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What we will learn today

Basic principles of electron spectroscopy

The Green’s function and the self-energy

The GW approximation to the self-energy

Pros and cons of density-functional theory 
for electron spectroscopies
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Photoemission Green’s function theory (GW)



Spectroscopies
Band structures: photo-electron spectroscopy
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Photo-electron energies

-
-

-
-

vacuum level 

Photoemission

ψs(r) = ⟨N − 1, s|ψ̂(r)|N⟩

Ekin

hν

HeffΨe−h
n = Ee−h

n Ψe−h
n

︸ ︷︷ ︸

HeffΨe−h
n = Ee−h

n Ψe−h
n

Heff
hh′ee′ = (ϵe − ϵh)δhh′δee′ + ⟨he|v̄|h′e′⟩

︸ ︷︷ ︸
− ⟨hh′|W |ee′⟩
︸ ︷︷ ︸

HeffAλ = EλAλ

Heff
vv′cc′ = (ϵc − ϵv)δvv′δcc′ + ⟨vc|v̄|v′c′⟩ − ⟨vc|W |v′c′⟩

∆ (1)

Exc(α) = α(EHF
x − EPBE

x ) + EPBE
c

EHF
x = −

1

2

occ
∑

ij

∫∫

dr dr′φ∗i (r)φj(r)v(r − r′)φ∗j (r
′)φi(r

′)

ELDA
xc [n] =

∫

drn(r)ϵHEG
xc (n)

∣
∣
n=n(r)

(ϵHEG
xc parameterized for homogeneous electron gas (HEG)) Self-interaction

for i = j if δi ̸= 0:

δi =
1

2

∫∫

dr dr′|φi(r)|
2v(r− r′)|φi(r

′)|2 + ELDA
xc [|φi(r)|

2]

• total energy: Etot[n] = T + Eext[n] + EH [n] + Exc[n]

• Hartree energy: interaction of electron with itself!

EH =
1

2

occ
∑

ij

∫∫

dr dr′φ∗i (r)φi(r)v(r − r′)φ∗j (r
′)φj(r

′)

1

ϵs = E(N)− E(N − 1, s)

ψs(r) = ⟨N − 1, s|ψ̂(r)|N⟩

Ekin

hν

HeffΨe−h
n = Ee−h

n Ψe−h
n

︸ ︷︷ ︸

HeffΨe−h
n = Ee−h

n Ψe−h
n

Heff
hh′ee′ = (ϵe − ϵh)δhh′δee′ + ⟨he|v̄|h′e′⟩

︸ ︷︷ ︸
− ⟨hh′|W |ee′⟩
︸ ︷︷ ︸

HeffAλ = EλAλ

Heff
vv′cc′ = (ϵc − ϵv)δvv′δcc′ + ⟨vc|v̄|v′c′⟩ − ⟨vc|W |v′c′⟩

∆ (1)

Exc(α) = α(EHF
x − EPBE

x ) + EPBE
c

EHF
x = −

1

2

occ
∑

ij

∫∫

dr dr′φ∗i (r)φj(r)v(r − r′)φ∗j (r
′)φi(r

′)

ELDA
xc [n] =

∫

drn(r)ϵHEG
xc (n)

∣
∣
n=n(r)

(ϵHEG
xc parameterized for homogeneous electron gas (HEG)) Self-interaction

for i = j if δi ̸= 0:

δi =
1

2

∫∫

dr dr′|φi(r)|
2v(r− r′)|φi(r

′)|2 + ELDA
xc [|φi(r)|

2]

• total energy: Etot[n] = T + Eext[n] + EH [n] + Exc[n]

• Hartree energy: interaction of electron with itself!

