
David Casanova

Thursday August 29, 2019
Barcelona

david.casanova@ehu.eus

The use of spin-flip excitation in DFT: 

theory and applications



Motivation: molecular low-lying electronic states

Electronic states
• ground state
• excited states

Framework: molecular photophysics and photochemistry with DFT



Motivation: molecular low-lying electronic states

Electronic states

Non-radiative

• ground state
• excited states

• physical process: IC, ISC

Framework: molecular photophysics and photochemistry with DFT

Excited generation
• photo absorption
• charge recombination

Radiative

Processes
• photophysics

• fluorescence
• phosphorescence

Photophysics



Motivation: molecular low-lying electronic states

Electronic states

Non-radiative

• ground state
• excited states

• physical process: IC, ISC
• chemical reaction

Framework: molecular photophysics and photochemistry with DFT

Excited generation
• photo absorption
• charge recombination

Radiative

Processes
• photophysics
• photochemistry

• fluorescence
• phosphorescence

Photophysics Photochemistry



Outline
• Sketch of TDDFT

properties and limitations
• Introduction of the spin-flip operator
• Spin-flip in TDDFT (SF-TDDFT)
• Noncollinear SF-TDDFT
• Source of spin contamination
• Spin adapted solutions



Time-dependent density functional
Time-independent DFT Time-dependent DFT

HK-1 mapping

1

⇢(r) $ v[⇢](r) $  [⇢](r) (1)

⇢(r, t) $ v[⇢](r, t) + C(t) $  [⇢](r, t) (2)

Runge-Gross theorem PRL 52 (1984) 997

1

⇢(r) $ v[⇢](r) $  [⇢](r) (1)

⇢(r, t) $ v[⇢](r, t) + C(t) $  [⇢; 0](r, t) (2)
�A[⇢; 0]

�⇢(r, t)
(3)exact ground state exact time-dependent state



Time-dependent density functional
Time-independent DFT Time-dependent DFT

HK-1 mapping

1

⇢(r) $ v[⇢](r) $  [⇢](r) (1)

⇢(r, t) $ v[⇢](r, t) + C(t) $  [⇢](r, t) (2)

Runge-Gross theorem

HK-2 variational principle Stationary principle

PRL 52 (1984) 997

1

⇢(r) $ v[⇢](r) $  [⇢](r) (1)

⇢(r, t) $ v[⇢](r, t) + C(t) $  [⇢; 0](r, t) (2)
�A[⇢; 0]

�⇢(r, t)
(3)1

⇢(r) $ v[⇢](r) $  [⇢](r) (1)

⇢(r, t) $ v[⇢](r, t) + C(t) $  [⇢; 0](r, t) (2)
�A[⇢; 0]

�⇢(r, t)
= 0 (3)

A[⇢; 0] =
Z t1

t0
dth [⇢; 0](r, t)|i@t � Ĥ(t)| [⇢; 0](r, t)i (4)
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dth [⇢; 0](r, t)|i@t � Ĥ(t)| [⇢; 0](r, t)i (4)

1

⇢(r) $ v[⇢](r) $  [⇢](r) (1)

⇢(r, t) $ v[⇢](r, t) + C(t) $  [⇢; 0](r, t) (2)
�A[⇢; 0]

�⇢(r, t)
= 0 (3)

(4)

�h [⇢](r)|Ĥ � E| [⇢](r)i = 0 (5)
�A[⇢; 0]

�⇢(r, t)
= 0 (6)

A[⇢; 0] =
Z t1

t0
dth [⇢; 0](r, t)|i@t � Ĥ(t)| [⇢; 0](r, t)i (7)
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Biā,bj̄ =
@Fiā
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Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (60)
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Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (74)

4

9 of a VP =) ⇢(r) (53)

9 of a ST =) ⇢(r, t) (54)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(55)
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hŜ2i > 2.0 (66)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(67)

vNC

xc
= vC

xc
(68)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (69)

@Fiā
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@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (70)
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dth [⇢; 0](r, t)|i@t � Ĥ(t)| [⇢; 0](r, t)i (7)

Non-interacting systemTime-independent
Kohn-Sham equations

Time-dependent
Kohn-Sham equations

Formally exact

Action integral

exact ground state

4

9 of a VP =) ⇢(r) (53)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(54)
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Biā,bj̄ =
@Fiā
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dth [⇢; 0](r, t)|i@t � Ĥ(t)| [⇢; 0](r, t)i (7)

vS(r, t) ! ⇢(r, t) = ⇢S(r, t) =
X

i

|�i(r, t)|2 (8)

1

⇢(r) $ v[⇢](r) $  [⇢](r) (1)

⇢(r, t) $ v[⇢](r, t) + C(t) $  [⇢; 0](r, t) (2)
�A[⇢; 0]

�⇢(r, t)
= 0 (3)

(4)
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• Real time TDDFT
• Linear response TDDFT



Time-dependent Kohn-Sham equations
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�h [⇢](r)|Ĥ � E| [⇢](r)i = 0 (5)
�A[⇢; 0]

�⇢(r, t)
= 0 (6)

A[⇢; 0] =
Z t1

t0
dth [⇢; 0](r, t)|i@t � Ĥ(t)| [⇢; 0](r, t)i (7)
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Density matrix (Dirac) form

time-dependent 1p SE

TDKS equation
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1p orbitals1p potential

• Real time TDDFT
• Linear response TDDFT Quantum Chemistry codes



Time-dependent Kohn-Sham equations
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Non-interacting system
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• Real time TDDFT
• Linear response TDDFT Quantum Chemistry codes



Time-dependent Kohn-Sham equations
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dth [⇢; 0](r, t)|i@t � Ĥ(t)| [⇢; 0](r, t)i (7)

vS(r, t) ! ⇢(r, t) = ⇢S(r, t) =
X

i

|�i(r, t)|2 (8)

vS(r, t) = v(r, t) +
Z
d
3
r
0 ⇢(r

0
, t)

|r � r0| +
�Axc[⇢, 0]

�⇢(r, t)
(9)

i@t�i(r, t) =

 

�r2
i

2
+ vS(r, t)

!

�i(r, t) (10)

FP�PF = i@tP (11)

1

⇢(r) $ v[⇢](r) $  [⇢](r) (1)

⇢(r, t) $ v[⇢](r, t) + C(t) $  [⇢; 0](r, t) (2)
�A[⇢; 0]

�⇢(r, t)
= 0 (3)

(4)
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Non-interacting system
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1st order

oscillatory TD field

idempotency

zero-frequency limit
(infinitesimal perturbation)

- High spin states hold smaller dynamical and nondynamical correlation effects.

- Convergence problems of single reference methods in some regions of the ground state PES

due to strong correlations (violation of the Aufbau principle).

5 Spin-flip electronic structure methods

5.1 Wave function theory

5.1.1 SF-CI

SF ORMAS-CI: [PCCP 20 (2018) 2615; JPC-A 123 (2019) 1260].

