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Task: Solve the Schrodinger Equation

HY = E¥
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e [ull solution » Nobel prize
e Find reasonable approximations!



Previous Talks:
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Born-Oppenheimer: Electrons move (much) faster
¥ ({R},{r,0}) = @y {R}) - ¥eree ({rs0})

Electronic problem:
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Outline

Solving the electronic structure problem

e Self-consistent field method (SCF)
e Density mixing and preconditioner
e Broadening of states

Nuclear structure optimization

e Forcesin DFT
e Local Structure Optimization
e Vibrations in harmonic approximation

Vibrational Analysis in Harmonic Approximation



DFT in a nutshell

Hohenberg-Kohn [1]: Ground state properties of matter determined by
density

v, (ri,re,...,738) <= n(z,vy, 2)
e Reduce degrees of freedom by a factor N (N can be ~10%°)

e Gives total energy, dipole moments, forces (more on this later), ...

Kohn-Sham [2]. Map electron density on effective one-particle orbitals

n(r) = Y, £:pS[

Remark: Kohn-Sham orbitals ¢£(S are not the electrons!

[1] P. Hohenberg, W. Kohn, Phys Rev. (1964), B864
[2] W. Kohn, L.J. Sham, Phys. Rev. (1965), A1133



Kohn-Sham DFT

KS equation:
") .3
(—3V2 + [ 2™ + V| + Ve |9 = 0l
Vvext ({R}) defines the problem
Problem
’ (-%Vz + Ve [{wﬁ“’ }]) o =€ty
Approach

s ® Solve self-consistently



Kohn-Sham DFT

KS equation:
1 2 n(r') 3 KS  ,KS
(_Ev +f |,,._r/|d 7+ Vel Vex ¢z - €i¢i
~ €—¢€
V hard! ~
more on Xc functionals in the talks to come
Problem
1«9 KS KS KS KS
° (_Ev +V {'%bz } ¢z —€¢i
Approach

7 e Solve self-consistently



SCF Cycle

Initial guess ngp

[

v

Calculate potential V[n]

T

Update density nj,;

» Construct KS Hamiltonian

SCF Cycle

Obtain new eigenvalues,

eigenvectors and density

Finished




When is the Calculation converged or finished?

Answer: When the density and properties of interested do not change
Main Convergence Parameter: Change of density An(r)

e Good density =+ good properties
e in FHIaims: sc_accuracy_rho



When is t 1ed?

SCF convergence, Si diamond, 8 atoms

—e— drho
-+*- forces

Answer: Whe

Main Convert

e Goodde

e in FHIlainr
10—10_ N

| 1 I
0 -1 -2 -3 -4 -5 -6 -7 -8
log (sc_accuracy rho)



When is the Calculation converged or finished?

Answer: When the density and properties of interested do not change
Main Convergence Parameter: Change of density An(r)

e Good density =+ good properties
e in FHIaims: sc_accuracy_rho

Very loose Convergence threshold Very strict
| p
% % % 4 4%
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What are safe convergence settings?

Answer: It depends.

e Implementation: Different codes use different convergence criteria

e Best case: default values are good enough!
o E.g.in FHI-aims
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SCF Cycle

Initial guess ny

[

v

Calculate potential V[n]

A

/ \

< Update density nj,;

SCF Cycle

>

Construct KS Hamiltonian

Obtain new eigenvalues,
eigenvectors and density

Finished
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Density Update -- Nalve Mixing

Simple approach:

e Compute new density from Kohn-Sham orbitals
e replace old density by new density

nj+1 — ’I’Lj -+ Anj

Numerically not stable

e Best case: oscillating, non-converging results
e Worst case: wrong solution that appears converged



Density Update -- Linear Mixing

Next simple approach:

e Compute new density from Kohn-Sham orbitals
e add fraction of new density to old density

nNji+1 = N, + OKATL]'

e Guaranteed convergence

e No clear recipe how to choose ideal ¢
5 o possible: slow convergence



Density Update -- Pulay Mixing [1]

Standard approach:

e Compute new density from Kohn-Sham orbitals

e predict new residual An; from history of residuals
N-1

Anj(r) = > BjAn;(r)
j=N-M

e determine 3 from least-squares fit
Best choice in most cases

e Convergence not guaranteed, but
e Usually much faster than linear mixing!
s ® |Ifitdidn’t work — linear mixing [1] P. Pulay, Chem. Phys. Lett. 73, 393 (1980).



