) 1.013c0 c0 (D) R
Bi2Te2Se R3̄m 43512 hR5 rhl1 4.282 4.347 hR5 rhl1 0.943a0 �0.302 a0 0.21 ⇥ (1) 0.63 �0.302 �5.7
⇥ 29.861 31.260 (0001) 1.061c0 c0 (I) VR

GeSb2Te4 R3̄m ref. 45 hR7 rhl1 4.21 4.295 hR7 rhl1 1.038a0 �0.036 1.051a0 0.033 Z(1) 0.30 0.170 3.8
40.6 42.295 (0001) 0.951c0 0.937c0 (I) HF

SnSb2Te4 R3̄m 30392 hR7 rhl1 4.312 4.389 hR7 rhl1 0.999a0 �0.065 1.011a0 0.065 Z(1) 0.22 0.013 �0.1
41.72 42.347 (0001) 0.998c0 0.984c0 (D) PF

PbSb2Te4 R3̄m 250250 hR7 rhl1 4.35 4.413 hR7 rhl1 0.988a0 �0.017 a0 0.017 Z(1) 0.35 �0.017 �1.2
41.712 42.792 (0001) 1.011c0 c0 (D) R

GeBi2Te4 R3̄m 30394 hR7 rhl1 4.282 4.390 hR7 rhl1 0.988a0 �0.076 a0 0.028 Z(1) 0.69 �0.076 �1.2
⇥ Fig. 2b 39.22 42.027 (0001) 1.009c0 c0 (I) R
SnBi2Te4 R3̄m ref. 46 hR7 rhl1 4.411 4.471 hR7 rhl1 0.939a0 �0.129 a0 0.062 Z(1) 0.65 �0.129 �6.1

41.511 42.799 (0001) 1.069c0 c0 (I) VR
PbBi2Te4 R3̄m ref. 47 hR7 rhl1 4.436 4.507 hR7 rhl1 0.914a0 �0.126 a0 0.061 Z(1) 0.74 �0.126 �8.6
⇥ 41.77 43.339 (0001) 1.077c0 c0 (I) VR
PbBi2Se4 R3̄m ref. 48 hR7 rhl1 4.16 4.250 hR7 rhl1 1.035a0 �0.079 1.052a0 0.035 Z(1) 0.41 0.314 5.2

39.2 41.755 (0001) 0.944c0 0.928c0 (I) HF

PbBi4Se7 P3̄m1 ref. 49 hP12 hex 4.25 4.216 hP12 hex 1.018a0 �0.016 1.023a0 0.016 A(1) 0.41 0.128 2.3
22.68 23.839 (0001) 0.971c0 0.966c0 (D) PF

GeBi4Te7 P3̄m1 42891 hP12 hex 4.36 4.412 hP12 hex 0.968a0 �0.037 a0 0.02 A(1) 0.69 �0.037 �3.2
24.11 23.932 (0001) 1.074c0 c0 (I) VR

SnBi4Te7 P3̄m1 ref. 50 hP12 hex 4.392 4.460 hP12 hex 0.926a0 �0.092 a0 0.014 A(1) 0.59 �0.092 �7.4
23.99 25.036 (0001) 1.085c0 c0 (I) VR

PbBi4Te7 P3̄m1 42707 hP12 hex 4.42 4.472 hP12 hex 0.959a0 �0.144 a0 0.085 A(1) 0.60 �0.144 �4.1
⇥ Fig. 2c 23.6 24.863 (0001) 1.063c0 c0 (I) VR
GeSb4Te7 P3̄m1 42875 hP12 hex 4.212 4.321 hP12 hex 0.986a0 �0.016 a0 0.016 A(1) 0.32 �0.016 �1.4

23.651 24.398 (0001) 1.012c0 c0 (D) R
SnSb4Te7 P3̄m1 ref. 51 hP12 hex 4.37 4.367 hP12 hex 0.982a0 �0.041 a0 0.041 A(1) 0.26 �0.041 �1.8

23.79 24.623 (0001) 1.019c0 c0 (D) R
PbSb4Te7 P3̄m1 ref. 52 hP12 hex 4.306 4.384 hP12 hex 0.972a0 �0.068 a0 0.068 A(1) 0.30 �0.068 �2.8

24.017 24.681 (0001) 1.033c0 c0 (D) R

CsSnCl3 Pm3̄m 28082 cP5 cub 5.504 5.618 tP5 tet 0.951a0 �0.281 0.936a0 0.111 A(1) 0.34 0.646 �4.9
5.504 5.618 (001) 1.022c0 1.209c0 (I) HF

CsPbCl3 Pm3̄m 29072 cP5 cub 5.605 5.733 tP5 tet 0.914a0 �0.450 0.890a0 0.354 A(1) 1.11 1.073 �8.6
5.605 5.733 (001) 1.037c0 1.050c0 (I) HF

CsGeBr3 Pm3̄m 80320 cP5 cub 5.36 5.603 tP5 tet 0.955a0 �0.055 0.952a0 0.026 A(1) 0.16 0.591 �4.5
5.36 5.603 (001) 1.022c0 1.023c0 (I) HF

CsSnBr3 Pm3̄m 4071 cP5 cub 5.795 5.884 tP5 tet 0.972a0 �0.099 0.965a0 0.099 A(1) 0.34 0.288 �2.8
5.795 5.884 (001) 1.010c0 1.013c0 (D) PF

CsPbBr3 Pm3̄m 29073 cP5 cub 5.874 5.993 tP5 tet 0.934a0 �0.120 0.926a0 0.120 A(1) 1.11 0.641 �6.6
5.874 5.993 (001) 1.024c0 1.027c0 ( D) HF

CsSnI3 Pm3̄m 69997 cP5 cub 6.219 6.272 tP5 tet 0.993a0 �0.335 0.960a0 0.169 A(1) 0.39 0.070 �0.7
Fig. 2d 6.219 6.272 (001) 1.002c0 1.013c0 (I) PF

PbS Fm3̄m 38293 cF8 fcc 4.196 4.248 tI4 bct2 0.986a0 �0.129 0.970a0 0.129 N (4) 0.37 0.099 �1.4
5.934 6.008 (001) 1.005c0 1.009c0 (D) PF

PbSe Fm3̄m 38294 cF8 fcc 4.333 4.388 tI4 bct2 1.003a0 �0.218 0.970a0 0.218 N (4) 0.41 �0.013 0.3
6.128 6.206 (001) 0.999c0 1.006c0 (D) F

PbTe Fm3̄m 38295 cF8 fcc 4.569 4.634 tI4 bct2 0.985a0 �0.520 0.96a0 0.086 N (4) 0.72 0.072 �1.5
Fig. 2e 6.462 6.554 (001) 1.001c0 1.004c0 (I) PF
SnTe Fm3̄m 52489 cF8 fcc 4.471 4.528 tI4 bct2 1.027a0 �0.058 1.010a0 0.058 N (4) 0.15 �0.107 2.7

6.323 6.404 (001) 0.998c0 0.999c0 (D) VR

Properties of bulk structure: compound (⇥ indicates experimental validation), space group, ICSD number31, Pearson symbol, Bravais lattice39, experimental and DFT equilibrium lattices a,c in (Å).
Properties under the simulated epitaxial growth condition: Pearson symbol, Bravais lattice with conventional cleavage Miller indices, critical value for band inversion (acrit), SOC band energy difference
(ESOCk (ref.)) at the TRIMwith the reference lattice, reference lattice, SOC band-gap at the reference lattice (direct/indirect) (ESOCg (ref.)), TRIMs having band inversion withmultiplicity39, SOC energy-gap
discrepancy (⇤Ek) at the ab initio equilibrium lattice, SOC band energy difference (ESOCk (a0)) at the TRIMwith the ab initio equilibrium lattice, HT-descriptor (�̂TI). The labels below �̂TI indicate: F(fragile),
R(robust), VR(very robust), PF(potentially feasible), and HF(hardly feasible) (structural and electronic data is available by following the links listed in the Supplementary Information Extended Table).

NATUREMATERIALS | ADVANCE ONLINE PUBLICATION | www.nature.com/naturematerials 3

4

FIG. 2: Two dimensional surface electronic structure for selected compounds. Surface electronic band structures,
Brillouin zone and charge density. (a) Bi2Te2S, (b) GeBi2Te4, (c) PbBi4Te7, (d) CsSnI3 and (e) PbTe. (a’) Charge density
of Bi2Te2S projected on the conic bands forming the Dirac point. The conducting surface states mainly originate from the Te
and S atoms on the surface layer. (f) 3D-BZ of bct2 PbTe projected onto the 2D-BZ of the (001) surface. The 3D-N points
become the 2D locations of the cones.

band inversion (at � or Z). The third group of materials
has space group P3̄m1 (#164) with layered hexagonal
lattice. Like before, they are strong TIs (one band in-
version at A with multiplicity 1). The materials in the
fourth group are cubic with Pm3̄m space group (#221).
They are strong TIs having one band inversion at the A
point of the epitaxially distorted tet BZ (multiplicity 1)
[? ]. The fifth group of materials, PbS, PbSe, PbTe, and
SnTe, have fcc lattice and Fm3̄m space group (# 225).
They are weak TIs with a band inversion observed at the
N point of the distorted bct2 BZ (multiplicity 4) [? ].

if ESOC
k (a0) � 0, robustness:

|�̂TI|�1%⇥fragile,
1% < |�̂TI|�2%⇥robust,
2% < |�̂TI|⇥very-robust.

if ESOC
k (a0) > 0, feasibility:

|�̂TI|�3%⇥potentially-feasible,
3% < |�̂TI|⇥hardly-feasible.

To describe the protected surface states coming from
the projection of the 3D TRIMs onto the 2D surface Bril-
louin zone, we have characterized the surface band struc-
tures for five systems, one per class (Bi2Te2S, GeBi2Te4,
PbBi4Te7, CsSnI3, PbTe). They are shown in Figures
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band inversion (at � or Z). The third group of materials
has space group P3̄m1 (#164) with layered hexagonal
lattice. Like before, they are strong TIs (one band in-
version at A with multiplicity 1). The materials in the
fourth group are cubic with Pm3̄m space group (#221).
They are strong TIs having one band inversion at the A
point of the epitaxially distorted tet BZ (multiplicity 1)
[? ]. The fifth group of materials, PbS, PbSe, PbTe, and
SnTe, have fcc lattice and Fm3̄m space group (# 225).
They are weak TIs with a band inversion observed at the
N point of the distorted bct2 BZ (multiplicity 4) [? ].

if ESOC
k (a0) � 0, robustness:

|�̂TI|�1%⇥fragile,
1% < |�̂TI|�2%⇥robust,
2% < |�̂TI|⇥very-robust.

if ESOC
k (a0) > 0, feasibility:

|�̂TI|�3%⇥potentially-feasible,
3% < |�̂TI|⇥hardly-feasible.

To describe the protected surface states coming from
the projection of the 3D TRIMs onto the 2D surface Bril-
louin zone, we have characterized the surface band struc-
tures for five systems, one per class (Bi2Te2S, GeBi2Te4,
PbBi4Te7, CsSnI3, PbTe). They are shown in Figures

New&compounds:&tern.&halides:&Cs{Sn,Pb,Ge}{Cl,Br,I}3&
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critical temperatures). In other words, the descriptor is the language 
with which the researcher speaks to the database, and thus the 
heart of any e!ective HT implementation. In Table 1 we illustrate 
examples of recently introduced descriptors.

Once a good descriptor is identi#ed, the search for better 
materials within the repository can be performed intrinsically or 
extrinsically, depending on whether the optimum solutions are 
already included in the set of calculations or not. Intrinsic searches 
include just step (iii), require only fast descriptors, and may employ 
various informatics techniques. Examples of previous such searches 
include the scanning of better cathode materials27,28, and the uncov-
ering of unknown compounds9,29,30, novel topological insulators16 or 
thermoelectric materials15. Extrinsic searches involve all three steps, 
because the search for an optimal solution includes iterations lead-
ing to an expansion of the repository.