EH =
1

2

occ
∑

ij

∫∫

dr dr′φ∗i (r)φi(r)v(r − r′)φ∗j (r
′)φj(r

′)

1

• electron removal

• removal energy

N electrons

ground state

ground state 
total energy
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• electron removal

• removal energy

annihilation 
operator

hν

HeffΨe−h
n = Ee−h

n Ψe−h
n
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HeffΨe−h
n = Ee−h

n Ψe−h
n

Heff
hh′ee′ = (ϵe − ϵh)δhh′δee′ + ⟨he|v̄|h′e′⟩

︸ ︷︷ ︸
− ⟨hh′|W |ee′⟩
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EHF
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EH =
1

2

occ
∑

ij

∫∫

dr dr′φ∗i (r)φi(r)v(r − r′)φ∗j (r
′)φj(r

′)

ERPA
c =

1

2π

∫ ∞

0
dωTr

[

ln(1 − χ0(iω)v) + χ0(iω)v
]

ERPA
c = −

1

2π

∫∫

drdr′v(r, r′)×

∫ ∞

0
dω

[∫ 1

0
dλχλ

RPA(r, r
′, iω)− χ0(r, r

′, iω)

]

=
1

2π

∫ ∞

0
dωTr

[

ln(1− χ0(iω)v) + χ0(iω)v
]

.
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Single-particle Green’s function
• Lehmann representation of G
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• single particle-like spectral function:
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The screened Coulomb interaction

∆Emol (1)

∆φ (2)

−
1

4z
(3)

−
(ε− 1)

4(ε+ 1)

1

z
(4)

ε (5)

W (r, r′, t) =

∫

dr′′
ε−1(r, r′′, t)

|r′′ − r′|
(6)

E = E[n] (7)

E[n] = T + Eext + EH + Exc (8)

E[n] = −
∇2

2
+

1

2

∫

dr n(r)vH(r) +

∫

dr n(r)vext(r) + Exc[n] (9)

Exc = α
(

EHF
x − EPBE

x

)

+ EPBE
c (10)

EHF
x (11)

In analogy to Hartree theory Kohn and Sham divided the total energy into
known contributions such as the kinetic energy of the non-interacting particles
Ts, the Hartree energy

EH [n] =
1

2

∫

dr n(r)vH(r) =
1

2

occ
∑

ij

∫∫

dr dr′
φ∗
i (r)φi(r)φ∗

j (r
′)φj(r′)

|r− r′|
, (12)

the external energy

Eext[n] =

∫

dr n(r)vext(r) , (13)

and an unknown remainder. This last term includes all electron-electron inter-
actions beyond the Hartree mean-field and is defined as the exchange-correlation
energy

Exc[n] = Etot[n]− Ts[n]− Eext[n]− EH [n] . (14)

Performing the variation with respect to the density then yields the effective
potential

veff [n](r) = vext(r) + vH [n](r) + vxc[n](r) , (15)
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GW approximation - screened electrons

Etot = (15)

Ex[n]
LDA =

3

4

✓
3

⇡

◆1/3Z
dr n (r)4/3 (16)

Ec[n]
LDA = parameterised with quantum Monte Carlo (17)

Exc[n] =

Z
dr n(r)✏HEG

xc ([n], r) (18)

�(T, p) =
1

A

 
G(T, p, {Ni})�

X

i

Niµi(T, p)

!
(19)

G(T, V, {Ni}) = EDFT(T = 0, V, {Ni}) + F vib(T, V, {Ni}) + pV (20)

µi(T, pi) = Ei + µi(T, p
0) + kBT ln

✓
pi
p0

◆
(21)

IP = E(N � 1)� E(N) (22)

EA = E(N)� E(N + 1) (23)

✏s = E(N � 1, s)� E(N) (24)

⌃ = iGW (25)

2

self-energy: 
• energy that the quasiparticle feels due to its own presence
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i
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Dyson equation: 

G−1 = G−1
0 − Σ (1)

Im εM (ω) =
8π2

V

∑

n

∣
∣
∣
∣
∣

occ
∑

v

unocc
∑

c

An
vc
⟨v|p|c⟩

ϵc − ϵv

∣
∣
∣
∣
∣

2

δ(ω − En)

Im εM (ω) =
8π2

V

∑

λ

∣
∣
∣
∣
∣

occ
∑

v

unocc
∑

c

Aλ
vc
⟨v|p|c⟩

ϵc − ϵv

∣
∣
∣
∣
∣

2

δ(ω − Eλ)

• GW approximation for Σ

• approximate
δΣ

δG
≈ iW

• take W to be static

G(1, 2)

G(1, 2, 1′, 2′) (or S(1, 2, 1′, 2′))

• Dielectric constant:

Im εM (ω) = lim
q→0

1

ε−1
G=0,G′=0(q,ω)

• Dielectric function:

ε−1(r, r′,ω) = δ(r− r′)−

∫

dr′′v(r− r′′)χ(r′′, r′,ω)