5.1.2 SF-CC

5.1.3 Other SF wave functions???

5.1.4 Size consistency: CI and CC

5.2 Time-dependent density functional theory

5.2.1 Intro: Casida’s TDDFT

The study of electronic excited states within the frame of DFT is typically done through

linear-response (LR) TDDFT. In LR-TDDFT, excitation energies and excited state proper-

ties are typically obtained through the Casida’s equation,
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Density matrix (Dirac) form

non-Hermitian eigenvalue eq.
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time-dependent 1p SE
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TDDFT/B3LYP

2 3 4 5n
D

E,
 e

V

MRPT

1

HK and Runge-Gross theorems:

⇢(r) $ v[⇢](r) $  [⇢](r) (1)

⇢(r, t) $ v[⇢](r, t) + C(t) $  [⇢; 0](r, t) (2)

�A[⇢; 0]

�⇢(r, t)
= 0 (3)

(4)

�h [⇢](r)|Ĥ � E| [⇢](r)i = 0 (5)

�A[⇢; 0]

�⇢(r, t)
= 0 (6)

A[⇢; 0] =

Z
t1

t0

dth [⇢; 0](r, t)|i@t � Ĥ(t)| [⇢; 0](r, t)i (7)

 f (8)

�E = E(2
1Ag)� E(1

1Bu) (9)

Kohn-Sham equations:

vS(r, t) ! ⇢(r, t) = ⇢S(r, t) =
X

i

|�i(r, t)|2 (10)

vS(r, t) = vext(r, t) +
Z
d3r0

⇢(r0, t)

|r � r0| + vxc(r, t) (11)

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢, 0]

�⇢(r)

����
⇢(r)=⇢(r,t)

(12)

i@t�i(r, t) =

 

�r2
i

2
+ vS(r, t)

!

�i(r, t) (13)

�i(r, t) =
NBX

l

cli(t)�l(r) (14)

i@tC = FC (15)

FP�PF = i@tP (16)

⇢(r, t) =
NBX

p,q

Ppq�p(r)�
⇤
q
(r) (17)

First order perturbation (linear response):

P = P
(0)

+P
(1)

(18)

F = F
(0)

+ F
(1)

(19)

H
(1)

=
1

2
(ge�i!t

+ g
†ei!t) (20)
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Spin-flip excitation operator
Spin-flip in CC and CI Chem. Phys. Lett. 338 (2001) 375
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2

yai : occupied-virtual (19)

i 2 O, a 2 V (20)

@Fpq

@Pst

= (pq|fH |st) + (1� cHF )(pq|fxc|st)� cHF (ps|fH |qt) (21)

@Fia

@Pjb

= (ia|fH |jb) + (ia|fxc|jb) (22)

@Fia

@Pbj

= (ia|fH |bj) + (ia|fxc|bj) (23)

(24)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(25)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(26)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(27)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(28)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (29)
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SF-CC and SF-CI:
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ˆ̄H, R̂]| 0i = !R̂| 0i (29)

| fi = R| 0i (30)

ˆ̄H = e�T ĤeT (31)
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0
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= (ia|fH |jb) + (ia|fxc|jb) (22)
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@Pbj

= (ia|fH |bj) + (ia|fxc|bj) (23)
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Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]
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(25)

vxc(r) =
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����
⇢(r)=⇢(r,t)

(26)

fxc(r, r
0
;!) =
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�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(27)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(28)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (29)

| fi = R̂| 0i (30)

ˆ̄H = e�T ĤeT (31)

R̂�MS=�1
(32)

Spin-flip in CC and CI

1

HK and Runge-Gross theorems:

⇢(r) $ v[⇢](r) $  [⇢](r) (1)

⇢(r, t) $ v[⇢](r, t) + C(t) $  [⇢; 0](r, t) (2)

�A[⇢; 0]

�⇢(r, t)
= 0 (3)

(4)

�h [⇢](r)|Ĥ � E| [⇢](r)i = 0 (5)

�A[⇢; 0]

�⇢(r, t)
= 0 (6)

A[⇢; 0] =

Z
t1

t0

dth [⇢; 0](r, t)|i@t � Ĥ(t)| [⇢; 0](r, t)i (7)

 f (8)

Kohn-Sham equations:

vS(r, t) ! ⇢(r, t) = ⇢S(r, t) =
X

i

|�i(r, t)|2 (9)

vS(r, t) = vext(r, t) +
Z
d3r0

⇢(r0, t)

|r � r0| + vxc(r, t) (10)

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢, 0]

�⇢(r)

����
⇢(r)=⇢(r,t)

(11)

i@t�i(r, t) =

 

�r2
i

2
+ vS(r, t)

!

�i(r, t) (12)

�i(r, t) =
NBX

l

cli(t)�l(r) (13)

i@tC = FC (14)

FP�PF = i@tP (15)

First order perturbation (linear response):

P = P
(0)

+P
(1)

(16)

F = F
(0)

+ F
(1)

(17)

H
(1)

=
1

2
(ge�i!t

+ g
†ei!t) (18)
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vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(25)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(26)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(27)

fxc(r, r
0
) =
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Spin-flip in CC and CI

Ground and low-lying excited states

Double excitations
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HK and Runge-Gross theorems:
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Characterization 
of diradicals

Chem. Phys. Lett. 338 (2001) 375
Chem. Phys. Lett. 350 (2001) 522
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3S+ reference

Diradicals, triradicals, bond-breaking

Ground state

Examples: SF in wave function methods



EOM-SF-CCSD

Excited states in open-shell molecules

meta-xylylene

J. Chem. Phys. 117 (2002) 4694

Examples: SF in wave function methods

Diradicals, triradicals, bond-breaking

Excited states



Spin-flip in DFT: SF-TDDFT

- High spin states hold smaller dynamical and nondynamical correlation effects.

- Convergence problems of single reference methods in some regions of the ground state PES

due to strong correlations (violation of the Aufbau principle).

5 Spin-flip electronic structure methods

5.1 Wave function theory

5.1.1 SF-CI

SF ORMAS-CI: [PCCP 20 (2018) 2615; JPC-A 123 (2019) 1260].

5.1.2 SF-CC

5.1.3 Other SF wave functions???

5.1.4 Size consistency: CI and CC

5.2 Time-dependent density functional theory

5.2.1 Intro: Casida’s TDDFT

The study of electronic excited states within the frame of DFT is typically done through

linear-response (LR) TDDFT. In LR-TDDFT, excitation energies and excited state proper-

ties are typically obtained through the Casida’s equation,

2

64
A B

B⇤ A⇤

3

75

2

64
X

Y

3

75 = !

2

64
1 0

0 �1

3

75

2

64
X

Y

3

75 (1)

where ! is the excitation energy, X and Y vectors correspond to the transition amplitudes

and the elements of the A and B matrices are generally written as:
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xāi : virtual-occupied (25)
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Biā,j̄b = �cHF (ib|fH |āj̄) (33)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(34)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(35)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(36)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(37)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (38)

| fi = R̂| 0i (39)

ˆ̄H = e�T ĤeT (40)
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Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(35)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(36)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(37)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(38)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (39)

| fi = R̂| 0i (40)

ˆ̄H = e�T ĤeT (41)

R̂�MS=�1
(42)

Collinear SF-TDDFT:

v↵/�
xc

=
�EXC [⇢↵, ⇢�]

�⇢↵/�
(43)

Non-collinear SF-TDDFT:

vxc =
�EXC

�⇢
+

�EXC

�s

m · �
s

(44)

3

Linear response amplitudes for SF:
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Spin-flip in DFT: SF-TDDFT

- High spin states hold smaller dynamical and nondynamical correlation effects.