An important component of extrinsic HT computational research 
is a scheme capable of using the evaluation of descriptors on exist-
ing database entries to guide new calculations not yet included in 
the database. Examples of such schemes published in the literature 
comprise evolutionary and genetic algorithms7,8, data mining of 
spectral decompositions3 and Bayesian probabilities10, re#nement 
and optimization by cluster expansion13,31 and structure map analy-
sis32–34. Neural networks35,36 and support vector machines37 have 
also been utilized in a few cases. $ese methods may sometimes 
be used to bypass step (iii) of the HT analysis, that is, the formula-
tion of a physically meaningful descriptor, so that a search can still 
be implemented even with only a super#cial understanding of the 
physical problem.

Areas of current application
Following the general framework outlined above, we describe in 
this section a few speci#c examples of computational HT studies 
reported in the literature, ordered by increasing degree of complexity. 

!ermodynamics for the identi"cation of binary and ternary 
compounds. $e identi#cation of stable structures is the #rst step 
in the design of materials with various speci#c functionalities. $e 
proper descriptor of alloy stability, the formation enthalpy, is the 
simplest example of a parameter used for HT materials development.

Alloys are the workhorse material of many important techno-
logical applications. $us, #nding new and improved alloys could 

be transformative in some areas and would have a substantial 
economic impact. When improving an existing alloy or designing 
a new one, scientists rely on databases of alloy thermodynamics 
and phase diagrams (for example, the Massalski’s Binary Alloy 
Phase Diagrams38 and the Villars’s et  al. Pauling File39). Although 
the utility of these repositories is tremendous, they could be of even 
greater use if they were more complete. Experimental complete-
ness is di%cult to achieve due to the vast combination space and 
because experimentation is o&en di%cult: it requires high tempera-
tures or pressures, very long equilibration processes, or may involve 
hazardous, highly reactive, poisonous or radioactive materials. 
Computational compilation of the properties of materials is more 
feasible and will lead to much more complete repositories. Examples 
that demonstrate this are the almost simultaneous prediction and 
experimental veri#cation of the previously unknown C11b structure 
of the Pd2Ti compound9,40, the veri#cation by Niu et al.41 of an ear-
lier prediction42 that the CrB4 compound, thought for 40 years to 
have an oI10 structure, is actually more stable in an oP10 structure, 
and the simultaneous synthesis and solution, by an ab initio evolu-
tionary search, of an unexpectedly complex tI56 crystal structure of 
CaB6 (ref. 43).

In alloy design, the targets of the formation enthalpy descrip-
tor are stable phases. $e HT ab initio method explores the phase 
stability landscape of alloys by calculating the descriptor for a large 
number of possible structures. An HT code must perform these 
calculations automatically, transform the structures into standard 
forms that are the easiest to calculate, and automatically set the nec-
essary k-point grid densities, basis-set energy cuto!s and relaxation 
cycles with a convergence tolerance of the order of a few meV per 
atom44. It should also respond automatically to calculation failures, 
due to insu%cient hardware resources or runtime errors of the 
ab initio calculation itself. $ese are among the most di%cult chal-
lenges in HT database generation that have only recently been over-
come (ref. 44 gives details about how this automatic data generation 
is implemented in the AFLOW HT framework). $e initial search is 
performed on a set of known crystal structures, of all lattice types, 
spanning the entire composition range of the investigated systems3,9. 
In advanced HT studies this set includes hundreds of structures per 
system44. In subsequent steps, the search is o&en aided by data-min-
ing and optimization techniques that re#ne and accelerate the struc-
ture screening. $ey include a variety of di!erent approaches: for 

Table 1 | Examples of descriptors introduced in the literature.

Problem Combination of materials properties (gene) Descriptor
Structure stability: convex hull of an alloy 
system

Formation enthalpy (Hf) as a function of concentration (x) and the 
enthalpies (H) of A and B.

Hf(x) = H(A1−xBx) − (1−x)H(A)−xH(B)

Phase stability in off-lattice alloys Spectral decomposition of alloy vector-energies (En,p, n-rows = species, 
p-columns = configurations) with principal-component-analysis 
coefficients (αi) and truncation error ( (d)) (ref. 3).

En,p α1En,1  αp–1En,p–1 + (d)+ +

Nanosintered thermoelectrics Ratio of the average power factor (<P>) to the grain size (L) (ref. 15). thermo �ˆ χ <P>
L

Topological insulators (epitaxial growth) Variational ratio of spin–orbit distortion versus non-spin–orbit 
derivative strain (EkSOC , EknoSOC , spin/no spin–orbit bandgaps at 
k, a0 lattice)16.

Ek
Ek

TI � –ˆ χ
a0(a0)

(a)0

SOC

noSOC a0 a0

Power conversion efficiency of a solar cell 
(spectroscopic limited maximum efficiency)

Ratio of the maximum output power density (Pm) to the incident solar 
energy density (Pin) — a function (η) of the radiative electron–hole 
recombination current (fr) and the photon absorptivity (α(E)) — 
versus bandgap energy (Eg)62.

η(α(E),fr) = Pm/Pin; Eg

Non-proportionality in scintillators Maximum mismatch between effective masses of electrons (me) 
and holes (mh)75.

,
np � max ˆ χ ( (mh

me

me
mh

Morphotropic phase boundary 
piezoelectrics

Energy proximity between tetragonal, rhombohedra and rotational 
distortions (ΔEp). Angular coordinate (αAB) of the energy minimum in 
the A–B off-centerings energy map for ABO3 systems79.

∆Ep � 0.5 eV
αAB ≈ 45°
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critical temperatures). In other words, the descriptor is the language 
with which the researcher speaks to the database, and thus the 
heart of any e!ective HT implementation. In Table 1 we illustrate 
examples of recently introduced descriptors.

Once a good descriptor is identi#ed, the search for better 
materials within the repository can be performed intrinsically or 
extrinsically, depending on whether the optimum solutions are 
already included in the set of calculations or not. Intrinsic searches 
include just step (iii), require only fast descriptors, and may employ 
various informatics techniques. Examples of previous such searches 
include the scanning of better cathode materials27,28, and the uncov-
ering of unknown compounds9,29,30, novel topological insulators16 or 
thermoelectric materials15. Extrinsic searches involve all three steps, 
because the search for an optimal solution includes iterations lead-
ing to an expansion of the repository.

An important component of extrinsic HT computational research 
is a scheme capable of using the evaluation of descriptors on exist-
ing database entries to guide new calculations not yet included in 
the database. Examples of such schemes published in the literature 
comprise evolutionary and genetic algorithms7,8, data mining of 
spectral decompositions3 and Bayesian probabilities10, re#nement 
and optimization by cluster expansion13,31 and structure map analy-
sis32–34. Neural networks35,36 and support vector machines37 have 
also been utilized in a few cases. $ese methods may sometimes 
be used to bypass step (iii) of the HT analysis, that is, the formula-
tion of a physically meaningful descriptor, so that a search can still 
be implemented even with only a super#cial understanding of the 
physical problem.

Areas of current application
Following the general framework outlined above, we describe in 
this section a few speci#c examples of computational HT studies 
reported in the literature, ordered by increasing degree of complexity. 

!ermodynamics for the identi"cation of binary and ternary 
compounds. $e identi#cation of stable structures is the #rst step 
in the design of materials with various speci#c functionalities. $e 
proper descriptor of alloy stability, the formation enthalpy, is the 
simplest example of a parameter used for HT materials development.

Alloys are the workhorse material of many important techno-
logical applications. $us, #nding new and improved alloys could 

be transformative in some areas and would have a substantial 
economic impact. When improving an existing alloy or designing 
a new one, scientists rely on databases of alloy thermodynamics 
and phase diagrams (for example, the Massalski’s Binary Alloy 
Phase Diagrams38 and the Villars’s et  al. Pauling File39). Although 
the utility of these repositories is tremendous, they could be of even 
greater use if they were more complete. Experimental complete-
ness is di%cult to achieve due to the vast combination space and 
because experimentation is o&en di%cult: it requires high tempera-
tures or pressures, very long equilibration processes, or may involve 
hazardous, highly reactive, poisonous or radioactive materials. 
Computational compilation of the properties of materials is more 
feasible and will lead to much more complete repositories. Examples 
that demonstrate this are the almost simultaneous prediction and 
experimental veri#cation of the previously unknown C11b structure 
of the Pd2Ti compound9,40, the veri#cation by Niu et al.41 of an ear-
lier prediction42 that the CrB4 compound, thought for 40 years to 
have an oI10 structure, is actually more stable in an oP10 structure, 
and the simultaneous synthesis and solution, by an ab initio evolu-
tionary search, of an unexpectedly complex tI56 crystal structure of 
CaB6 (ref. 43).

In alloy design, the targets of the formation enthalpy descrip-
tor are stable phases. $e HT ab initio method explores the phase 
stability landscape of alloys by calculating the descriptor for a large 
number of possible structures. An HT code must perform these 
calculations automatically, transform the structures into standard 
forms that are the easiest to calculate, and automatically set the nec-
essary k-point grid densities, basis-set energy cuto!s and relaxation 
cycles with a convergence tolerance of the order of a few meV per 
atom44. It should also respond automatically to calculation failures, 
due to insu%cient hardware resources or runtime errors of the 
ab initio calculation itself. $ese are among the most di%cult chal-
lenges in HT database generation that have only recently been over-
come (ref. 44 gives details about how this automatic data generation 
is implemented in the AFLOW HT framework). $e initial search is 
performed on a set of known crystal structures, of all lattice types, 
spanning the entire composition range of the investigated systems3,9. 
In advanced HT studies this set includes hundreds of structures per 
system44. In subsequent steps, the search is o&en aided by data-min-
ing and optimization techniques that re#ne and accelerate the struc-
ture screening. $ey include a variety of di!erent approaches: for 

Table 1 | Examples of descriptors introduced in the literature.

Problem Combination of materials properties (gene) Descriptor
Structure stability: convex hull of an alloy 
system

Formation enthalpy (Hf) as a function of concentration (x) and the 
enthalpies (H) of A and B.

Hf(x) = H(A1−xBx) − (1−x)H(A)−xH(B)

Phase stability in off-lattice alloys Spectral decomposition of alloy vector-energies (En,p, n-rows = species, 
p-columns = configurations) with principal-component-analysis 
coefficients (αi) and truncation error ( (d)) (ref. 3).

En,p α1En,1  αp–1En,p–1 + (d)+ +

Nanosintered thermoelectrics Ratio of the average power factor (<P>) to the grain size (L) (ref. 15). thermo �ˆ χ <P>
L

Topological insulators (epitaxial growth) Variational ratio of spin–orbit distortion versus non-spin–orbit 
derivative strain (EkSOC , EknoSOC , spin/no spin–orbit bandgaps at 
k, a0 lattice)16.
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Power conversion efficiency of a solar cell 
(spectroscopic limited maximum efficiency)

Ratio of the maximum output power density (Pm) to the incident solar 
energy density (Pin) — a function (η) of the radiative electron–hole 
recombination current (fr) and the photon absorptivity (α(E)) — 
versus bandgap energy (Eg)62.

η(α(E),fr) = Pm/Pin; Eg

Non-proportionality in scintillators Maximum mismatch between effective masses of electrons (me) 
and holes (mh)75.
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Morphotropic phase boundary 
piezoelectrics

Energy proximity between tetragonal, rhombohedra and rotational 
distortions (ΔEp). Angular coordinate (αAB) of the energy minimum in 
the A–B off-centerings energy map for ABO3 systems79.