Special Problem: Metallic Systems Al w @
Problem: Fermi function fis a step function at T=0K @ Q‘s {‘}

http://www.phys.ufl.edu/fermisurface/periodic_table.html

> numerically unstable to evaluate, especially for metals

n=%,f(Er—a)[bil* = [dk® f(Bp —e(k) [$(k)]

1.00 —— Step

0.75+
f
0.50

0.254

0.00



http://www.phys.ufl.edu/fermisurface/periodic_table.html
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Special Problem: Metallic Systems & @
Problem: Fermi function fis a step function at T=0K @ Q‘s U

http://www.phys.ufl.edu/fermisurface/periodic_table.html

> numerically unstable to evaluate, especially for metals

Gaussian smearing: fle,0) = %erfc (5)

— Step

1.00
—— (Gauss
0.75-
f
0.50-
0.25- \

0.00

C.-L. Fu, K.-H. Ho, Phys. Rev. B 28 , 5480 (1983)


http://www.phys.ufl.edu/fermisurface/periodic_table.html
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Special Problem: Metallic Systems & @
Problem: Fermi function fis a step function at T=0K @ Q‘s U

http://www.phys.ufl.edu/fermisurface/periodic_table.html

> numerically unstable to evaluate, especially for metals

N 2
Methfessel-Paxton:  f(e,0)|y = 1 erfc (¢/0) + Y AnHon-1(€/ a)e—(e/o)

n=1
—— Methfessel-Paxton N=4
0.75-
f
0.50-
0.254
0.00 D
| 1 T T T
€-Er

M. Methfessel, A. Paxton, Phys. Rev. B 40, 3616 (1989).



http://www.phys.ufl.edu/fermisurface/periodic_table.html
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Special Problem: Metallic Systems

Problem: Fermi function fis a step function at T=0K

Cu

Ag

ce

http://www.phys.ufl.edu/fermisurface/periodic_table.html

> numerically unstable to evaluate, especially for metals

e/o
Sy _ 1 3 _ 2 _ 3z 4 3) -2
Cold smearing: f(e,0) = ﬁ—{o (az® —2® — S +35)e " da
1.00 — — Step
—— Cold smearing
0.75-
f
0.50-
0.254
0.00
| 1 I I 1
-4 -2 0 2 4

Nicola Marzari, PhD Thesis, Chp. 4.4


http://www.phys.ufl.edu/fermisurface/periodic_table.html
http://theossrv1.epfl.ch/Main/Theses?action=download&upname=Marzari_thesis_1996.pdf

Special |

Problem: Fe
>  numeri

Cold smear

21
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005! £ Cold smearing
g [ —/_ —————— ]
& 0000 | === ]
N i Corrected energy ]
<5} L 4
~0.005 |
Free energy
—-0.010 : . . - . : . y :
0.00 0.10 0.20 0.30 0.40 0.50

Broadening (eV)

Figure 4.8: Comparison between the cold smearing and the corrected energy,

in the model case of a-tin with 12 electrons, as discussed in the text.

Artificial Broadening needs to be corrected!

cle

wufl.edu/fermisurface/periodic _table.html

ID Thesis, Chp. 4.4



http://www.phys.ufl.edu/fermisurface/periodic_table.html
http://theossrv1.epfl.ch/Main/Theses?action=download&upname=Marzari_thesis_1996.pdf
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Basissets

Basisset: Complete set of functions to represent KS states

K
;- (r) = Lim > crgr(r)
— 00 k=1

Problem

e Complete basissets are typically of infinite size (K= )

Solution

e Find good enough approximation K < o
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Basissets | Popular Choices

Plane Waves

¢r(r) o< exp(ik - 7)

e K corresponds to max. wave number, i.e., highest energy E,
e used in: VASP, QuantumESPRESSO, many others
e = Nicola Marzari after the coffee break

Gaussian type orbitals

¢k‘Elmn;a (’I") X 33lymzn eXp(_a’rz)
more cutoff parameter, need to choose a

real space grid

Pro: analytic integrals

used in: Gaussian, Orca, FHI-aims, ...

= hK

max



Basissets

Numeric atom-centered functions (used in FHI-aims, dicussed by Volker)

¢kzz’lm (’I") X uzir) Yim (907 79)

Discretize real space grid

Truncated multipole expansion (I, m)

Pro: Fewer basis functions needed, linear scaling
used in: FHI-aims, SIESTA, DFTB+, ...