• Response function (in TDDFT):

χ̂ = χ̂0 + χ̂0

[

v̂ + f̂xc

]

χ̂

• Response function (in RPA):

Im εM (ω) =
16π

ω2

occ
∑

v

unocc
∑

c

|⟨ψv|v|ψc⟩|
2
δ(ϵc − ϵv − ω)

v : velocity operator

• Band gap: Egap = I −A = E(N + 1)− 2E(N) + E(N − 1)

• For solids E(N + 1) and E(N − 1) cannot be reliable computed

1

non-interacting Green’s function



Exact solution - Hedin’s equations

notation: 1 = (r1,σ1, t1)

P (1, 2) = −i

∫

G(2, 3)G(4, 2+)Γ(3, 4, 1)d(3, 4)

W (1, 2) = v(1, 2) +

∫

v(1, 3)P (3, 4)W (4, 2)d(3, 4)

Σ(1, 2) = i

∫

G(1, 4)W (1+, 3)Γ(4, 2, 3)d(3, 4)

Γ(1, 2, 3) = δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ(6, 7, 3)d(4, 5, 6, 7)

ΣGW (r, r′,ω) = −
i

2π

∫

dωeiωηG(r, r′,ω + ω′)W (r, r′,ω′)

G0(r, r
′; ϵ) = lim

η→0+

∑

i

ψi(r)ψ∗
i (r

′)

ϵ− (ϵi + iη sgn(Ef − ϵi))

Ak(ϵ) = ImGk(ϵ) ≈
Zk

ϵ− (ϵk + iΓk)

ϵ

A(ϵ)

A(ϵ) = −
1

π

∫

dr lim
r′→r

ImG(r, r′; ϵ)

G(r, r′; ϵ) = lim
η→0+

∑

s

ψs(r)ψ∗
s (r

′)

ϵ− (ϵs + iη sgn(Ef − ϵs))

ϵs = E(N + 1, s)− E(N)

ψs(r) = ⟨N |ψ̂(r)|N + 1, s⟩

ϵf

ϵs

ϵs = E(N)− E(N − 1, s)

ψs(r) = ⟨N − 1, s|ψ̂(r)|N⟩
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Exact; therefore not tractable! 
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Do not despair! We will make an approximation!
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Do not despair! Hedin’s GW approximation!
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Step 4: • Dielectric function: 
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Step 4: • Dielectric function: 

Step 5: • Screened Coulomb interaction:
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dr′′ε−1(r, r′′; ϵ)v(r′′ − r′)

Σ(r, r′; ϵ) =
i

2π

∫

dϵ′eiϵ
′δG0(r, r

′; ϵ+ ϵ′)W0(r, r
′; ϵ′)

ε(r, r′, ϵ) = δ(r− r′)−

∫

dr′′v(r − r′′)χ0(r
′′, r′; ϵ)

χ0(r, r
′; ϵ) = −

i

2π

∫

dϵ′G0(r, r
′; ϵ′ − ϵ)G0(r

′, r; ϵ′)

G0(r, r
′; ϵ) = lim

η→0+

∑

s

φKS
s (r)φKS∗

s (r′)

ϵ− (ϵKS
s + iη sgn(Ef − ϵKS

s ))

ϵKS
s and φKS

s (r)
notation: 1 = (r1,σ1, t1)

P (1, 2) = −i

∫

G(2, 3)G(4, 2+)Γ(3, 4, 1)d(3, 4)

W (1, 2) = v(1, 2) +

∫

v(1, 3)P (3, 4)W (4, 2)d(3, 4)

Σ(1, 2) = i

∫

G(1, 4)W (1+, 3)Γ(4, 2, 3)d(3, 4)

Γ(1, 2, 3) = δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ(6, 7, 3)d(4, 5, 6, 7)

ΣGW (r, r′,ω) = −
i

2π

∫

dωeiωηG(r, r′,ω + ω′)W (r, r′,ω′)

G0(r, r
′; ϵ) = lim

η→0+

∑

i

ψi(r)ψ∗
i (r

′)

ϵ− (ϵi + iη sgn(Ef − ϵi))

Ak(ϵ) = ImGk(ϵ) ≈
Zk

ϵ− (ϵk + iΓk)