∆Ep � 0.5 eV
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ZT = ⇥S2T
�

P = �S2

ZT > 1� S > 156µV/K
from Wiedemann-Franz law (room T) 

ZT = ⇥S2T
�

must increase 

must decrease 

Thermoelectrics: convert flow of electronic entropy in electronic current 

constant or decrease less than k 

must decrease 
Bi2Te3 
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BiRh, BiRu, BiSb, BiSc, BiSe, BiSi, BiSn, BiTa, BiTc, BiTe, BiTi, BiV, BiW, BiY, BiZn, BiZr, BHf, CaHf, CaMg, CaPd, CaPt, CdCo, CdCr, CdCu, CdFe, CdGa, CdGe, CdHf, 
CdHg, CdIn, CdIr, CdLa, CdMg, CdMn, CdMo, CdNb, CdNi, CdOs, CdP, CdPb, CdPd, CdPt, CdRe, CdRh, CdRu, CdSb, CdSc, CdSe, CdSi, CdSn, CdTa, CdTc, CdTe, 
CdTi, CdTl, CdV, CdW, CdY, CdZn, CdZr, CeMg, CNi, CoCr, CoCu, CoFe, CoGa, CoGe, CoHf, CoHg, CoIn, CoIr, CoLa, CoMg, CoMn, CoMo, CoNb, CoNi, CoOs, 
CoP, CoPb, CoPd, CoPt, CoRe, CoRh, CoRu, CoSb, CoSc, CoSe, CoSi, CoSn, CoTa, CoTc, CoTe, CoTi, CoTl, CoV, CoW, CoY, CoZn, CoZr, CrCu, CrFe, CrGa, 
CrGe, CrHf, CrHg, CrIn, CrIr, CrLa, CrMg, CrMn, CrMo, CrNb, CrNi, CrOs, CrP, CrPb, CrPd, CrPt, CrRe, CrRh, CrRu, CrSb, CrSc, CrSe, CrSi, CrSn, CrTa, CrTc, 
CrTe, CrTi, CrV, CrW, CrY, CrZn, CrZr, CsPd, CuFe, CuGa, CuGe, CuHf, CuHg, CuIn, CuIr, CuLa, CuMg, CuMn, CuMo, CuNb, CuNi, CuOs, CuP, CuPb, CuPd, CuPt, 
CuRe, CuRh, CuRu, CuSb, CuSc, CuSe, CuSi, CuSn, CuTa, CuTc, CuTe, CuTi, CuV, CuW, CuY, CuZn, CuZr, FeGa, FeGe, FeHf, FeHg, FeIn, FeIr, FeLa, FeMg, FeMn, 
FeMo, FeNb, FeNi, FeOs, FeP, FePb, FePd, FePt, FeRe, FeRh, FeRu, FeSb, FeSc, FeSe, FeSi, FeSn, FeTa, FeTc, FeTe, FeTi, FeV, FeW, FeY, FeZn, FeZr, GaGe, GaHf, GaHg, 
GaIn, GaIr, GaLa, GaMg, GaMn, GaMo, GaNb, GaNi, GaOs, GaP, GaPb, GaPd, GaPt, GaRe, GaRh, GaRu, GaSb, GaSc, GaSe, GaSi, GaSn, GaTa, GaTc, GaTe, GaTi, GaV, 
GaW, GaY, GaZn, GaZr, GaMg, GdMg, GeHf, GeHg, GeIn, GeIr, GeLa, GeMg, GeMn, GeMo, GeNb, GeNi, GeOs, GeP, GePb, GePd, GePt, GeRe, GeRh, GeRu, GeSb, 
GeSc, GeSe, GeSi, GeSn, GeTa, GeTc, GeTe, GeTi, GeV, GeW, GeY, GeZn, GeZr, GeMg, HfHg, HfIn, HfIr, HfK, HfLa, HfLi, HfMg, HfMn, HfMo, HfNa, HfNb, HfNi, HfOs, 
HfP, HfPb, HfPd, HfPt, HfRe, HfRh, HfRu, HfSb, HfSc, HfSe, HfSi, HfSn, HfSn, HfSr, HfTa, HfTc, HfTe, HfTi, HfTl, HfV, HfW, HfY, HfZn, HfZr, HgIn, HgIr, HgLa, HgMg, 
HgMn, HgMo, HgNb, HgNi, HgOs, HgP, HgPb, HgPd, HgPt, HgRe, HgRh, HgRu, HgSb, HgSc, HgSe, HgSi, HgSn, HgTa, HgTc, HgTe, HgTi, HgV, HgW, HgY, HgZn, HgZr, 
InIr, InLa, InMg, InMn, InMo, InNb, InNi, InOs, InP, InPb, InPd, InPt, InRe, InRh, InRu, InSb, InSc, InSe, InSi, InSn, InTa, InTc, InTe, InTi, InV, InW, InY, InZn, InZr, IrLa, IrMg, 
IrMn, IrMo, IrNb, IrNi, IrOs, IrP, IrPb, IrPd, IrPt, IrRe, IrRh, IrRu, IrSb, IrSc, IrSe, IrSi, IrSn, IrTa, IrTc, IrTe, IrTi, IrV, IrW, IrY, IrZn, IrZr, KMg, KPd, KPt, LaMg, LaMn, LaMo, 
LaNb, LaNi, LaOs, LaP, LaPb, LaPd, LaPt, LaRe, LaRh, LaRu, LaSb, LaSc, LaSe, LaSi, LaSn, LaTa, LaTc, LaTe, LaTi, LaV, LaW, LaY, LaZn, LaZr, list, LiMg, LiPd, LiPt, MgMn, 
MgMo, MgNb, MgNi, MgOs, MgP, MgPb, MgPd, MgPt, MgRe, MgRh, MgRu, MgSb, MgSc, MgSe, MgSi, MgSn, MgTa, MgTc, MgTe, MgTi, MgTl, MgV, MgW, MgY, MgZn, MgZr, 
MnMo, MnNb, MnNi, MnOs, MnP, MnPb, MnPd, MnPt, MnRe, MnRh, MnRu, MnSb, MnSc, MnSe, MnSi, MnSn, MnTa, MnTc, MnTe, MnTi, MnV, MnW, MnY, MnZn, MnZr, 
MoMg, MoNb, MoNi, MoOs, MoP, MoPb, MoPd, MoPt, MoRe, MoRh, MoRu, MoSb, MoSc, MoSe, MoSi, MoSn, MoTa, MoTc, MoTe, MoTi, MoV, MoW, MoY, MoZn, 
MoZr, NaMg, NaPd, NaPt, NbMg, NbNi, NbOs, NbP, NbPb, NbPd, NbPt, NbRe, NbRh, NbRu, NbSb, NbSc, NbSe, NbSi, NbSn, NbTa, NbTc, NbTe, NbTi, NbV, NbW, 
NbY, NbZn, NbZr, NiOs, NiP, NiPb, NiPd, NiPt, NiRe, NiRh, NiRu, NiSb, NiSc, NiSe, NiSi, NiSn, NiTa, NiTc, NiTe, NiTi, NiV, NiW, NiY, NiZn, NiZr, OsMg, OsP, OsPb, 
OsPd, OsPt, OsRe, OsRh, OsRu, OsSb, OsSc, OsSe, OsSi, OsSn, OsTa, OsTc, OsTe, OsTi, OsTl, OsV, OsW, OsY, OsZn, OsZr, PbMg, PbPd, PbPt, PbRe, PbRh, PbRu, 
PbSb, PbSc, PbSe, PbSi, PbSn, PbTa, PbTc, PbTe, PbTi, PbV, PbW, PbY, PbZn, PbZr, PdPt, PdRe, PdRh, PdRu, PdSb, PdSc, PdSe, PdSi, PdSn, PdTa, PdTc, PdTe, PdTi, PdV, 
PdW, PdY, PdZn, PdZr, PPb, PPd, PPt, PRe, PRh, PRu, PSb, PSc, PSe, PSi, PSn, PTa, PTc, PTe, PTi, PtRe, PtRh, PtRu, PtSb, PtSc, PtSe, PtSi, PtSn, PtTa, PtTc, PtTe, PtTi, PtV, 
PtW, PtY, PtZn, PtZr, PV, PW, PY, PZn, PZr, RbMg, RbPd, RbPt, ReMg, ReRh, ReRu, ReSb, ReSc, ReSe, ReSi, ReSn, ReTa, ReTc, ReTe, ReTi, ReTl, ReV, ReW, ReY, ReZn, 
ReZr, RhMg, RhRu, RhSb, RhSc, RhSe, RhSi, RhSn, RhTa, RhTc, RhTe, RhTi, RhTl, RhV, RhW, RhY, RhZn, RhZr, RuMg, RuSb, RuSc, RuSe, RuSi, RuSn, RuTa, RuTc, RuTe, 
RuTi, RuTl, RuV, RuW, RuY, RuZn, RuZr, SbSc, SbSe, SbSi, SbSn, SbTa, SbTc, SbTe, SbTi, SbV, SbW, SbY, SbZn, SbZr, ScMg, ScSe, ScSi, ScSn, ScTa, ScTc, ScTe, ScTi, ScTl, 
ScV, ScW, ScY, ScZn, ScZr, SeSi, SeSn, SeTa, SeTc, SeTe, SeTi, SeV, SeW, SeY, SeZn, SeZr, SiPd, SiPt, SiSn, SiTa, SiTc, SiTe, SiTi, SiV, SiW, SiY, SiZn, SiZr, SnMg, SnPd, SnPt, 
SnTa, SnTc, SnTe, SnTi, SnV, SnW, SnY, SnZn, SnZr, SrMg, SrPd, SrPt, TaMg, TaTc, TaTe, TaTi, TaV, TaW, TaY, TaZn, TaZr, TcTe, TcTi, TcTl, TcV, TcW, TcY, TcZn, TcZr, TeTi, TeV, 
TeW, TeY, TeZn, TeZr, TiMg, TiTl, TiV, TiW, TiY, TiZn, TiZr, TlY, TlZn, TlZr, VMg, VW, VY, VZn, VZr, WMg, WY, WZn, WZr, YMg, YZn, YZr, ZnMg, ZnZr, ZrMg
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AgAl, AgAs, AgAu, AgB, AgBi, AgCd, AgCo, AgCr, AgCu, AgFe, AgGa, AgGe, AgHf, AgHg, AgIn, AgIr, AgLa, AgMg, AgMn, AgMo, AgNb, AgNi, AgOs, AgP, AgPb, AgPd, AgPt, 
AgRe, AgRh, AgRu, AgSb, AgSc, AgSe, AgSi, AgSn, AgTa, AgTc, AgTe, AgTi, AgV, AgW, AgY, AgZn, AgZr, AlAs, AlAu, AlB, AlBi, AlCd, AlCo, AlCr, AlCu, AlFe, AlGa, AlGe, AlCo, 
AlHf, AlHg, AlHf, AlPd, AlPt, AlSc, AlIn, AlIr, AlLa, AlMg, AlMn, AlMo, AlNb, AlNi, AlOs, AlP, AlPb, AlPd, AlPt, AlRe, AlRh, AlRu, AlSb, AlSc, AlSe, AlSi, AlSn, AlTa, AlTc, AlTe, 
AlTi, AlV, AlW, AlY, AlZn, AlZr, AsAu, AsB, AsBi, AsCd, AsCo, AsCr, AsCu, AsFe, AsGa, AsGe, AsHf, AsHg, AsIn, AsIr, AsLa, AsMg, AsMn, AsMo, AsNb, AsNi, AsOs, AsP, 
AsPb, AsPd, AsPt, AsRe, AsRh, AsRu, AsSb, AsSc, AsSe, AsSi, AsSn, AsTa, AsTc, AsTe, AsTi, AsV, AsW, AsY, AsZn, AsZr, AuB, AuBi, AuCd, AuCo, AuCr, AuCu, AuFe, AuGa, 
AuGe, AuHf, AuHg, AuIn, AuIr, AuLa, AuMg, AuMn, AuMo, AuNb, AuNi, AuOs, AuP, AuPb, AuPd, AuPt, AuRe, AuRh, AuRu, AuSb, AuSc, AuSe, AuSi, AuSn, AuTa, AuTc, AuTe, 
AuTi, AuV, AuW, AuY, AuZn, AuZr, BaHf, BaMg, BaPd, BaPt, BeHf, BeCd, BeCo, BeMg, BeMn, BeOs, BePd, BePt, BeRe, BeRh, BeRu, BeSc, BeTc, BeTi, BeTl, BeY, BeZn, 
BeZr, BBi, BCd, BCo, BCr, BCu, BFe, BGa, BGe, BHf, BHg, BIn, BIr, BLa, BMg, BMn, BMo, BNb, BNi, BOs, BP, BPb, BPd, BPt, BRe, BRh, BRu, BSb, BSc, BSe, BSi, BSn, BTa, 
BTc, BTe, BTi, BV, BW, BY, BZn, BZr, BiCd, BiCo, BiCr, BiCu, BiFe, BiGa, BiGe, BiHf, BiHg, BiIn, BiIr, BiLa, BiMg, BiMn, BiMo, BiNb, BiNi, BiOs, BiP, BiPb, BiPd, BiPt, BiRe, 
BiRh, BiRu, BiSb, BiSc, BiSe, BiSi, BiSn, BiTa, BiTc, BiTe, BiTi, BiV, BiW, BiY, BiZn, BiZr, BHf, CaHf, CaMg, CaPd, CaPt, CdCo, CdCr, CdCu, CdFe, CdGa, CdGe, CdHf, 
CdHg, CdIn, CdIr, CdLa, CdMg, CdMn, CdMo, CdNb, CdNi, CdOs, CdP, CdPb, CdPd, CdPt, CdRe, CdRh, CdRu, CdSb, CdSc, CdSe, CdSi, CdSn, CdTa, CdTc, CdTe, 
CdTi, CdTl, CdV, CdW, CdY, CdZn, CdZr, CeMg, CNi, CoCr, CoCu, CoFe, CoGa, CoGe, CoHf, CoHg, CoIn, CoIr, CoLa, CoMg, CoMn, CoMo, CoNb, CoNi, CoOs, 
CoP, CoPb, CoPd, CoPt, CoRe, CoRh, CoRu, CoSb, CoSc, CoSe, CoSi, CoSn, CoTa, CoTc, CoTe, CoTi, CoTl, CoV, CoW, CoY, CoZn, CoZr, CrCu, CrFe, CrGa, 
CrGe, CrHf, CrHg, CrIn, CrIr, CrLa, CrMg, CrMn, CrMo, CrNb, CrNi, CrOs, CrP, CrPb, CrPd, CrPt, CrRe, CrRh, CrRu, CrSb, CrSc, CrSe, CrSi, CrSn, CrTa, CrTc, 
CrTe, CrTi, CrV, CrW, CrY, CrZn, CrZr, CsPd, CuFe, CuGa, CuGe, CuHf, CuHg, CuIn, CuIr, CuLa, CuMg, CuMn, CuMo, CuNb, CuNi, CuOs, CuP, CuPb, CuPd, CuPt, 
CuRe, CuRh, CuRu, CuSb, CuSc, CuSe, CuSi, CuSn, CuTa, CuTc, CuTe, CuTi, CuV, CuW, CuY, CuZn, CuZr, FeGa, FeGe, FeHf, FeHg, FeIn, FeIr, FeLa, FeMg, FeMn, 