- Convergence problems of single reference methods in some regions of the ground state PES

due to strong correlations (violation of the Aufbau principle).

5 Spin-flip electronic structure methods

5.1 Wave function theory

5.1.1 SF-CI

SF ORMAS-CI: [PCCP 20 (2018) 2615; JPC-A 123 (2019) 1260].

5.1.2 SF-CC

5.1.3 Other SF wave functions???

5.1.4 Size consistency: CI and CC

5.2 Time-dependent density functional theory

5.2.1 Intro: Casida’s TDDFT

The study of electronic excited states within the frame of DFT is typically done through

linear-response (LR) TDDFT. In LR-TDDFT, excitation energies and excited state proper-

ties are typically obtained through the Casida’s equation,
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where ! is the excitation energy, X and Y vectors correspond to the transition amplitudes
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Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (29)
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R̂�MS=�1
(41)

Collinear SF-TDDFT:

v↵/�
xc

=
�EXC [⇢↵, ⇢�]

�⇢↵/�
(42)

Non-collinear SF-TDDFT:

vxc =
�EXC

�⇢
+

�EXC

�s

m · �
s

(43)

3

Linear response amplitudes for SF:
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Spin-flip in DFT: SF-TDDFT

- High spin states hold smaller dynamical and nondynamical correlation effects.

- Convergence problems of single reference methods in some regions of the ground state PES

due to strong correlations (violation of the Aufbau principle).

5 Spin-flip electronic structure methods

5.1 Wave function theory

5.1.1 SF-CI

SF ORMAS-CI: [PCCP 20 (2018) 2615; JPC-A 123 (2019) 1260].

5.1.2 SF-CC

5.1.3 Other SF wave functions???

5.1.4 Size consistency: CI and CC

5.2 Time-dependent density functional theory

5.2.1 Intro: Casida’s TDDFT

The study of electronic excited states within the frame of DFT is typically done through

linear-response (LR) TDDFT. In LR-TDDFT, excitation energies and excited state proper-

ties are typically obtained through the Casida’s equation,
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where ! is the excitation energy, X and Y vectors correspond to the transition amplitudes

and the elements of the A and B matrices are generally written as:

Aia,jb = �ij�ab(✏a � ✏i) +
@Fia

@Pjb

, Bia,jb =
@Fia

@Pbj

(2)

5

3

Linear response amplitudes for SF:
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Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(34)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(35)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(36)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(37)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (38)

| fi = R̂| 0i (39)

ˆ̄H = e�T ĤeT (40)
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(38)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (39)

| fi = R̂| 0i (40)

ˆ̄H = e�T ĤeT (41)

R̂�MS=�1
(42)

Collinear SF-TDDFT:

v↵/�
xc

=
�EXC [⇢↵, ⇢�]

�⇢↵/�
(43)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(44)

Biā,bj̄ =
@Fiā

@Pbj̄

(45)
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Linear response amplitudes for SF:

xāi : virtual-occupied (25)

yaī : occupied-virtual (26)

i 2 O(↵), ā 2 V (�) (27)

ī 2 O(�), a 2 V (↵) (28)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (29)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (33)

Biā,j̄b = �cHF (ib|fH |āj̄) (34)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(35)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(36)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(37)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(38)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (39)

| fi = R̂| 0i (40)

ˆ̄H = e�T ĤeT (41)

R̂�MS=�1
(42)

Collinear SF-TDDFT:

v↵/�
xc

=
�EXC [⇢↵, ⇢�]

�⇢↵/�
(43)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(44)

Biā,bj̄ =
@Fiā

@Pbj̄

(45)
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Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z
�i(r1)�a(r1)

1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(49)

vNC

xc
= v

xc
(50)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (51)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (52)

@Fiā
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=

Z
�i(r)�a(r)
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⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (54)

Biā,j̄b = (ia|$|bj) (55)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (56)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (57)
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Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1
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�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (49)

Biā,j̄b = 0 (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (51)

Biā,j̄b = �cHF (ib|fH |āj̄) (52)

Non-collinear SF-TDDFT:

vNC
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=

�EXC [⇢]
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+
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�s

m · �
s

(53)

vNC

xc
= v

xc
(54)
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@Fpq
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=

Z
�p(r)�q(r)
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�i(r)�a(r)
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Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (58)

Biā,j̄b = (ia|$|bj) (59)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (60)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (61)

Pure xc-functional
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Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (51)

Biā,j̄b = 0 (52)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (53)

Biā,j̄b = �cHF (ib|fH |āj̄) (54)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]
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+

�EXC [⇢]

�s

m · �
s

(55)

vNC

xc
= v

xc
(56)
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�p(r)�q(r)

1
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�EXC
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�s(r)�t(r)dr (57)

@Fiā
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= (ia|$|jb) =
Z
�i(r)�a(r)
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�EXC

�⇢↵
� �EXC

�⇢�
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�j(r)�b(r)dr (58)

@Fiā
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=

Z
�i(r)�a(r)
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Biā,j̄b = (ia|$|bj) (61)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (62)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (63)
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Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
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�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z
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�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)
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Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(56)

vNC

xc
= v

xc
(57)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1
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�EXC

�⇢↵
� �EXC
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@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1
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�EXC

�⇢↵
� �EXC
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�j(r)�b(r)dr (59)

@Fiā
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=

Z
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�⇢↵
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!
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Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (61)

Biā,j̄b = (ia|$|bj) (62)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (63)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (64)

No coupling between SF states



Spin-flip in DFT: SF-TDDFT

- High spin states hold smaller dynamical and nondynamical correlation effects.

- Convergence problems of single reference methods in some regions of the ground state PES

due to strong correlations (violation of the Aufbau principle).

5 Spin-flip electronic structure methods

5.1 Wave function theory

5.1.1 SF-CI

SF ORMAS-CI: [PCCP 20 (2018) 2615; JPC-A 123 (2019) 1260].

5.1.2 SF-CC

5.1.3 Other SF wave functions???

5.1.4 Size consistency: CI and CC

5.2 Time-dependent density functional theory

5.2.1 Intro: Casida’s TDDFT

The study of electronic excited states within the frame of DFT is typically done through

linear-response (LR) TDDFT. In LR-TDDFT, excitation energies and excited state proper-

ties are typically obtained through the Casida’s equation,

2
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A B
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3
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2
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Y
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75 = !