Defaults available:

light. Get to know a system, geometry optimization, molecular dynamics, ...
intermediate: tighter grids, geometries should be converged
tight. Converged geometries and energies

@)
O
O
o really_tight. Overcomplete Benchmark basisset
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Basissets

Si, fcc diamond light
Teut [Al 5
# Integration points 11,208
Multipole [ ,,.x 4
Max. # basis functions 36
Error [meV per atom] 28.1
Time per scf step [*s] 0.4

*on my laptop, 4 cores, LDA, 10x10x10 k-points

intermediate
6

35,840

68
11.6

3.4

tight
6

35,840

78
0.6

4.7

really_tight
6

56,860

/8
0.0

9.8
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Summary

Ground state electron density determined iteratively
Density Update by

e Linear Mixing
e Pulay Mixing

Convergence acceleration by

e Preconditioner (not discussed)
e Broadening of states

Basis sets
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SCF Cycle

Initial guess ny

<«

Density and energy are converged, what else can we do?
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Structure Search

Born-Oppenheimer energy surface or Potential Energy Surface (PES):

Ego [n], n (Vo ({R})) = Ego ({R})

Typically there exists one or several minima

e System in thermal equilibrium: Ensemble average over all minima
e Often dominated by one global minimum, but depends

Global structure search — S. Woodley (Thu.)

Now: Local structure search!
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Structur

Born-Oppe
Egq [n],

Typically th

e Systen
e Often(

Global stru

Now: Loca

from: M.

~7.84
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X
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o
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~7.90 \ HEXAGONAL
DIAMOND
- 2
- DIAMOND )
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- Volume
T. Yin and Marvin L. Cohen, Phys. Rev. B 26, 5668 (1982)

OES):

nima
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Structure Search

Born-Oppenheimer energy surface or Potential El

Ego [n], n (V;xt ({R})) — Epo ({R})

Typically there exists one or several minima

e System in thermal equilibrium: Ensemble average over all minima
e Often dominated by one global minimum, but depends

Global structure search — S. Woodley (Thu.)

Now: Local structure search!
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Local Structure Search

Close enough to @ minimum

e map out PES (expensive)
e follow the gradient a.k.a force
OF
F=—3z
e Finite differences (3N calculations!)
JE . AE
SR = AR

Energy

lllllllllllllllll

'''''''''''''''''

e Hellmann-Feynman Theorem:

d d
E —
dR; BO
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Local Structure Search

Close enough to @ minimum

e map out PES (expensive)
e follow the gradient a.k.a force

_ _S0E
B = SR

e Finite differences (3N calculations!)
OE . AE
IR AR

e Hellmann-Feynman Theorem:

—FE,, [dr® n(r)

Y
a4

Energy

lllllllllllllllll

62 Z] (RI —’l’)

dR]

|RJ -r

|3




Hellmann-Feynman Theorem - Remarks

Is it this easy?

In principle yes, but:

e More complicated in periodic case
o nuclear terms can only be summed up together with electronic terms
e Additional terms in atom centered basis sets
o Pulay terms PPy — 2%~ < 53{
m because the basis sets move with the atoms
o Multipole Expansion
m corrects error arising from truncation of multipole expansion of V
o Relativistic corrections
o Integration grids

A

bio )

Hartree

33 = Chp. 4.7 in V. Blum et al., Computer Physics Communications 180 (2009), 2715
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Geometry Optimization - Steepest Descent

Follow negative gradient to find minimum

R*! = R" — aF (R")

Variable step length a

Convergence guaranteed, but can be slow

Oscillates near minimum

1.70
1.65
1.60

“Numerical Optimization”, J. Nocedal and S.J. Wright, Springer 1999
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Geometry Optimization - Newton

Local parabolic model for PES

E(AR) ~ E (Ry, AR?
Step towards minimum: - &E
F — 5_E SR?
AR — H_lF OR 1.70 3
Newton: Compute H 21?2 g
81_45
» expensive in DFT, dimH = 3N x 3N e

S 3 =
0 105 110 115 120 125 130 135

acco (0)

“Numerical Optimization”, J. Nocedal and S.J. Wright, Springer 1999
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Geometry Optimization - Quasi-Newton

Local parabolic model for PES

E(AR) ~ E (Ry;, ) +

Step towards minimum:

AR=H'F

Quasi-Newton: Approximate H

BFGS: Update initial guess every step

~  HAR(HAR)"

AFAFT

H+H- —=
ARTHAR

AFTAR acco (°)

“Numerical Optimization”, J. Nocedal and S.J. Wright, Springer 1999
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Geometry Optimization - Quasi-Newton