FeMo, FeNb, FeNi, FeOs, FeP, FePb, FePd, FePt, FeRe, FeRh, FeRu, FeSb, FeSc, FeSe, FeSi, FeSn, FeTa, FeTc, FeTe, FeTi, FeV, FeW, FeY, FeZn, FeZr, GaGe, GaHf, GaHg, 
GaIn, GaIr, GaLa, GaMg, GaMn, GaMo, GaNb, GaNi, GaOs, GaP, GaPb, GaPd, GaPt, GaRe, GaRh, GaRu, GaSb, GaSc, GaSe, GaSi, GaSn, GaTa, GaTc, GaTe, GaTi, GaV, 
GaW, GaY, GaZn, GaZr, GaMg, GdMg, GeHf, GeHg, GeIn, GeIr, GeLa, GeMg, GeMn, GeMo, GeNb, GeNi, GeOs, GeP, GePb, GePd, GePt, GeRe, GeRh, GeRu, GeSb, 
GeSc, GeSe, GeSi, GeSn, GeTa, GeTc, GeTe, GeTi, GeV, GeW, GeY, GeZn, GeZr, GeMg, HfHg, HfIn, HfIr, HfK, HfLa, HfLi, HfMg, HfMn, HfMo, HfNa, HfNb, HfNi, HfOs, 
HfP, HfPb, HfPd, HfPt, HfRe, HfRh, HfRu, HfSb, HfSc, HfSe, HfSi, HfSn, HfSn, HfSr, HfTa, HfTc, HfTe, HfTi, HfTl, HfV, HfW, HfY, HfZn, HfZr, HgIn, HgIr, HgLa, HgMg, 
HgMn, HgMo, HgNb, HgNi, HgOs, HgP, HgPb, HgPd, HgPt, HgRe, HgRh, HgRu, HgSb, HgSc, HgSe, HgSi, HgSn, HgTa, HgTc, HgTe, HgTi, HgV, HgW, HgY, HgZn, HgZr, 
InIr, InLa, InMg, InMn, InMo, InNb, InNi, InOs, InP, InPb, InPd, InPt, InRe, InRh, InRu, InSb, InSc, InSe, InSi, InSn, InTa, InTc, InTe, InTi, InV, InW, InY, InZn, InZr, IrLa, IrMg, 
IrMn, IrMo, IrNb, IrNi, IrOs, IrP, IrPb, IrPd, IrPt, IrRe, IrRh, IrRu, IrSb, IrSc, IrSe, IrSi, IrSn, IrTa, IrTc, IrTe, IrTi, IrV, IrW, IrY, IrZn, IrZr, KMg, KPd, KPt, LaMg, LaMn, LaMo, 
LaNb, LaNi, LaOs, LaP, LaPb, LaPd, LaPt, LaRe, LaRh, LaRu, LaSb, LaSc, LaSe, LaSi, LaSn, LaTa, LaTc, LaTe, LaTi, LaV, LaW, LaY, LaZn, LaZr, list, LiMg, LiPd, LiPt, MgMn, 
MgMo, MgNb, MgNi, MgOs, MgP, MgPb, MgPd, MgPt, MgRe, MgRh, MgRu, MgSb, MgSc, MgSe, MgSi, MgSn, MgTa, MgTc, MgTe, MgTi, MgTl, MgV, MgW, MgY, MgZn, MgZr, 
MnMo, MnNb, MnNi, MnOs, MnP, MnPb, MnPd, MnPt, MnRe, MnRh, MnRu, MnSb, MnSc, MnSe, MnSi, MnSn, MnTa, MnTc, MnTe, MnTi, MnV, MnW, MnY, MnZn, MnZr, 
MoMg, MoNb, MoNi, MoOs, MoP, MoPb, MoPd, MoPt, MoRe, MoRh, MoRu, MoSb, MoSc, MoSe, MoSi, MoSn, MoTa, MoTc, MoTe, MoTi, MoV, MoW, MoY, MoZn, 
MoZr, NaMg, NaPd, NaPt, NbMg, NbNi, NbOs, NbP, NbPb, NbPd, NbPt, NbRe, NbRh, NbRu, NbSb, NbSc, NbSe, NbSi, NbSn, NbTa, NbTc, NbTe, NbTi, NbV, NbW, 
NbY, NbZn, NbZr, NiOs, NiP, NiPb, NiPd, NiPt, NiRe, NiRh, NiRu, NiSb, NiSc, NiSe, NiSi, NiSn, NiTa, NiTc, NiTe, NiTi, NiV, NiW, NiY, NiZn, NiZr, OsMg, OsP, OsPb, 
OsPd, OsPt, OsRe, OsRh, OsRu, OsSb, OsSc, OsSe, OsSi, OsSn, OsTa, OsTc, OsTe, OsTi, OsTl, OsV, OsW, OsY, OsZn, OsZr, PbMg, PbPd, PbPt, PbRe, PbRh, PbRu, 
PbSb, PbSc, PbSe, PbSi, PbSn, PbTa, PbTc, PbTe, PbTi, PbV, PbW, PbY, PbZn, PbZr, PdPt, PdRe, PdRh, PdRu, PdSb, PdSc, PdSe, PdSi, PdSn, PdTa, PdTc, PdTe, PdTi, PdV, 
PdW, PdY, PdZn, PdZr, PPb, PPd, PPt, PRe, PRh, PRu, PSb, PSc, PSe, PSi, PSn, PTa, PTc, PTe, PTi, PtRe, PtRh, PtRu, PtSb, PtSc, PtSe, PtSi, PtSn, PtTa, PtTc, PtTe, PtTi, PtV, 
PtW, PtY, PtZn, PtZr, PV, PW, PY, PZn, PZr, RbMg, RbPd, RbPt, ReMg, ReRh, ReRu, ReSb, ReSc, ReSe, ReSi, ReSn, ReTa, ReTc, ReTe, ReTi, ReTl, ReV, ReW, ReY, ReZn, 
ReZr, RhMg, RhRu, RhSb, RhSc, RhSe, RhSi, RhSn, RhTa, RhTc, RhTe, RhTi, RhTl, RhV, RhW, RhY, RhZn, RhZr, RuMg, RuSb, RuSc, RuSe, RuSi, RuSn, RuTa, RuTc, RuTe, 
RuTi, RuTl, RuV, RuW, RuY, RuZn, RuZr, SbSc, SbSe, SbSi, SbSn, SbTa, SbTc, SbTe, SbTi, SbV, SbW, SbY, SbZn, SbZr, ScMg, ScSe, ScSi, ScSn, ScTa, ScTc, ScTe, ScTi, ScTl, 
ScV, ScW, ScY, ScZn, ScZr, SeSi, SeSn, SeTa, SeTc, SeTe, SeTi, SeV, SeW, SeY, SeZn, SeZr, SiPd, SiPt, SiSn, SiTa, SiTc, SiTe, SiTi, SiV, SiW, SiY, SiZn, SiZr, SnMg, SnPd, SnPt, 
SnTa, SnTc, SnTe, SnTi, SnV, SnW, SnY, SnZn, SnZr, SrMg, SrPd, SrPt, TaMg, TaTc, TaTe, TaTi, TaV, TaW, TaY, TaZn, TaZr, TcTe, TcTi, TcTl, TcV, TcW, TcY, TcZn, TcZr, TeTi, TeV, 
TeW, TeY, TeZn, TeZr, TiMg, TiTl, TiV, TiW, TiY, TiZn, TiZr, TlY, TlZn, TlZr, VMg, VW, VY, VZn, VZr, WMg, WY, WZn, WZr, YMg, YZn, YZr, ZnMg, ZnZr, ZrMg
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AgAl, AgAs, AgAu, AgB, AgBi, AgCd, AgCo, AgCr, AgCu, AgFe, AgGa, AgGe, AgHf, AgHg, AgIn, AgIr, AgLa, AgMg, AgMn, AgMo, AgNb, AgNi, AgOs, AgP, AgPb, AgPd, AgPt, 
AgRe, AgRh, AgRu, AgSb, AgSc, AgSe, AgSi, AgSn, AgTa, AgTc, AgTe, AgTi, AgV, AgW, AgY, AgZn, AgZr, AlAs, AlAu, AlB, AlBi, AlCd, AlCo, AlCr, AlCu, AlFe, AlGa, AlGe, AlCo, 
AlHf, AlHg, AlHf, AlPd, AlPt, AlSc, AlIn, AlIr, AlLa, AlMg, AlMn, AlMo, AlNb, AlNi, AlOs, AlP, AlPb, AlPd, AlPt, AlRe, AlRh, AlRu, AlSb, AlSc, AlSe, AlSi, AlSn, AlTa, AlTc, AlTe, 
AlTi, AlV, AlW, AlY, AlZn, AlZr, AsAu, AsB, AsBi, AsCd, AsCo, AsCr, AsCu, AsFe, AsGa, AsGe, AsHf, AsHg, AsIn, AsIr, AsLa, AsMg, AsMn, AsMo, AsNb, AsNi, AsOs, AsP, 
AsPb, AsPd, AsPt, AsRe, AsRh, AsRu, AsSb, AsSc, AsSe, AsSi, AsSn, AsTa, AsTc, AsTe, AsTi, AsV, AsW, AsY, AsZn, AsZr, AuB, AuBi, AuCd, AuCo, AuCr, AuCu, AuFe, AuGa, 
AuGe, AuHf, AuHg, AuIn, AuIr, AuLa, AuMg, AuMn, AuMo, AuNb, AuNi, AuOs, AuP, AuPb, AuPd, AuPt, AuRe, AuRh, AuRu, AuSb, AuSc, AuSe, AuSi, AuSn, AuTa, AuTc, AuTe, 
AuTi, AuV, AuW, AuY, AuZn, AuZr, BaHf, BaMg, BaPd, BaPt, BeHf, BeCd, BeCo, BeMg, BeMn, BeOs, BePd, BePt, BeRe, BeRh, BeRu, BeSc, BeTc, BeTi, BeTl, BeY, BeZn, 
BeZr, BBi, BCd, BCo, BCr, BCu, BFe, BGa, BGe, BHf, BHg, BIn, BIr, BLa, BMg, BMn, BMo, BNb, BNi, BOs, BP, BPb, BPd, BPt, BRe, BRh, BRu, BSb, BSc, BSe, BSi, BSn, BTa, 
BTc, BTe, BTi, BV, BW, BY, BZn, BZr, BiCd, BiCo, BiCr, BiCu, BiFe, BiGa, BiGe, BiHf, BiHg, BiIn, BiIr, BiLa, BiMg, BiMn, BiMo, BiNb, BiNi, BiOs, BiP, BiPb, BiPd, BiPt, BiRe, 
BiRh, BiRu, BiSb, BiSc, BiSe, BiSi, BiSn, BiTa, BiTc, BiTe, BiTi, BiV, BiW, BiY, BiZn, BiZr, BHf, CaHf, CaMg, CaPd, CaPt, CdCo, CdCr, CdCu, CdFe, CdGa, CdGe, CdHf, 
CdHg, CdIn, CdIr, CdLa, CdMg, CdMn, CdMo, CdNb, CdNi, CdOs, CdP, CdPb, CdPd, CdPt, CdRe, CdRh, CdRu, CdSb, CdSc, CdSe, CdSi, CdSn, CdTa, CdTc, CdTe, 
CdTi, CdTl, CdV, CdW, CdY, CdZn, CdZr, CeMg, CNi, CoCr, CoCu, CoFe, CoGa, CoGe, CoHf, CoHg, CoIn, CoIr, CoLa, CoMg, CoMn, CoMo, CoNb, CoNi, CoOs, 
CoP, CoPb, CoPd, CoPt, CoRe, CoRh, CoRu, CoSb, CoSc, CoSe, CoSi, CoSn, CoTa, CoTc, CoTe, CoTi, CoTl, CoV, CoW, CoY, CoZn, CoZr, CrCu, CrFe, CrGa, 
CrGe, CrHf, CrHg, CrIn, CrIr, CrLa, CrMg, CrMn, CrMo, CrNb, CrNi, CrOs, CrP, CrPb, CrPd, CrPt, CrRe, CrRh, CrRu, CrSb, CrSc, CrSe, CrSi, CrSn, CrTa, CrTc, 
CrTe, CrTi, CrV, CrW, CrY, CrZn, CrZr, CsPd, CuFe, CuGa, CuGe, CuHf, CuHg, CuIn, CuIr, CuLa, CuMg, CuMn, CuMo, CuNb, CuNi, CuOs, CuP, CuPb, CuPd, CuPt, 
CuRe, CuRh, CuRu, CuSb, CuSc, CuSe, CuSi, CuSn, CuTa, CuTc, CuTe, CuTi, CuV, CuW, CuY, CuZn, CuZr, FeGa, FeGe, FeHf, FeHg, FeIn, FeIr, FeLa, FeMg, FeMn, 
FeMo, FeNb, FeNi, FeOs, FeP, FePb, FePd, FePt, FeRe, FeRh, FeRu, FeSb, FeSc, FeSe, FeSi, FeSn, FeTa, FeTc, FeTe, FeTi, FeV, FeW, FeY, FeZn, FeZr, GaGe, GaHf, GaHg, 
GaIn, GaIr, GaLa, GaMg, GaMn, GaMo, GaNb, GaNi, GaOs, GaP, GaPb, GaPd, GaPt, GaRe, GaRh, GaRu, GaSb, GaSc, GaSe, GaSi, GaSn, GaTa, GaTc, GaTe, GaTi, GaV, 
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FIG. 5: Convex hulls for Pt-M systems that are compound forming
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FIG. 2: A Pettifor-type structure map for 1:1 stoichiometry
compounds in PGM binary systems. Circles indicate agree-
ment between experiment and computation: white cirles with
Strukturbericht or prototype labels denote 1:1 compounds,
dark circles indicate a compound-forming system with no
compounds at 1:1, light circles denote non-compound forming
systems. Blue rectangles denote agreement between experi-
ment and computation that the system is compound-forming,
but find di↵erent stable phases at 1:1 stoichiometry. The top
label in the rectangle denotes the reported phase, the bottom
label is the structure we find to be stable in this work. A dash
(—) indicates the absence of a stable structure. Unidentified
suspected structures are denoted by a question mark (?). Pink
rectangles indicate that experiments report a non-compound
forming system, with a dash in the top of the rectangle, but
we find a stable 1:1 phase, identified at the bottom of the
rectangle. Light gray rectangles indicate a reported a non-
compound forming system where a structure is predicted at
a stoichiometry di↵erent from 1:1.