2

64
1 0

0 �1

3

75

2

64
X

Y

3

75 (1)

where ! is the excitation energy, X and Y vectors correspond to the transition amplitudes

and the elements of the A and B matrices are generally written as:

Aia,jb = �ij�ab(✏a � ✏i) +
@Fia

@Pjb

, Bia,jb =
@Fia

@Pbj

(2)
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Linear response amplitudes for SF:

xāi : virtual-occupied (25)

yaī : occupied-virtual (26)

i 2 O(↵), ā 2 V (�) (27)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (28)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (29)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (30)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (31)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (32)

Biā,j̄b = �cHF (ib|fH |āj̄) (33)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(34)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(35)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(36)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(37)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (38)

| fi = R̂| 0i (39)

ˆ̄H = e�T ĤeT (40)

R̂�MS=�1
(41)

Collinear SF-TDDFT:

v↵/�
xc

=
�EXC [⇢↵, ⇢�]

�⇢↵/�
(42)

Non-collinear SF-TDDFT:

vxc =
�EXC

�⇢
+

�EXC

�s

m · �
s

(43)
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xāi : virtual-occupied (25)
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Hybrid xc-functional
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Biā,j̄b = (ia|$|bj) (61)
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No coupling between SF states



Spin-flip in DFT: SF-TDDFT

- High spin states hold smaller dynamical and nondynamical correlation effects.

- Convergence problems of single reference methods in some regions of the ground state PES

due to strong correlations (violation of the Aufbau principle).

5 Spin-flip electronic structure methods

5.1 Wave function theory

5.1.1 SF-CI

SF ORMAS-CI: [PCCP 20 (2018) 2615; JPC-A 123 (2019) 1260].

5.1.2 SF-CC

5.1.3 Other SF wave functions???

5.1.4 Size consistency: CI and CC

5.2 Time-dependent density functional theory

5.2.1 Intro: Casida’s TDDFT

The study of electronic excited states within the frame of DFT is typically done through

linear-response (LR) TDDFT. In LR-TDDFT, excitation energies and excited state proper-

ties are typically obtained through the Casida’s equation,
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where ! is the excitation energy, X and Y vectors correspond to the transition amplitudes

and the elements of the A and B matrices are generally written as:

Aia,jb = �ij�ab(✏a � ✏i) +
@Fia

@Pjb

, Bia,jb =
@Fia

@Pbj

(2)

5

Best performance of SF-TDDFT achieved with

functionals with large amounts of HF exchange 

BHHLYP, 50-50 or PBE50 (50%) 
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Linear response amplitudes for SF:
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yaī : occupied-virtual (26)
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Adiabatic approximation (AA):
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SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (38)

| fi = R̂| 0i (39)

ˆ̄H = e�T ĤeT (40)
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Collinear SF-TDDFT:
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R̂�MS=�1
(42)

Collinear SF-TDDFT:

v↵/�
xc

=
�EXC [⇢↵, ⇢�]

�⇢↵/�
(43)
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@Pjb̄

(44)
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ī 2 O(�), a 2 V (↵) (28)
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�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(37)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(38)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (39)

| fi = R̂| 0i (40)

ˆ̄H = e�T ĤeT (41)

R̂�MS=�1
(42)

Collinear SF-TDDFT:

v↵/�
xc

=
�EXC [⇢↵, ⇢�]

�⇢↵/�
(43)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(44)

Biā,bj̄ =
@Fiā

@Pbj̄

(45)

Hybrid xc-functional

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z
�i(r1)�a(r1)

1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(49)

vNC

xc
= v

xc
(50)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (51)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (52)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (54)

Biā,j̄b = (ia|$|bj) (55)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (56)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (57)

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (49)

Biā,j̄b = 0 (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (51)

Biā,j̄b = �cHF (ib|fH |āj̄) (52)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(53)

vNC

xc
= v

xc
(54)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (55)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z

�i(r)�a(r)
1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (56)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (57)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (58)

Biā,j̄b = (ia|$|bj) (59)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (60)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (61)

Pure xc-functional

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z
�i(r1)�a(r1)

1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (49)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (51)

Biā,j̄b = 0 (52)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (53)

Biā,j̄b = �cHF (ib|fH |āj̄) (54)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(55)

vNC

xc
= v

xc
(56)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (57)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (58)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (59)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (60)

Biā,j̄b = (ia|$|bj) (61)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (62)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (63)

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (49)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (51)

Biā,j̄b = 0 (52)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (53)

Biā,j̄b = �cHF (ib|fH |āj̄) (54)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(55)

vNC

xc
= v

xc
(56)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (57)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z

�i(r)�a(r)
1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (58)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (59)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (60)

Biā,j̄b = (ia|$|bj) (61)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (62)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (63)

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(56)

vNC

xc
= v

xc
(57)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (58)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (59)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (60)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (61)

Biā,j̄b = (ia|$|bj) (62)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (63)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (64)

No coupling between SF states
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Example: HF dissociation
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Example: ethene torsion

Ground state PES
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Example: ethene torsion

Ground state PES

B3LYP

UB3LYP

SF-BLYP
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Basis set: DZP 



Example: ethene torsion

SF-TDDFT

• PES in chemical reactions
• Transition state characterization

Ground state PES

B3LYP

UB3LYP

SF-BLYP
SF-B3LYP
SF-BHHLYP

TCSCF-CISD

En
er

gy
, k

ca
l/m

ol

torsion

Basis set: DZP 



Example: Excitation energies
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Example: Excitation energies
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Example: Excitation energies

3P

1P

Be atom

1D
Basis set: 6-31G 

2s

2p
3P

2s

2p
1P

2s

2p

1D

2s

2p
1S

Ground state

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (49)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (51)

Biā,j̄b = 0 (52)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (53)

Biā,j̄b = �cHF (ib|fH |āj̄) (54)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(55)

vNC

xc
= v

xc
(56)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (57)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z

�i(r)�a(r)
1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (58)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (59)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (60)

Biā,j̄b = (ia|$|bj) (61)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (62)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (63)

2s2

2s12p1

2s12p1

2p2



Noncollinear SF-TDDFT

relativistic TDDFT

XC potential

s: spin density
m: magnetic vector
s : Pauli matrices

collinear

noncollinear

non-relativistic TDDFT

4

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(46)

vNC

xc
= v

xc
(47)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (48)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (49)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (51)

Biā,j̄b = (ia|$|bj) (52)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (53)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (54)

3

Linear response amplitudes for SF:

xāi : virtual-occupied (25)

yaī : occupied-virtual (26)

i 2 O(↵), ā 2 V (�) (27)

ī 2 O(�), a 2 V (↵) (28)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (29)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (33)

Biā,j̄b = �cHF (ib|fH |āj̄) (34)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(35)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(36)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(37)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(38)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (39)

| fi = R̂| 0i (40)

ˆ̄H = e�T ĤeT (41)

R̂�MS=�1
(42)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(43)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(44)

Biā,bj̄ =
@Fiā

@Pbj̄

(45)
J. Chem. Phys. 121 (2004) 6658



Noncollinear SF-TDDFT

relativistic TDDFT

XC potential

SOC = 0
a/b spin-orbitals

s: spin density
m: magnetic vector
s : Pauli matrices

collinear

noncollinear

non-relativistic TDDFT

4

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(46)

vNC

xc
= v

xc
(47)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (48)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (49)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (51)

Biā,j̄b = (ia|$|bj) (52)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (53)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (54)

3

Linear response amplitudes for SF:

xāi : virtual-occupied (25)

yaī : occupied-virtual (26)

i 2 O(↵), ā 2 V (�) (27)

ī 2 O(�), a 2 V (↵) (28)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (29)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (33)