Initial guess for approximate hessian

e Naive choice: Scaled unit matrix H = Bi
e Chemically motivated choice, e.g., Lindh [1]
e Periodic systems [2]

o Lattice defines coordinate system

o Generalized force on lattice: Stress O
o Non-orthogonal lattice: affects optimal choice for initial guess of hessian

More on periodic systems:
Lecture by S. Levchenko tomorrow 9am

[1 R. Lindh et al., Chem. Phys. Lett. 241, 423 (1995).
[2] B. Pfrommer et al., Journal of Comp. Physics 131, 223 (1997)
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Geometry Optimization - Quasi-Newton

Initial g
e N3
e Ch
e Pe
@)
@)
@)
More ol
Lecture

103
102

|F|
[meV/A] 101
10°
101

Relaxation of Si (fcc diamond)
T
.\\ /"\
—,——-0—— A
‘\\ o \‘~~.
\‘ \\
\ \
\ \
\\ ‘
* %
\ \
-®- trm 2012 \ » .
\ Ssian
-0~ trm 1
&
| | | | | |
0 2 4 6 8 10 12
# of relaxation steps

[1 R. Lindh et al., Chem. Phys. Lett. 241, 423 (1995).
[2] B. Pfrommer et al., Journal of Comp. Physics 131, 223 (1997)
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Geometry Optimization - Remarks

More tricks

e Trust radius method: estimate validity of parabolic model and enforce
upper limit on step length AR

More approaches

e Bayesian optimization
o local model of PES based on Gaussian functions (smooth, differentiable)

e Damped Molecular Dynamics
o e.g. FIRE[1]

=+ many implemented, documented, and readily available in Atomistic Simulation Environment

[1] Bitzek et al., Phys. Rev. Lett. 97, 170201 (2006)
“Numerical Optimization”, J. Nocedal and S.J. Wright, Springer 1999



https://wiki.fysik.dtu.dk/ase/ase/optimize.html
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Vibrations in the Harmonic Approximation

Vibrations make Thermodynamics.

hw]'(l/—F%
Free energy Zuy =1 20, exp| =7

Heat capacity, heat transport
(Structural) Phase transitions
Reaction pathways

many more

F(T) =k Tl Z =Y, (’“"T + kBTln[

2 rnha
Cy = —T(a Fmg’v) )v
Connection to experiment

)

)

l_ekBT

)

e Infrared intensities: derivative of dipole moment
e Raman intensities: derivative of polarizability



Harmonic Approximation

Taylor expansion of PES about equilibrium configuration is parabolic to first
approximation:

E(AR) = E(R,) + %A’ﬁJr 1LBAR? + O(AR?) @@

Dissociation Energ

L——T1

Example: Morse potential

V(R) =D, (1-e ")

Energy

Second derivative: exercise!
We will meet it later today..

Te
Internuclear Separation (r)

en.wikipedia.org/wiki/Morse_potential



Harmonic Approximation (classical)

_ E

S can be used to compute forces from displacements:

F=_HR- Ry

Hessian H =

Solve Newton’s equation of motion analytically
F=MR

Exponential ansatz

AR(t) = we'™

—> Hu = w?*Mu

22 = Eigenvalue problem, obtain spectrum W;g, just like harmonic oscillator.



Harmonic Thermodynamics (quantum)

hw; v+
ZVib — Hj Zy exXp ( ]SBT 2) )

~iw,
l—ekBT])

Partition sum

Free energy

F(T) = kyTlnZ =Y, (’i"’T 4k, Tln

Heat capacity (exercise)

o FFR(TY)
Cv = T( oT” )V

3 More: Sergey Levchenko (Thu.) and Chris Carbogno (Tue. next week)
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Summary B—

|

Self-consistent solution of fundamental DFT equation | serore

‘Construcl KS Hamiltonian

Obtain new eigenvalues,

Converged?

Gradients in DFT: Hellmann-Feynman Theorem
d 3 € Z] RI—’I‘ 622JZK(RI—RJ)
— = [dr° n(r

Geometry optimization: how to find the (structural) minimum

Harmonic approximation: first attempt at vibrational analysis

Energy

rc
Internuclear Separation (r)
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Outlook

Stay tuned for Tutorial 6: Phonons with FHI-vibes

FHI-vibes &
Project ID: 8260678

i3 ISC License -0- 1,760 Commits ¥ 9Branches ¢ 3Tags [3 25.6 MB Files

FHI vibrational simulations.

B code style black pipeline | passed license ISC

python {;"}’]-l-

Thank you very much!