ical Pettifor maps. Augmenting the experimental data
compiled in the phase-diagram databases [9, 10] with
high-throughput first-principles data [7, 8], we construct
Pettifor-type structure maps that point to new oppor-
tunities for alloys research. These maps demonstrate
that the integration of the empirical and computational
data produces enhanced maps that should provide a more
comprehensive foundation for rational materials design.
The theoretical predictions presented here will hopefully
serve as a motivation for their experimental validation
and be a guide for future studies of these important sys-
tems.

A few of our predictions correspond to phases where
the driving force for ordering is small (i.e., the formation
enthalpy is small and it may be di�cult to reach thermal
equilibrium), however, it should be noted that some ex-
perimentally reported phases have similarly small forma-
tion enthalpies. Some of these predicted phases could be
more easily realized as nano-structured phases, where the
thermodynamics for their formation may be more favor-
able. Thermodynamical modeling of systems predicted
to harbor new phases, to rapidly screen the predictions
of HT searches like this one, should be used to pinpoint
those with the greatest potential for applications. Our re-
sults should serve as the foundation for finite temperature
simulations to identify phases that are kinetically acces-
sible. Such simulations would be an invaluable extension
to this work, however, the necessary tools to accomplish
them on a similarly large scale are not yet mature.

Acknowledgments

GLWH is grateful for support from the National Sci-
ence Foundation, DMR-0908753. OL thanks the Center
for Materials Genomics of Duke University for its hospi-
tality.