Biā,j̄b = �cHF (ib|fH |āj̄) (34)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(35)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(36)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(37)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(38)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (39)

| fi = R̂| 0i (40)

ˆ̄H = e�T ĤeT (41)

R̂�MS=�1
(42)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(43)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(44)

Biā,bj̄ =
@Fiā

@Pbj̄

(45)
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Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(56)

vNC

xc
= vC

xc
(57)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (58)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (59)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (60)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (61)

Biā,j̄b = (ia|$|bj) (62)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (63)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (64)

IF
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Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(46)

vNC

xc
= v

xc
(47)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (48)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (49)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (51)

Biā,j̄b = (ia|$|bj) (52)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (53)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (54)

3

Linear response amplitudes for SF:

xāi : virtual-occupied (25)

yaī : occupied-virtual (26)

i 2 O(↵), ā 2 V (�) (27)

ī 2 O(�), a 2 V (↵) (28)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (29)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (33)

Biā,j̄b = �cHF (ib|fH |āj̄) (34)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(35)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(36)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(37)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(38)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (39)

| fi = R̂| 0i (40)

ˆ̄H = e�T ĤeT (41)

R̂�MS=�1
(42)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(43)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(44)

Biā,bj̄ =
@Fiā

@Pbj̄

(45)
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Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(56)

vNC

xc
= vC

xc
(57)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (58)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (59)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (60)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (61)

Biā,j̄b = (ia|$|bj) (62)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (63)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (64)

IF BUT
(spin-flip transition)

1st order change in rab and

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(56)

vNC

xc
= vC

xc
(57)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (58)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (59)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (60)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (61)

Biā,j̄b = (ia|$|bj) (62)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (63)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (64)
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Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(46)

vNC

xc
= v

xc
(47)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (48)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (49)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (51)

Biā,j̄b = (ia|$|bj) (52)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (53)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (54)

3

Linear response amplitudes for SF:

xāi : virtual-occupied (25)

yaī : occupied-virtual (26)

i 2 O(↵), ā 2 V (�) (27)

ī 2 O(�), a 2 V (↵) (28)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (29)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (33)

Biā,j̄b = �cHF (ib|fH |āj̄) (34)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(35)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(36)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(37)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(38)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (39)

| fi = R̂| 0i (40)

ˆ̄H = e�T ĤeT (41)

R̂�MS=�1
(42)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(43)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(44)

Biā,bj̄ =
@Fiā

@Pbj̄

(45)
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Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(56)

vNC

xc
= vC

xc
(57)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (58)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (59)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (60)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (61)

Biā,j̄b = (ia|$|bj) (62)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (63)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (64)

IF BUT
(spin-flip transition)

1st order change in rab and

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)
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Biā,j̄b = (ia|$|bj) (62)
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- Convergence problems of single reference methods in some regions of the ground state PES
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where ! is the excitation energy, X and Y vectors correspond to the transition amplitudes

and the elements of the A and B matrices are generally written as:
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yaī : occupied-virtual (26)
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Biā,j̄b = �cHF (ib|fH |āj̄) (34)
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- High spin states hold smaller dynamical and nondynamical correlation effects.

- Convergence problems of single reference methods in some regions of the ground state PES

due to strong correlations (violation of the Aufbau principle).

5 Spin-flip electronic structure methods

5.1 Wave function theory

5.1.1 SF-CI

SF ORMAS-CI: [PCCP 20 (2018) 2615; JPC-A 123 (2019) 1260].

5.1.2 SF-CC

5.1.3 Other SF wave functions???

5.1.4 Size consistency: CI and CC

5.2 Time-dependent density functional theory

5.2.1 Intro: Casida’s TDDFT

The study of electronic excited states within the frame of DFT is typically done through

linear-response (LR) TDDFT. In LR-TDDFT, excitation energies and excited state proper-

ties are typically obtained through the Casida’s equation,
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where ! is the excitation energy, X and Y vectors correspond to the transition amplitudes

and the elements of the A and B matrices are generally written as:
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xāi : virtual-occupied (25)
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[
ˆ̄H, R̂]| 0i = !R̂| 0i (39)

| fi = R̂| 0i (40)

ˆ̄H = e�T ĤeT (41)

R̂�MS=�1
(42)

Collinear SF-TDDFT:

v↵/�
xc

=
�EXC [⇢↵, ⇢�]

�⇢↵/�
(43)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(44)

Biā,bj̄ =
@Fiā

@Pbj̄

(45)
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Linear response amplitudes for SF:

xāi : virtual-occupied (25)

yaī : occupied-virtual (26)

i 2 O(↵), ā 2 V (�) (27)

ī 2 O(�), a 2 V (↵) (28)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (29)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (33)

Biā,j̄b = �cHF (ib|fH |āj̄) (34)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(35)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(36)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(37)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(38)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (39)

| fi = R̂| 0i (40)

ˆ̄H = e�T ĤeT (41)

R̂�MS=�1
(42)

Collinear SF-TDDFT:

v↵/�
xc

=
�EXC [⇢↵, ⇢�]

�⇢↵/�
(43)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(44)

Biā,bj̄ =
@Fiā

@Pbj̄

(45)
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Non-collinear SF-TDDFT:

vxc =
�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(46)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (47)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (48)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (50)

Biā,j̄b = (ia|$|bj) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (52)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (53)
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Non-collinear SF-TDDFT:

vxc =
�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(46)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (47)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z

�i(r)�a(r)
1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (48)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)
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⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (50)

Biā,j̄b = (ia|$|bj) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (52)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (53)

non-relativistic TDDFT
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Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(46)

vNC

xc
= v

xc
(47)

C
@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (48)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (49)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (51)

Biā,j̄b = (ia|$|bj) (52)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (53)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (54)

3

Linear response amplitudes for SF:

xāi : virtual-occupied (25)

yaī : occupied-virtual (26)

i 2 O(↵), ā 2 V (�) (27)

ī 2 O(�), a 2 V (↵) (28)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (29)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (33)

Biā,j̄b = �cHF (ib|fH |āj̄) (34)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(35)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(36)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(37)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(38)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (39)

| fi = R̂| 0i (40)

ˆ̄H = e�T ĤeT (41)

R̂�MS=�1
(42)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(43)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(44)

Biā,bj̄ =
@Fiā

@Pbj̄

(45)

TD perturbation

J. Chem. Phys. 121 (2004) 6658
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Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(56)

vNC

xc
= vC

xc
(57)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (58)
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= (ia|$|jb) =
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�i(r)�a(r)
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�EXC
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�⇢�
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�j(r)�b(r)dr (59)

@Fiā
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=

Z
�i(r)�a(r)

1
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�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (60)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (61)

Biā,j̄b = (ia|$|bj) (62)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (63)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (64)

IF BUT
(spin-flip transition)

1st order change in rab and
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Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(56)

vNC

xc
= vC

xc
(57)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1
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�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (58)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)
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�EXC

�⇢↵
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�⇢�

!