Thursday, August 15, 13



AgAl, AgAs, AgAu, AgB, AgBi, AgCd, AgCo, AgCr, AgCu, AgFe, AgGa, AgGe, AgHf, AgHg, AgIn, AgIr, AgLa, AgMg, AgMn, AgMo, AgNb, AgNi, AgOs, AgP, AgPb, AgPd, AgPt, 
AgRe, AgRh, AgRu, AgSb, AgSc, AgSe, AgSi, AgSn, AgTa, AgTc, AgTe, AgTi, AgV, AgW, AgY, AgZn, AgZr, AlAs, AlAu, AlB, AlBi, AlCd, AlCo, AlCr, AlCu, AlFe, AlGa, AlGe, AlCo, 
AlHf, AlHg, AlHf, AlPd, AlPt, AlSc, AlIn, AlIr, AlLa, AlMg, AlMn, AlMo, AlNb, AlNi, AlOs, AlP, AlPb, AlPd, AlPt, AlRe, AlRh, AlRu, AlSb, AlSc, AlSe, AlSi, AlSn, AlTa, AlTc, AlTe, 
AlTi, AlV, AlW, AlY, AlZn, AlZr, AsAu, AsB, AsBi, AsCd, AsCo, AsCr, AsCu, AsFe, AsGa, AsGe, AsHf, AsHg, AsIn, AsIr, AsLa, AsMg, AsMn, AsMo, AsNb, AsNi, AsOs, AsP, 
AsPb, AsPd, AsPt, AsRe, AsRh, AsRu, AsSb, AsSc, AsSe, AsSi, AsSn, AsTa, AsTc, AsTe, AsTi, AsV, AsW, AsY, AsZn, AsZr, AuB, AuBi, AuCd, AuCo, AuCr, AuCu, AuFe, AuGa, 
AuGe, AuHf, AuHg, AuIn, AuIr, AuLa, AuMg, AuMn, AuMo, AuNb, AuNi, AuOs, AuP, AuPb, AuPd, AuPt, AuRe, AuRh, AuRu, AuSb, AuSc, AuSe, AuSi, AuSn, AuTa, AuTc, AuTe, 
AuTi, AuV, AuW, AuY, AuZn, AuZr, BaHf, BaMg, BaPd, BaPt, BeHf, BeCd, BeCo, BeMg, BeMn, BeOs, BePd, BePt, BeRe, BeRh, BeRu, BeSc, BeTc, BeTi, BeTl, BeY, BeZn, 
BeZr, BBi, BCd, BCo, BCr, BCu, BFe, BGa, BGe, BHf, BHg, BIn, BIr, BLa, BMg, BMn, BMo, BNb, BNi, BOs, BP, BPb, BPd, BPt, BRe, BRh, BRu, BSb, BSc, BSe, BSi, BSn, BTa, 
BTc, BTe, BTi, BV, BW, BY, BZn, BZr, BiCd, BiCo, BiCr, BiCu, BiFe, BiGa, BiGe, BiHf, BiHg, BiIn, BiIr, BiLa, BiMg, BiMn, BiMo, BiNb, BiNi, BiOs, BiP, BiPb, BiPd, BiPt, BiRe, 
BiRh, BiRu, BiSb, BiSc, BiSe, BiSi, BiSn, BiTa, BiTc, BiTe, BiTi, BiV, BiW, BiY, BiZn, BiZr, BHf, CaHf, CaMg, CaPd, CaPt, CdCo, CdCr, CdCu, CdFe, CdGa, CdGe, CdHf, 
CdHg, CdIn, CdIr, CdLa, CdMg, CdMn, CdMo, CdNb, CdNi, CdOs, CdP, CdPb, CdPd, CdPt, CdRe, CdRh, CdRu, CdSb, CdSc, CdSe, CdSi, CdSn, CdTa, CdTc, CdTe, 
CdTi, CdTl, CdV, CdW, CdY, CdZn, CdZr, CeMg, CNi, CoCr, CoCu, CoFe, CoGa, CoGe, CoHf, CoHg, CoIn, CoIr, CoLa, CoMg, CoMn, CoMo, CoNb, CoNi, CoOs, 
CoP, CoPb, CoPd, CoPt, CoRe, CoRh, CoRu, CoSb, CoSc, CoSe, CoSi, CoSn, CoTa, CoTc, CoTe, CoTi, CoTl, CoV, CoW, CoY, CoZn, CoZr, CrCu, CrFe, CrGa, 
CrGe, CrHf, CrHg, CrIn, CrIr, CrLa, CrMg, CrMn, CrMo, CrNb, CrNi, CrOs, CrP, CrPb, CrPd, CrPt, CrRe, CrRh, CrRu, CrSb, CrSc, CrSe, CrSi, CrSn, CrTa, CrTc, 
CrTe, CrTi, CrV, CrW, CrY, CrZn, CrZr, CsPd, CuFe, CuGa, CuGe, CuHf, CuHg, CuIn, CuIr, CuLa, CuMg, CuMn, CuMo, CuNb, CuNi, CuOs, CuP, CuPb, CuPd, CuPt, 
CuRe, CuRh, CuRu, CuSb, CuSc, CuSe, CuSi, CuSn, CuTa, CuTc, CuTe, CuTi, CuV, CuW, CuY, CuZn, CuZr, FeGa, FeGe, FeHf, FeHg, FeIn, FeIr, FeLa, FeMg, FeMn, 
FeMo, FeNb, FeNi, FeOs, FeP, FePb, FePd, FePt, FeRe, FeRh, FeRu, FeSb, FeSc, FeSe, FeSi, FeSn, FeTa, FeTc, FeTe, FeTi, FeV, FeW, FeY, FeZn, FeZr, GaGe, GaHf, GaHg, 
GaIn, GaIr, GaLa, GaMg, GaMn, GaMo, GaNb, GaNi, GaOs, GaP, GaPb, GaPd, GaPt, GaRe, GaRh, GaRu, GaSb, GaSc, GaSe, GaSi, GaSn, GaTa, GaTc, GaTe, GaTi, GaV, 
GaW, GaY, GaZn, GaZr, GaMg, GdMg, GeHf, GeHg, GeIn, GeIr, GeLa, GeMg, GeMn, GeMo, GeNb, GeNi, GeOs, GeP, GePb, GePd, GePt, GeRe, GeRh, GeRu, GeSb, 
GeSc, GeSe, GeSi, GeSn, GeTa, GeTc, GeTe, GeTi, GeV, GeW, GeY, GeZn, GeZr, GeMg, HfHg, HfIn, HfIr, HfK, HfLa, HfLi, HfMg, HfMn, HfMo, HfNa, HfNb, HfNi, HfOs, 
HfP, HfPb, HfPd, HfPt, HfRe, HfRh, HfRu, HfSb, HfSc, HfSe, HfSi, HfSn, HfSn, HfSr, HfTa, HfTc, HfTe, HfTi, HfTl, HfV, HfW, HfY, HfZn, HfZr, HgIn, HgIr, HgLa, HgMg, 
HgMn, HgMo, HgNb, HgNi, HgOs, HgP, HgPb, HgPd, HgPt, HgRe, HgRh, HgRu, HgSb, HgSc, HgSe, HgSi, HgSn, HgTa, HgTc, HgTe, HgTi, HgV, HgW, HgY, HgZn, HgZr, 
InIr, InLa, InMg, InMn, InMo, InNb, InNi, InOs, InP, InPb, InPd, InPt, InRe, InRh, InRu, InSb, InSc, InSe, InSi, InSn, InTa, InTc, InTe, InTi, InV, InW, InY, InZn, InZr, IrLa, IrMg, 
IrMn, IrMo, IrNb, IrNi, IrOs, IrP, IrPb, IrPd, IrPt, IrRe, IrRh, IrRu, IrSb, IrSc, IrSe, IrSi, IrSn, IrTa, IrTc, IrTe, IrTi, IrV, IrW, IrY, IrZn, IrZr, KMg, KPd, KPt, LaMg, LaMn, LaMo, 
LaNb, LaNi, LaOs, LaP, LaPb, LaPd, LaPt, LaRe, LaRh, LaRu, LaSb, LaSc, LaSe, LaSi, LaSn, LaTa, LaTc, LaTe, LaTi, LaV, LaW, LaY, LaZn, LaZr, list, LiMg, LiPd, LiPt, MgMn, 
MgMo, MgNb, MgNi, MgOs, MgP, MgPb, MgPd, MgPt, MgRe, MgRh, MgRu, MgSb, MgSc, MgSe, MgSi, MgSn, MgTa, MgTc, MgTe, MgTi, MgTl, MgV, MgW, MgY, MgZn, MgZr, 
MnMo, MnNb, MnNi, MnOs, MnP, MnPb, MnPd, MnPt, MnRe, MnRh, MnRu, MnSb, MnSc, MnSe, MnSi, MnSn, MnTa, MnTc, MnTe, MnTi, MnV, MnW, MnY, MnZn, MnZr, 
MoMg, MoNb, MoNi, MoOs, MoP, MoPb, MoPd, MoPt, MoRe, MoRh, MoRu, MoSb, MoSc, MoSe, MoSi, MoSn, MoTa, MoTc, MoTe, MoTi, MoV, MoW, MoY, MoZn, 
MoZr, NaMg, NaPd, NaPt, NbMg, NbNi, NbOs, NbP, NbPb, NbPd, NbPt, NbRe, NbRh, NbRu, NbSb, NbSc, NbSe, NbSi, NbSn, NbTa, NbTc, NbTe, NbTi, NbV, NbW, 
NbY, NbZn, NbZr, NiOs, NiP, NiPb, NiPd, NiPt, NiRe, NiRh, NiRu, NiSb, NiSc, NiSe, NiSi, NiSn, NiTa, NiTc, NiTe, NiTi, NiV, NiW, NiY, NiZn, NiZr, OsMg, OsP, OsPb, 
OsPd, OsPt, OsRe, OsRh, OsRu, OsSb, OsSc, OsSe, OsSi, OsSn, OsTa, OsTc, OsTe, OsTi, OsTl, OsV, OsW, OsY, OsZn, OsZr, PbMg, PbPd, PbPt, PbRe, PbRh, PbRu, 
PbSb, PbSc, PbSe, PbSi, PbSn, PbTa, PbTc, PbTe, PbTi, PbV, PbW, PbY, PbZn, PbZr, PdPt, PdRe, PdRh, PdRu, PdSb, PdSc, PdSe, PdSi, PdSn, PdTa, PdTc, PdTe, PdTi, PdV, 
PdW, PdY, PdZn, PdZr, PPb, PPd, PPt, PRe, PRh, PRu, PSb, PSc, PSe, PSi, PSn, PTa, PTc, PTe, PTi, PtRe, PtRh, PtRu, PtSb, PtSc, PtSe, PtSi, PtSn, PtTa, PtTc, PtTe, PtTi, PtV, 
PtW, PtY, PtZn, PtZr, PV, PW, PY, PZn, PZr, RbMg, RbPd, RbPt, ReMg, ReRh, ReRu, ReSb, ReSc, ReSe, ReSi, ReSn, ReTa, ReTc, ReTe, ReTi, ReTl, ReV, ReW, ReY, ReZn, 
ReZr, RhMg, RhRu, RhSb, RhSc, RhSe, RhSi, RhSn, RhTa, RhTc, RhTe, RhTi, RhTl, RhV, RhW, RhY, RhZn, RhZr, RuMg, RuSb, RuSc, RuSe, RuSi, RuSn, RuTa, RuTc, RuTe, 
RuTi, RuTl, RuV, RuW, RuY, RuZn, RuZr, SbSc, SbSe, SbSi, SbSn, SbTa, SbTc, SbTe, SbTi, SbV, SbW, SbY, SbZn, SbZr, ScMg, ScSe, ScSi, ScSn, ScTa, ScTc, ScTe, ScTi, ScTl, 
ScV, ScW, ScY, ScZn, ScZr, SeSi, SeSn, SeTa, SeTc, SeTe, SeTi, SeV, SeW, SeY, SeZn, SeZr, SiPd, SiPt, SiSn, SiTa, SiTc, SiTe, SiTi, SiV, SiW, SiY, SiZn, SiZr, SnMg, SnPd, SnPt, 
SnTa, SnTc, SnTe, SnTi, SnV, SnW, SnY, SnZn, SnZr, SrMg, SrPd, SrPt, TaMg, TaTc, TaTe, TaTi, TaV, TaW, TaY, TaZn, TaZr, TcTe, TcTi, TcTl, TcV, TcW, TcY, TcZn, TcZr, TeTi, TeV, 
TeW, TeY, TeZn, TeZr, TiMg, TiTl, TiV, TiW, TiY, TiZn, TiZr, TlY, TlZn, TlZr, VMg, VW, VY, VZn, VZr, WMg, WY, WZn, WZr, YMg, YZn, YZr, ZnMg, ZnZr, ZrMg
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AgAl, AgAs, AgAu, AgB, AgBi, AgCd, AgCo, AgCr, AgCu, AgFe, AgGa, AgGe, AgHf, AgHg, AgIn, AgIr, AgLa, AgMg, AgMn, AgMo, AgNb, AgNi, AgOs, AgP, AgPb, AgPd, AgPt, 
AgRe, AgRh, AgRu, AgSb, AgSc, AgSe, AgSi, AgSn, AgTa, AgTc, AgTe, AgTi, AgV, AgW, AgY, AgZn, AgZr, AlAs, AlAu, AlB, AlBi, AlCd, AlCo, AlCr, AlCu, AlFe, AlGa, AlGe, AlCo, 
AlHf, AlHg, AlHf, AlPd, AlPt, AlSc, AlIn, AlIr, AlLa, AlMg, AlMn, AlMo, AlNb, AlNi, AlOs, AlP, AlPb, AlPd, AlPt, AlRe, AlRh, AlRu, AlSb, AlSc, AlSe, AlSi, AlSn, AlTa, AlTc, AlTe, 
AlTi, AlV, AlW, AlY, AlZn, AlZr, AsAu, AsB, AsBi, AsCd, AsCo, AsCr, AsCu, AsFe, AsGa, AsGe, AsHf, AsHg, AsIn, AsIr, AsLa, AsMg, AsMn, AsMo, AsNb, AsNi, AsOs, AsP, 
AsPb, AsPd, AsPt, AsRe, AsRh, AsRu, AsSb, AsSc, AsSe, AsSi, AsSn, AsTa, AsTc, AsTe, AsTi, AsV, AsW, AsY, AsZn, AsZr, AuB, AuBi, AuCd, AuCo, AuCr, AuCu, AuFe, AuGa, 
AuGe, AuHf, AuHg, AuIn, AuIr, AuLa, AuMg, AuMn, AuMo, AuNb, AuNi, AuOs, AuP, AuPb, AuPd, AuPt, AuRe, AuRh, AuRu, AuSb, AuSc, AuSe, AuSi, AuSn, AuTa, AuTc, AuTe, 
AuTi, AuV, AuW, AuY, AuZn, AuZr, BaHf, BaMg, BaPd, BaPt, BeHf, BeCd, BeCo, BeMg, BeMn, BeOs, BePd, BePt, BeRe, BeRh, BeRu, BeSc, BeTc, BeTi, BeTl, BeY, BeZn, 
BeZr, BBi, BCd, BCo, BCr, BCu, BFe, BGa, BGe, BHf, BHg, BIn, BIr, BLa, BMg, BMn, BMo, BNb, BNi, BOs, BP, BPb, BPd, BPt, BRe, BRh, BRu, BSb, BSc, BSe, BSi, BSn, BTa, 
BTc, BTe, BTi, BV, BW, BY, BZn, BZr, BiCd, BiCo, BiCr, BiCu, BiFe, BiGa, BiGe, BiHf, BiHg, BiIn, BiIr, BiLa, BiMg, BiMn, BiMo, BiNb, BiNi, BiOs, BiP, BiPb, BiPd, BiPt, BiRe, 
BiRh, BiRu, BiSb, BiSc, BiSe, BiSi, BiSn, BiTa, BiTc, BiTe, BiTi, BiV, BiW, BiY, BiZn, BiZr, BHf, CaHf, CaMg, CaPd, CaPt, CdCo, CdCr, CdCu, CdFe, CdGa, CdGe, CdHf, 
CdHg, CdIn, CdIr, CdLa, CdMg, CdMn, CdMo, CdNb, CdNi, CdOs, CdP, CdPb, CdPd, CdPt, CdRe, CdRh, CdRu, CdSb, CdSc, CdSe, CdSi, CdSn, CdTa, CdTc, CdTe, 
CdTi, CdTl, CdV, CdW, CdY, CdZn, CdZr, CeMg, CNi, CoCr, CoCu, CoFe, CoGa, CoGe, CoHf, CoHg, CoIn, CoIr, CoLa, CoMg, CoMn, CoMo, CoNb, CoNi, CoOs, 
CoP, CoPb, CoPd, CoPt, CoRe, CoRh, CoRu, CoSb, CoSc, CoSe, CoSi, CoSn, CoTa, CoTc, CoTe, CoTi, CoTl, CoV, CoW, CoY, CoZn, CoZr, CrCu, CrFe, CrGa, 
CrGe, CrHf, CrHg, CrIn, CrIr, CrLa, CrMg, CrMn, CrMo, CrNb, CrNi, CrOs, CrP, CrPb, CrPd, CrPt, CrRe, CrRh, CrRu, CrSb, CrSc, CrSe, CrSi, CrSn, CrTa, CrTc, 
CrTe, CrTi, CrV, CrW, CrY, CrZn, CrZr, CsPd, CuFe, CuGa, CuGe, CuHf, CuHg, CuIn, CuIr, CuLa, CuMg, CuMn, CuMo, CuNb, CuNi, CuOs, CuP, CuPb, CuPd, CuPt, 
CuRe, CuRh, CuRu, CuSb, CuSc, CuSe, CuSi, CuSn, CuTa, CuTc, CuTe, CuTi, CuV, CuW, CuY, CuZn, CuZr, FeGa, FeGe, FeHf, FeHg, FeIn, FeIr, FeLa, FeMg, FeMn, 
FeMo, FeNb, FeNi, FeOs, FeP, FePb, FePd, FePt, FeRe, FeRh, FeRu, FeSb, FeSc, FeSe, FeSi, FeSn, FeTa, FeTc, FeTe, FeTi, FeV, FeW, FeY, FeZn, FeZr, GaGe, GaHf, GaHg, 
GaIn, GaIr, GaLa, GaMg, GaMn, GaMo, GaNb, GaNi, GaOs, GaP, GaPb, GaPd, GaPt, GaRe, GaRh, GaRu, GaSb, GaSc, GaSe, GaSi, GaSn, GaTa, GaTc, GaTe, GaTi, GaV, 
GaW, GaY, GaZn, GaZr, GaMg, GdMg, GeHf, GeHg, GeIn, GeIr, GeLa, GeMg, GeMn, GeMo, GeNb, GeNi, GeOs, GeP, GePb, GePd, GePt, GeRe, GeRh, GeRu, GeSb, 
GeSc, GeSe, GeSi, GeSn, GeTa, GeTc, GeTe, GeTi, GeV, GeW, GeY, GeZn, GeZr, GeMg, HfHg, HfIn, HfIr, HfK, HfLa, HfLi, HfMg, HfMn, HfMo, HfNa, HfNb, HfNi, HfOs, 
HfP, HfPb, HfPd, HfPt, HfRe, HfRh, HfRu, HfSb, HfSc, HfSe, HfSi, HfSn, HfSn, HfSr, HfTa, HfTc, HfTe, HfTi, HfTl, HfV, HfW, HfY, HfZn, HfZr, HgIn, HgIr, HgLa, HgMg, 
HgMn, HgMo, HgNb, HgNi, HgOs, HgP, HgPb, HgPd, HgPt, HgRe, HgRh, HgRu, HgSb, HgSc, HgSe, HgSi, HgSn, HgTa, HgTc, HgTe, HgTi, HgV, HgW, HgY, HgZn, HgZr, 
InIr, InLa, InMg, InMn, InMo, InNb, InNi, InOs, InP, InPb, InPd, InPt, InRe, InRh, InRu, InSb, InSc, InSe, InSi, InSn, InTa, InTc, InTe, InTi, InV, InW, InY, InZn, InZr, IrLa, IrMg, 
IrMn, IrMo, IrNb, IrNi, IrOs, IrP, IrPb, IrPd, IrPt, IrRe, IrRh, IrRu, IrSb, IrSc, IrSe, IrSi, IrSn, IrTa, IrTc, IrTe, IrTi, IrV, IrW, IrY, IrZn, IrZr, KMg, KPd, KPt, LaMg, LaMn, LaMo, 
LaNb, LaNi, LaOs, LaP, LaPb, LaPd, LaPt, LaRe, LaRh, LaRu, LaSb, LaSc, LaSe, LaSi, LaSn, LaTa, LaTc, LaTe, LaTi, LaV, LaW, LaY, LaZn, LaZr, list, LiMg, LiPd, LiPt, MgMn, 
MgMo, MgNb, MgNi, MgOs, MgP, MgPb, MgPd, MgPt, MgRe, MgRh, MgRu, MgSb, MgSc, MgSe, MgSi, MgSn, MgTa, MgTc, MgTe, MgTi, MgTl, MgV, MgW, MgY, MgZn, MgZr, 
MnMo, MnNb, MnNi, MnOs, MnP, MnPb, MnPd, MnPt, MnRe, MnRh, MnRu, MnSb, MnSc, MnSe, MnSi, MnSn, MnTa, MnTc, MnTe, MnTi, MnV, MnW, MnY, MnZn, MnZr, 
MoMg, MoNb, MoNi, MoOs, MoP, MoPb, MoPd, MoPt, MoRe, MoRh, MoRu, MoSb, MoSc, MoSe, MoSi, MoSn, MoTa, MoTc, MoTe, MoTi, MoV, MoW, MoY, MoZn, 
MoZr, NaMg, NaPd, NaPt, NbMg, NbNi, NbOs, NbP, NbPb, NbPd, NbPt, NbRe, NbRh, NbRu, NbSb, NbSc, NbSe, NbSi, NbSn, NbTa, NbTc, NbTe, NbTi, NbV, NbW, 
NbY, NbZn, NbZr, NiOs, NiP, NiPb, NiPd, NiPt, NiRe, NiRh, NiRu, NiSb, NiSc, NiSe, NiSi, NiSn, NiTa, NiTc, NiTe, NiTi, NiV, NiW, NiY, NiZn, NiZr, OsMg, OsP, OsPb, 
OsPd, OsPt, OsRe, OsRh, OsRu, OsSb, OsSc, OsSe, OsSi, OsSn, OsTa, OsTc, OsTe, OsTi, OsTl, OsV, OsW, OsY, OsZn, OsZr, PbMg, PbPd, PbPt, PbRe, PbRh, PbRu, 
PbSb, PbSc, PbSe, PbSi, PbSn, PbTa, PbTc, PbTe, PbTi, PbV, PbW, PbY, PbZn, PbZr, PdPt, PdRe, PdRh, PdRu, PdSb, PdSc, PdSe, PdSi, PdSn, PdTa, PdTc, PdTe, PdTi, PdV, 
PdW, PdY, PdZn, PdZr, PPb, PPd, PPt, PRe, PRh, PRu, PSb, PSc, PSe, PSi, PSn, PTa, PTc, PTe, PTi, PtRe, PtRh, PtRu, PtSb, PtSc, PtSe, PtSi, PtSn, PtTa, PtTc, PtTe, PtTi, PtV, 
PtW, PtY, PtZn, PtZr, PV, PW, PY, PZn, PZr, RbMg, RbPd, RbPt, ReMg, ReRh, ReRu, ReSb, ReSc, ReSe, ReSi, ReSn, ReTa, ReTc, ReTe, ReTi, ReTl, ReV, ReW, ReY, ReZn, 
ReZr, RhMg, RhRu, RhSb, RhSc, RhSe, RhSi, RhSn, RhTa, RhTc, RhTe, RhTi, RhTl, RhV, RhW, RhY, RhZn, RhZr, RuMg, RuSb, RuSc, RuSe, RuSi, RuSn, RuTa, RuTc, RuTe, 
RuTi, RuTl, RuV, RuW, RuY, RuZn, RuZr, SbSc, SbSe, SbSi, SbSn, SbTa, SbTc, SbTe, SbTi, SbV, SbW, SbY, SbZn, SbZr, ScMg, ScSe, ScSi, ScSn, ScTa, ScTc, ScTe, ScTi, ScTl, 
ScV, ScW, ScY, ScZn, ScZr, SeSi, SeSn, SeTa, SeTc, SeTe, SeTi, SeV, SeW, SeY, SeZn, SeZr, SiPd, SiPt, SiSn, SiTa, SiTc, SiTe, SiTi, SiV, SiW, SiY, SiZn, SiZr, SnMg, SnPd, SnPt, 
SnTa, SnTc, SnTe, SnTi, SnV, SnW, SnY, SnZn, SnZr, SrMg, SrPd, SrPt, TaMg, TaTc, TaTe, TaTi, TaV, TaW, TaY, TaZn, TaZr, TcTe, TcTi, TcTl, TcV, TcW, TcY, TcZn, TcZr, TeTi, TeV, 
TeW, TeY, TeZn, TeZr, TiMg, TiTl, TiV, TiW, TiY, TiZn, TiZr, TlY, TlZn, TlZr, VMg, VW, VY, VZn, VZr, WMg, WY, WZn, WZr, YMg, YZn, YZr, ZnMg, ZnZr, ZrMg
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AgAl, AgAs, AgAu, AgB, AgBi, AgCd, AgCo, AgCr, AgCu, AgFe, AgGa, AgGe, AgHf, AgHg, AgIn, AgIr, AgLa, AgMg, AgMn, AgMo, AgNb, AgNi, AgOs, AgP, AgPb, AgPd, AgPt, 
AgRe, AgRh, AgRu, AgSb, AgSc, AgSe, AgSi, AgSn, AgTa, AgTc, AgTe, AgTi, AgV, AgW, AgY, AgZn, AgZr, AlAs, AlAu, AlB, AlBi, AlCd, AlCo, AlCr, AlCu, AlFe, AlGa, AlGe, AlCo, 
AlHf, AlHg, AlHf, AlPd, AlPt, AlSc, AlIn, AlIr, AlLa, AlMg, AlMn, AlMo, AlNb, AlNi, AlOs, AlP, AlPb, AlPd, AlPt, AlRe, AlRh, AlRu, AlSb, AlSc, AlSe, AlSi, AlSn, AlTa, AlTc, AlTe, 
AlTi, AlV, AlW, AlY, AlZn, AlZr, AsAu, AsB, AsBi, AsCd, AsCo, AsCr, AsCu, AsFe, AsGa, AsGe, AsHf, AsHg, AsIn, AsIr, AsLa, AsMg, AsMn, AsMo, AsNb, AsNi, AsOs, AsP, 
AsPb, AsPd, AsPt, AsRe, AsRh, AsRu, AsSb, AsSc, AsSe, AsSi, AsSn, AsTa, AsTc, AsTe, AsTi, AsV, AsW, AsY, AsZn, AsZr, AuB, AuBi, AuCd, AuCo, AuCr, AuCu, AuFe, AuGa, 
AuGe, AuHf, AuHg, AuIn, AuIr, AuLa, AuMg, AuMn, AuMo, AuNb, AuNi, AuOs, AuP, AuPb, AuPd, AuPt, AuRe, AuRh, AuRu, AuSb, AuSc, AuSe, AuSi, AuSn, AuTa, AuTc, AuTe, 
AuTi, AuV, AuW, AuY, AuZn, AuZr, BaHf, BaMg, BaPd, BaPt, BeHf, BeCd, BeCo, BeMg, BeMn, BeOs, BePd, BePt, BeRe, BeRh, BeRu, BeSc, BeTc, BeTi, BeTl, BeY, BeZn, 
BeZr, BBi, BCd, BCo, BCr, BCu, BFe, BGa, BGe, BHf, BHg, BIn, BIr, BLa, BMg, BMn, BMo, BNb, BNi, BOs, BP, BPb, BPd, BPt, BRe, BRh, BRu, BSb, BSc, BSe, BSi, BSn, BTa, 
BTc, BTe, BTi, BV, BW, BY, BZn, BZr, BiCd, BiCo, BiCr, BiCu, BiFe, BiGa, BiGe, BiHf, BiHg, BiIn, BiIr, BiLa, BiMg, BiMn, BiMo, BiNb, BiNi, BiOs, BiP, BiPb, BiPd, BiPt, BiRe, 
BiRh, BiRu, BiSb, BiSc, BiSe, BiSi, BiSn, BiTa, BiTc, BiTe, BiTi, BiV, BiW, BiY, BiZn, BiZr, BHf, CaHf, CaMg, CaPd, CaPt, CdCo, CdCr, CdCu, CdFe, CdGa, CdGe, CdHf, 
CdHg, CdIn, CdIr, CdLa, CdMg, CdMn, CdMo, CdNb, CdNi, CdOs, CdP, CdPb, CdPd, CdPt, CdRe, CdRh, CdRu, CdSb, CdSc, CdSe, CdSi, CdSn, CdTa, CdTc, CdTe, 
CdTi, CdTl, CdV, CdW, CdY, CdZn, CdZr, CeMg, CNi, CoCr, CoCu, CoFe, CoGa, CoGe, CoHf, CoHg, CoIn, CoIr, CoLa, CoMg, CoMn, CoMo, CoNb, CoNi, CoOs, 
CoP, CoPb, CoPd, CoPt, CoRe, CoRh, CoRu, CoSb, CoSc, CoSe, CoSi, CoSn, CoTa, CoTc, CoTe, CoTi, CoTl, CoV, CoW, CoY, CoZn, CoZr, CrCu, CrFe, CrGa, 
CrGe, CrHf, CrHg, CrIn, CrIr, CrLa, CrMg, CrMn, CrMo, CrNb, CrNi, CrOs, CrP, CrPb, CrPd, CrPt, CrRe, CrRh, CrRu, CrSb, CrSc, CrSe, CrSi, CrSn, CrTa, CrTc, 
CrTe, CrTi, CrV, CrW, CrY, CrZn, CrZr, CsPd, CuFe, CuGa, CuGe, CuHf, CuHg, CuIn, CuIr, CuLa, CuMg, CuMn, CuMo, CuNb, CuNi, CuOs, CuP, CuPb, CuPd, CuPt, 
CuRe, CuRh, CuRu, CuSb, CuSc, CuSe, CuSi, CuSn, CuTa, CuTc, CuTe, CuTi, CuV, CuW, CuY, CuZn, CuZr, FeGa, FeGe, FeHf, FeHg, FeIn, FeIr, FeLa, FeMg, FeMn, 
FeMo, FeNb, FeNi, FeOs, FeP, FePb, FePd, FePt, FeRe, FeRh, FeRu, FeSb, FeSc, FeSe, FeSi, FeSn, FeTa, FeTc, FeTe, FeTi, FeV, FeW, FeY, FeZn, FeZr, GaGe, GaHf, GaHg, 
GaIn, GaIr, GaLa, GaMg, GaMn, GaMo, GaNb, GaNi, GaOs, GaP, GaPb, GaPd, GaPt, GaRe, GaRh, GaRu, GaSb, GaSc, GaSe, GaSi, GaSn, GaTa, GaTc, GaTe, GaTi, GaV, 
GaW, GaY, GaZn, GaZr, GaMg, GdMg, GeHf, GeHg, GeIn, GeIr, GeLa, GeMg, GeMn, GeMo, GeNb, GeNi, GeOs, GeP, GePb, GePd, GePt, GeRe, GeRh, GeRu, GeSb, 
GeSc, GeSe, GeSi, GeSn, GeTa, GeTc, GeTe, GeTi, GeV, GeW, GeY, GeZn, GeZr, GeMg, HfHg, HfIn, HfIr, HfK, HfLa, HfLi, HfMg, HfMn, HfMo, HfNa, HfNb, HfNi, HfOs, 
HfP, HfPb, HfPd, HfPt, HfRe, HfRh, HfRu, HfSb, HfSc, HfSe, HfSi, HfSn, HfSn, HfSr, HfTa, HfTc, HfTe, HfTi, HfTl, HfV, HfW, HfY, HfZn, HfZr, HgIn, HgIr, HgLa, HgMg, 
HgMn, HgMo, HgNb, HgNi, HgOs, HgP, HgPb, HgPd, HgPt, HgRe, HgRh, HgRu, HgSb, HgSc, HgSe, HgSi, HgSn, HgTa, HgTc, HgTe, HgTi, HgV, HgW, HgY, HgZn, HgZr, 
InIr, InLa, InMg, InMn, InMo, InNb, InNi, InOs, InP, InPb, InPd, InPt, InRe, InRh, InRu, InSb, InSc, InSe, InSi, InSn, InTa, InTc, InTe, InTi, InV, InW, InY, InZn, InZr, IrLa, IrMg, 
IrMn, IrMo, IrNb, IrNi, IrOs, IrP, IrPb, IrPd, IrPt, IrRe, IrRh, IrRu, IrSb, IrSc, IrSe, IrSi, IrSn, IrTa, IrTc, IrTe, IrTi, IrV, IrW, IrY, IrZn, IrZr, KMg, KPd, KPt, LaMg, LaMn, LaMo, 
LaNb, LaNi, LaOs, LaP, LaPb, LaPd, LaPt, LaRe, LaRh, LaRu, LaSb, LaSc, LaSe, LaSi, LaSn, LaTa, LaTc, LaTe, LaTi, LaV, LaW, LaY, LaZn, LaZr, list, LiMg, LiPd, LiPt, MgMn, 
MgMo, MgNb, MgNi, MgOs, MgP, MgPb, MgPd, MgPt, MgRe, MgRh, MgRu, MgSb, MgSc, MgSe, MgSi, MgSn, MgTa, MgTc, MgTe, MgTi, MgTl, MgV, MgW, MgY, MgZn, MgZr, 
MnMo, MnNb, MnNi, MnOs, MnP, MnPb, MnPd, MnPt, MnRe, MnRh, MnRu, MnSb, MnSc, MnSe, MnSi, MnSn, MnTa, MnTc, MnTe, MnTi, MnV, MnW, MnY, MnZn, MnZr, 
MoMg, MoNb, MoNi, MoOs, MoP, MoPb, MoPd, MoPt, MoRe, MoRh, MoRu, MoSb, MoSc, MoSe, MoSi, MoSn, MoTa, MoTc, MoTe, MoTi, MoV, MoW, MoY, MoZn, 
MoZr, NaMg, NaPd, NaPt, NbMg, NbNi, NbOs, NbP, NbPb, NbPd, NbPt, NbRe, NbRh, NbRu, NbSb, NbSc, NbSe, NbSi, NbSn, NbTa, NbTc, NbTe, NbTi, NbV, NbW, 
NbY, NbZn, NbZr, NiOs, NiP, NiPb, NiPd, NiPt, NiRe, NiRh, NiRu, NiSb, NiSc, NiSe, NiSi, NiSn, NiTa, NiTc, NiTe, NiTi, NiV, NiW, NiY, NiZn, NiZr, OsMg, OsP, OsPb, 
OsPd, OsPt, OsRe, OsRh, OsRu, OsSb, OsSc, OsSe, OsSi, OsSn, OsTa, OsTc, OsTe, OsTi, OsTl, OsV, OsW, OsY, OsZn, OsZr, PbMg, PbPd, PbPt, PbRe, PbRh, PbRu, 
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High Throughput is the future...