�j(r)�b(r)dr (59)
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=
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�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�
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�b(r)�j(r)dr (60)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (61)

Biā,j̄b = (ia|$|bj) (62)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (63)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (64)

Hybrid xc-functionalPure xc-functional

NC-SF-TDDFT
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Atomic excitation energies: open-shell ground state

Ground state: 3P
Excited state: 1D
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Ground state: 4S
Excited state: 2D, 2P
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Examples: NC-SF-TDDFT

Ground state: 3P
Excited state: 1D

Carbon, Oxygen, Silicon, Sulfur

Nitrogen, Phosphorus
Ground state: 4S
Excited state: 2D, 2P

2s

2p
N: 4S

2s

2p
N: 2D

excitation

Atomic excitation energies: open-shell ground state

spin-conserving TDDFT✘
✓ SF-TDDFT



Examples: NC-SF-TDDFT

J. Chem. Phys. 121 (2004) 12191LDA/TZ2P
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Excited state: 1D

Carbon, Oxygen, Silicon, Sulfur

Nitrogen, Phosphorus
Ground state: 4S
Excited state: 2D, 2P

Atomic excitation energies: open-shell ground state

Experimental energy, eV



Examples: NC-SF-TDDFT

NC-SF-TDDFT vs. NC-SF-TDA 

- High spin states hold smaller dynamical and nondynamical correlation effects.

- Convergence problems of single reference methods in some regions of the ground state PES

due to strong correlations (violation of the Aufbau principle).

5 Spin-flip electronic structure methods

5.1 Wave function theory

5.1.1 SF-CI

SF ORMAS-CI: [PCCP 20 (2018) 2615; JPC-A 123 (2019) 1260].

5.1.2 SF-CC

5.1.3 Other SF wave functions???

5.1.4 Size consistency: CI and CC

5.2 Time-dependent density functional theory

5.2.1 Intro: Casida’s TDDFT

The study of electronic excited states within the frame of DFT is typically done through

linear-response (LR) TDDFT. In LR-TDDFT, excitation energies and excited state proper-

ties are typically obtained through the Casida’s equation,

2

64
A B

B⇤ A⇤

3

75

2

64
X

Y

3

75 = !

2

64
1 0

0 �1

3

75

2

64
X

Y

3

75 (1)

where ! is the excitation energy, X and Y vectors correspond to the transition amplitudes

and the elements of the A and B matrices are generally written as:

Aia,jb = �ij�ab(✏a � ✏i) +
@Fia

@Pjb

, Bia,jb =
@Fia

@Pbj

(2)
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J. Chem. Phys. 121 (2004) 12191LDA/TZ2P

Experimental energy, eV
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○ NC-SF-TDDFT
✕ NC-SF-TDAGround state: 3P

Excited state: 1D

Carbon, Oxygen, Silicon, Sulfur

Nitrogen, Phosphorus

(B = 0)

TDA in SF-TDDFT ✓

Ground state: 4S
Excited state: 2D, 2P

Atomic excitation energies: open-shell ground state



Examples: NC-SF-TDDFT
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Examples: NC-SF-TDDFT
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Spin contamination in SF-TDDFT
Sources of spin contamination
• Spin-unrestricted KS reference
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Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z
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|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
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�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E1 (56)

Non-collinear SF-TDDFT:
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(57)
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Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (62)

Biā,j̄b = (ia|$|bj) (63)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (64)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E2 (56)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(57)

vNC

xc
= vC

xc
(58)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (59)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z

�i(r)�a(r)
1

⇢↵ � ⇢�
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�⇢↵
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�⇢�

!

�j(r)�b(r)dr (60)

@Fiā
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=

Z
�i(r)�a(r)

1
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�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (61)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (62)

Biā,j̄b = (ia|$|bj) (63)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (64)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)

KS triplet ill-defined

4

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(47)

Biā,bj̄ =
@Fiā

@Pbj̄

(48)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (51)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (52)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (53)

Biā,j̄b = 0 (54)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (55)

Biā,j̄b = �cHF (ib|fH |āj̄) (56)

hŜ2i > 2.0 (57)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(58)

vNC

xc
= vC

xc
(59)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (60)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (61)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (62)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (63)

Biā,j̄b = (ia|$|bj) (64)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (65)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (66)

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E1 (56)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(57)

vNC

xc
= vC

xc
(58)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (59)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (60)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (61)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (62)

Biā,j̄b = (ia|$|bj) (63)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (64)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)

and/or           small 

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E2 (56)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(57)

vNC

xc
= vC

xc
(58)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (59)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z

�i(r)�a(r)
1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�j(r)�b(r)dr (60)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (61)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (62)

Biā,j̄b = (ia|$|bj) (63)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (64)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)



Spin contamination in SF-TDDFT
Sources of spin contamination
• Spin-unrestricted KS reference

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E1 (56)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(57)

vNC

xc
= vC

xc
(58)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�s(r)�t(r)dr (59)

@Fiā

@Pjb̄

= (ia|$|jb) =
Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
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�⇢�

!

�j(r)�b(r)dr (60)

@Fiā

@Pbj̄

=

Z
�i(r)�a(r)

1

⇢↵ � ⇢�

 
�EXC

�⇢↵
� �EXC

�⇢�

!

�b(r)�j(r)dr (61)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (62)

Biā,j̄b = (ia|$|bj) (63)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (64)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E2 (56)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(57)

vNC

xc
= vC

xc
(58)

@Fpq

@Pst

=

Z
�p(r)�q(r)

1
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�s(r)�t(r)dr (59)
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= (ia|$|jb) =
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1
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�j(r)�b(r)dr (60)
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=
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1
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�⇢↵
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�⇢�

!

�b(r)�j(r)dr (61)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (62)

Biā,j̄b = (ia|$|bj) (63)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (64)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)

KS triplet ill-defined

d = 3 Å

4 electrons in 
4 (nearly degenerate) orbitals

4

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) +
@Fiā

@Pjb̄

(47)

Biā,bj̄ =
@Fiā

@Pbj̄

(48)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (50)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (51)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (52)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (53)

Biā,j̄b = 0 (54)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (55)

Biā,j̄b = �cHF (ib|fH |āj̄) (56)

hŜ2i > 2.0 (57)

Non-collinear SF-TDDFT:

vNC

xc
=

�EXC [⇢]

�⇢
+

�EXC [⇢]

�s

m · �
s

(58)
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xc
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=
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1
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�s(r)�t(r)dr (60)
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Z
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�b(r)�j(r)dr (62)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (63)

Biā,j̄b = (ia|$|bj) (64)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (65)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (66)

4

Biā,bj̄ =
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(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E1 (56)

Non-collinear SF-TDDFT:
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=
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+
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(57)
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�j(r)�b(r)dr (60)
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�b(r)�j(r)dr (61)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (62)

Biā,j̄b = (ia|$|bj) (63)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (64)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)

and/or           small 

4

Biā,bj̄ =
@Fiā

@Pbj̄

(47)

(iā|fH |jb̄) =
Z

�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)

(iā|fxc|jb̄) =
Z

�i(r1)�a(r1)
�2E

�⇢(r1)�⇢(r2)
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E2 (56)

Non-collinear SF-TDDFT:

vNC

xc
=
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+
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m · �
s

(57)
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⇢↵ � ⇢�

 
�EXC

�⇢↵
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Biā,j̄b = (ia|$|bj) (63)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (64)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)



Spin contamination in SF-TDDFT
Sources of spin contamination
• Spin-unrestricted KS reference
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Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)
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Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E1 (56)

Non-collinear SF-TDDFT:
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�s

m · �
s

(57)
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Biā,j̄b = (ia|$|bj) (63)
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Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)
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�i(r1)�a(r1)
1

|r1 � r2|
�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (48)
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�j(r2)�b(r2)dr1dr2 h↵1|�1ih↵2|�2i = 0 (49)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (50)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E2 (56)

Non-collinear SF-TDDFT:
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Biā,j̄b = (ia|$|bj) (63)
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Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)

KS triplet ill-defined

d = 3 Å

state E, meV
S0 0

T1 24

T2 50

S1 64

T3 76

Q1 87

<S2> E, meV
1.02 0

2.22 2912

1.00 2953

0.99 4695

0.85 5924

... ...