Thursday, August 15, 13
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Compressed sensing model building
in a nutshell: Better models, faster

Basic idea:

Instead of adding complexity (terms) to a model until it 
fits the data and predicts well...(normal approach)...

...start with an infinite set of models (containing all 
possible terms). Discard all models except the simplest 
one (Compressive Sensing approach). Surprisingly 
perhaps, this is really efficient.
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Physical quantities vs. experimental parameters
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Finding functions for observables (signal recovery)
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Making measurements (signal sampling)
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Assume a model, least squares fitting
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Assume a model, least squares fitting
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Going beyond a linear model fit (adding terms)
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Going beyond a linear model fit (adding terms)
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“Solving” an under-determined problem
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Explain the magic
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Basic ideas of Compressive Sensing

•Solution must be “sparse” in some basis

•Numerical application of ell-1 norm is fast

•Choose a big basis so that you’ve captured 
all the relevant components

•Like a Fourier Transform...except that you 
can sample way below the Nyquist frequency

•Sample points must be “uncorrelated”—
selected at random from the domain.
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Under-determined problem: Example
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Bayesian Compressive Sensing vs. GA

10

FIG. 7. Comparison between re-weighted Bayesian compressive sensing and genetic algorithm methods for constructing a
cluster expansion model for the binary systems Ag-Pt, (left) Ag-Pd, (center) and Cu-Pt (right). The dashed curves indicate
BCS results and the solid curves indicate GA results. The upper plot show the `0 norm of the solution vector as the training
set increases. The middle plot show the `1 norm of the solution vector, and the lower plot gives the rmse over a holdout
dataset. Approximately 100 BCS fits were performed at each training set size, and the results of these fits are depicted using
box-and-whiskers. Due to it’s high computational cost, only 5 GA fits were performed, and hence GA results are not depicted
using box-and-whiskers.

It is curious that the BCS and GA models achieve sim-
ilar predictive capacities but di↵er wildly in the nature of
their solutions. One possible explanation for this is that
since the GA does not limit the `1 norm of the solution
vector, its solutions are dense and encompass an approx-
imate null space. Hence, approximate linear dependen-
cies will exist between ECIs of a dense solution, but are
much less likely for sparse solutions, like those found by
compressive sensing. This could explain how contribu-
tions from large ECI coe�cients may cancel each other
and result in relatively small RMS errors, but this issue
certainly needs to be investigated further.

Another key feature of BCS is the e�ciency of the
algorithm. For the three systems discussed here BCS fits
were constructed in a fraction of the time needed for the
GA. BCS required on the order of minutes to construct
100 fits, whereas the GA needed ⇠ 24 hours for a single
fit.

VI. CONCLUSION

It has been shown that the CS paradigm is uniquely
well-suited to building CE lattice models. Re-weighted
BCS-based provides a fast, e�cient, and parameterless
framework for constructing CE models. These models are
constructed in a fraction of the time required by current
state-of-the art techniques and with minimal time and
e↵ort required by the user. BCS-constructed CE mod-
els converge to solutions which agree with widely-held
intuition about the nature of physically relevant interac-
tions and predict more accurately than other modern CE
construction methods.

From a broader perspective, the CS paradigm is poised
to have a big impact on computational physics problems
of all types. The CS-paradigm is well suited to tackle any
highly-underdetermined linear problem: A~x = ~

b where ~x

is known to be sparse. One possible application is the ex-
pansion of high-throughput databases to include lattice
models. This approach relies heavily on being able to
automatically perform first-principles calculations, and
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