FCI SF-PBE50

4 electrons in 
4 (nearly degenerate) orbitals
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Biā,j̄b = 0 (54)
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Biā,j̄b = �cHF (ib|fH |āj̄) (56)

hŜ2i > 2.0 (57)
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Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (65)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (66)
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Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E1 (56)

Non-collinear SF-TDDFT:
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=
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Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (62)

Biā,j̄b = (ia|$|bj) (63)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (64)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)

and/or           small 
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Biā,bj̄ =
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Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (51)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) (52)

Biā,j̄b = 0 (53)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (54)

Biā,j̄b = �cHF (ib|fH |āj̄) (55)

�E2 (56)

Non-collinear SF-TDDFT:
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�b(r)�j(r)dr (61)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (ia|$|jb) (62)

Biā,j̄b = (ia|$|bj) (63)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) + (1� cHF )(ia|$|jb) (64)

Biā,j̄b = �cHF (ib|fH |āj̄) + (1� cHF )(ia|$|bj) (65)

<S2>ref = 2.26 



Spin contamination in SF-TDDFT
Sources of spin contamination
• Spin-unrestricted KS reference
• Spin-incompleteness of SF (1-elec) operator

3

Linear response amplitudes for SF:

xāi : virtual-occupied (27)

yaī : occupied-virtual (28)

i 2 O(↵), ā 2 V (�) (29)

ī 2 O(�), a 2 V (↵) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (33)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (34)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (35)

Biā,j̄b = �cHF (ib|fH |āj̄) (36)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(37)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(38)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(39)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(40)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (41)

| fi = R̂| 0i (42)

ˆ̄H = e�T ĤeT (43)

R̂�MS=�1
1 (44)

R̂�MS=�1
2 (45)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(46)
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• Spin-unrestricted KS reference
• Spin-incompleteness of SF (1-elec) operator
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fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(39)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(40)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (41)

| fi = R̂| 0i (42)

ˆ̄H = e�T ĤeT (43)

R̂�MS=�1
1 (44)

R̂�MS=�1
2 (45)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(46)

• Spin-unrestricted KS reference
• Spin-incompleteness of SF (1-elec) operator



Spin contamination in SF-TDDFT
Sources of spin contamination

3

Linear response amplitudes for SF:

xāi : virtual-occupied (27)

yaī : occupied-virtual (28)

i 2 O(↵), ā 2 V (�) (29)

ī 2 O(�), a 2 V (↵) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (33)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (34)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (35)

Biā,j̄b = �cHF (ib|fH |āj̄) (36)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(37)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(38)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(39)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(40)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (41)

| fi = R̂| 0i (42)

ˆ̄H = e�T ĤeT (43)

R̂�MS=�1
1 (44)

R̂�MS=�1
2 (45)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(46)

3

Linear response amplitudes for SF:

xāi : virtual-occupied (27)

yaī : occupied-virtual (28)

i 2 O(↵), ā 2 V (�) (29)

ī 2 O(�), a 2 V (↵) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (33)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (34)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (35)

Biā,j̄b = �cHF (ib|fH |āj̄) (36)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(37)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(38)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(39)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(40)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (41)

| fi = R̂| 0i (42)

ˆ̄H = e�T ĤeT (43)

R̂�MS=�1
1 (44)

R̂�MS=�1
2 (45)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(46)

Double excitations needed
for spin-completeness

• Spin-unrestricted KS reference
• Spin-incompleteness of SF (1-elec) operator



Spin contamination in SF-TDDFT
Sources of spin contamination

3

Linear response amplitudes for SF:

xāi : virtual-occupied (27)

yaī : occupied-virtual (28)

i 2 O(↵), ā 2 V (�) (29)

ī 2 O(�), a 2 V (↵) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (33)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (34)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (35)

Biā,j̄b = �cHF (ib|fH |āj̄) (36)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(37)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(38)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(39)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(40)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (41)

| fi = R̂| 0i (42)

ˆ̄H = e�T ĤeT (43)

R̂�MS=�1
1 (44)

R̂�MS=�1
2 (45)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(46)

3

Linear response amplitudes for SF:

xāi : virtual-occupied (27)

yaī : occupied-virtual (28)

i 2 O(↵), ā 2 V (�) (29)

ī 2 O(�), a 2 V (↵) (30)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (31)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (32)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (33)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (34)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (35)

Biā,j̄b = �cHF (ib|fH |āj̄) (36)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(37)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(38)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(39)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(40)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (41)

| fi = R̂| 0i (42)

ˆ̄H = e�T ĤeT (43)

R̂�MS=�1
1 (44)

R̂�MS=�1
2 (45)

Collinear SF-TDDFT:

vC
xc

=
�EXC [⇢]

�⇢
(46)

Double excitations needed
for spin-completeness

For open-shell systems, the excited configuration
space cannot be made spin-adapted within the
truncated rank.

• Spin-unrestricted KS reference
• Spin-incompleteness of SF (1-elec) operator



Spin contamination in SF-TDDFT

Spin adaptation in SF-TDDFT 

higher-rank 
excitations

3

Linear response amplitudes for SF:

xāi : virtual-occupied (30)

yaī : occupied-virtual (31)

i 2 O(↵), ā 2 V (�) (32)

ī 2 O(�), a 2 V (↵) (33)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (34)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (35)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (36)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (37)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (38)

Biā,j̄b = �cHF (ib|fH |āj̄) (39)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(40)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(41)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(42)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(43)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (44)

| fi = R̂| 0i (45)

ˆ̄H = e�T ĤeT (46)

R̂�MS=�1
1 (47)

R̂�MS=�1
2 (48)

R̂�MS=�1,0,+1
1 (49)

R̂�MS=0
1 (50)

R̂�MS=+1
1 (51)

R̂2, R̂3, ... (52)



Spin contamination in SF-TDDFT

Spin adaptation in SF-TDDFT 

higher-rank 
excitations ✘ TDDFT

✓WFT

Adiabatic approximation

3

Linear response amplitudes for SF:

xāi : virtual-occupied (30)

yaī : occupied-virtual (31)

i 2 O(↵), ā 2 V (�) (32)

ī 2 O(�), a 2 V (↵) (33)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (34)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (35)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (36)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (37)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (38)

Biā,j̄b = �cHF (ib|fH |āj̄) (39)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(40)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(41)
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0
;!) =

Z 1
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⇡ �2Exc[⇢]
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⇢(r)=⇢(r,t)

(42)
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0
) =
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SF-CC and SF-CI:

[
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ˆ̄H = e�T ĤeT (46)
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R̂�MS=�1
2 (48)

R̂�MS=�1,0,+1
1 (49)

R̂�MS=0
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R̂�MS=+1
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R̂2, R̂3, ... (52)



Spin contamination in SF-TDDFT

Spin adaptation in SF-TDDFT 

J. Chem. Phys. 122 (2005) 054111

• “Dressed” TDDFT

higher-rank 
excitations ✘ TDDFT

✓WFT

Adiabatic approximation

corrections to AA (frequency dependent XC kernel)

3

Linear response amplitudes for SF:

xāi : virtual-occupied (30)

yaī : occupied-virtual (31)

i 2 O(↵), ā 2 V (�) (32)

ī 2 O(�), a 2 V (↵) (33)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (34)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (35)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (36)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (37)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (38)

Biā,j̄b = �cHF (ib|fH |āj̄) (39)

Adiabatic approximation (AA):

vxc(r, t) =
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⇢(r)=⇢(r,t)
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0
) =
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SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (44)

| fi = R̂| 0i (45)

ˆ̄H = e�T ĤeT (46)

R̂�MS=�1
1 (47)

R̂�MS=�1
2 (48)

R̂�MS=�1,0,+1
1 (49)

R̂�MS=0
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R̂�MS=+1
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R̂2, R̂3, ... (52)



Spin contamination in SF-TDDFT

Spin adaptation in SF-TDDFT 

J. Chem. Phys. 133 (2010) 064106
J. Chem. Phys. 149 (2018) 104101

SA-TDHF à SA-TDDFT

J. Chem. Phys. 122 (2005) 054111

• “Dressed” TDDFT

higher-rank 
excitations ✘ TDDFT

✓WFT

Adiabatic approximation

corrections to AA (frequency dependent XC kernel)

• “Transfer rule”

2

Linear response amplitudes:

xai : virtual-occupied (21)

yai : occupied-virtual (22)

i 2 O, a 2 V (23)

@Fpq

@Pst

= (pq|fH |st) + (1� cHF )(pq|fxc|st)� cHF (ps|fH |qt) (24)

@Fia

@Pjb

= (ia|fH |jb) + (ia|fxc|jb) (25)

@Fia

@Pbj

= (ia|fH |bj) + (ia|fxc|bj) (26)

Fai = (27)

Transfer rule:

Fpq ! FKS

pq
(28)

(pq|sr)� (pr|sq) ! (pq|sr) + (pq|fxc|sr) (29)

3

Linear response amplitudes for SF:

xāi : virtual-occupied (30)

yaī : occupied-virtual (31)

i 2 O(↵), ā 2 V (�) (32)

ī 2 O(�), a 2 V (↵) (33)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (34)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (35)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (36)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (37)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (38)

Biā,j̄b = �cHF (ib|fH |āj̄) (39)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(40)
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�⇢(r, t)�⇢(r0, t0)
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⇢(r)=⇢(r,t)

(42)
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0
) =
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�⇢(r)�⇢(r0)
(43)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (44)

| fi = R̂| 0i (45)

ˆ̄H = e�T ĤeT (46)

R̂�MS=�1
1 (47)

R̂�MS=�1
2 (48)

R̂�MS=�1,0,+1
1 (49)
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R̂2, R̂3, ... (52)



Spin contamination in SF-TDDFT

Spin adaptation in SF-TDDFT 

J. Chem. Phys. 133 (2010) 064106
J. Chem. Phys. 149 (2018) 104101

SA-TDHF à SA-TDDFT

J. Chem. Phys. 122 (2005) 054111

• “Dressed” TDDFT

higher-rank 
excitations ✘ TDDFT

✓WFT

Adiabatic approximation

corrections to AA (frequency dependent XC kernel)

• “Transfer rule”

2

Linear response amplitudes:

xai : virtual-occupied (21)

yai : occupied-virtual (22)

i 2 O, a 2 V (23)

@Fpq

@Pst

= (pq|fH |st) + (1� cHF )(pq|fxc|st)� cHF (ps|fH |qt) (24)

@Fia

@Pjb

= (ia|fH |jb) + (ia|fxc|jb) (25)

@Fia

@Pbj

= (ia|fH |bj) + (ia|fxc|bj) (26)

Fai = (27)

Transfer rule:

Fpq ! FKS

pq
(28)

(pq|sr)� (pr|sq) ! (pq|sr) + (pq|fxc|sr) (29)

tensor/mixed reference generalized excitations

MS = 1 MS = -1

+

MS = 0
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Linear response amplitudes for SF:

xāi : virtual-occupied (30)

yaī : occupied-virtual (31)

i 2 O(↵), ā 2 V (�) (32)

ī 2 O(�), a 2 V (↵) (33)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄) + (iā|fxc|jb̄) (34)

Biā,j̄b = (iā|fH |bj̄) + (iā|fxc|bj̄) (35)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i) + (iā|fH |jb̄)� cHF (ij|fH |āb̄) + (1� cHF )(iā|fxc|jb̄) (36)

Biā,j̄b = (iā|fH |bj̄)� cHF (ib|fH |āj̄) + (1� cHF )(iā|fxc|bj̄) (37)

Aiā,jb̄ = �ij�āb̄(✏ā � ✏i)� cHF (ij|fH |āb̄) (38)

Biā,j̄b = �cHF (ib|fH |āj̄) (39)

Adiabatic approximation (AA):

vxc(r, t) =
�Axc[⇢, 0]

�⇢(r, t)
⇡ �Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(40)

vxc(r) =
�Exc[⇢]

�⇢(r)

����
⇢(r)=⇢(r,t)

(41)

fxc(r, r
0
;!) =

Z 1

�1
d(t� t0)ei!(t�t

0) �2Axc[⇢, 0]

�⇢(r, t)�⇢(r0, t0)
⇡ �2Exc[⇢]

�⇢(r)�⇢(r0)

����
⇢(r)=⇢(r,t)

(42)

fxc(r, r
0
) =

�2Exc[⇢]

�⇢(r)�⇢(r0)
(43)

SF-CC and SF-CI:

[
ˆ̄H, R̂]| 0i = !R̂| 0i (44)

| fi = R̂| 0i (45)

ˆ̄H = e�T ĤeT (46)

R̂�MS=�1
1 (47)

R̂�MS=�1
2 (48)

R̂�MS=�1,0,+1
1 (49)

R̂�MS=0
1 (50)

R̂�MS=+1
1 (51)
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i 2 O(↵), ā 2 V (�) (32)
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Biā,j̄b = �cHF (ib|fH |āj̄) (39)
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R̂�MS=0
1 (50)

R̂�MS=+1
1 (51)

R̂2, R̂3, ... (52)



Wrapping up

• SF-TDDFT near degeneracies and double excitations within DFT

• Ground and excited state method

• Collinear kernel requires exact exchange (%50) 

• Noncollinear kernel naturally couples SF excitations

• Computational cost scales as TDDFT

• Spin contamination: reference and target states 

• Limited to low-lying states