ϵ

1

Step 7b:

• Solve quasiparticle equation:

• Perturbation theory: ψs(r) = φKS
s (r)

ĥ0(r)ψs(r) +

∫

dr′Σ(r, r′; ϵqps )ψs(r
′) = ϵqps ψs(r)

ΣGW (r, r′,ω) = −
i

2π

∫

dωeiωηG0(r, r
′,ω + ω′)W0(r, r

′,ω′)

G0(r, r
′; ϵ) = lim

η→0+

∑

i

ψi(r)ψ∗
i (r

′)

ϵ− (ϵi + iη sgn(Ef − ϵi))

W0(r, r
′, ϵ) =

∫

dr′′ε−1(r, r′′; ϵ)v(r′′ − r′)

Σ(r, r′; ϵ) =
i

2π

∫

dϵ′eiϵ
′δG0(r, r

′; ϵ+ ϵ′)W0(r, r
′; ϵ′)

ε(r, r′, ϵ) = δ(r− r′)−

∫

dr′′v(r − r′′)χ0(r
′′, r′; ϵ)

χ0(r, r
′; ϵ) = −

i

2π

∫

dϵ′G0(r, r
′; ϵ′ − ϵ)G0(r

′, r; ϵ′)

G0(r, r
′; ϵ) = lim

η→0+

∑

s

φKS
s (r)φKS∗

s (r′)

ϵ− (ϵKS
s + iη sgn(Ef − ϵKS

s ))

ϵKS
s and φKS

s (r)
notation: 1 = (r1,σ1, t1)

P (1, 2) = −i

∫

G(2, 3)G(4, 2+)Γ(3, 4, 1)d(3, 4)

W (1, 2) = v(1, 2) +

∫

v(1, 3)P (3, 4)W (4, 2)d(3, 4)

Σ(1, 2) = i

∫

G(1, 4)W (1+, 3)Γ(4, 2, 3)d(3, 4)

Γ(1, 2, 3) = δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ(6, 7, 3)d(4, 5, 6, 7)

ΣGW (r, r′,ω) = −
i

2π

∫

dωeiωηG(r, r′,ω + ω′)W (r, r′,ω′)

G0(r, r
′; ϵ) = lim

η→0+

∑

i

ψi(r)ψ∗
i (r

′)

ϵ− (ϵi + iη sgn(Ef − ϵi))

Ak(ϵ) = ImGk(ϵ) ≈
Zk

ϵ− (ϵk + iΓk)

ϵ

1

ϵqps = ϵKS
s + ⟨s|Σ(ϵqps )|s⟩ − ⟨s|vxc|s⟩

ψs(r) = φKS
s (r)

ĥ0(r)ψs(r) +

∫

dr′Σ(r, r′; ϵqps )ψs(r
′) = ϵqps ψs(r)

ΣGW (r, r′,ω) = −
i

2π

∫

dωeiωηG0(r, r
′,ω + ω′)W0(r, r

′,ω′)

G0(r, r
′; ϵ) = lim

η→0+

∑

i

ψi(r)ψ∗
i (r

′)

ϵ− (ϵi + iη sgn(Ef − ϵi))

W0(r, r
′, ϵ) =

∫

dr′′ε−1(r, r′′; ϵ)v(r′′ − r′)

Σ(r, r′; ϵ) =
i

2π

∫

dϵ′eiϵ
′δG0(r, r

′; ϵ+ ϵ′)W0(r, r
′; ϵ′)

ε(r, r′, ϵ) = δ(r− r′)−

∫

dr′′v(r − r′′)χ0(r
′′, r′; ϵ)

χ0(r, r
′; ϵ) = −

i

2π

∫

dϵ′G0(r, r
′; ϵ′ − ϵ)G0(r

′, r; ϵ′)

G0(r, r
′; ϵ) = lim

η→0+

∑

s

φKS
s (r)φKS∗

s (r′)

ϵ− (ϵKS
s + iη sgn(Ef − ϵKS

s ))

ϵKS
s and φKS

s (r)
notation: 1 = (r1,σ1, t1)

P (1, 2) = −i

∫

G(2, 3)G(4, 2+)Γ(3, 4, 1)d(3, 4)

W (1, 2) = v(1, 2) +

∫

v(1, 3)P (3, 4)W (4, 2)d(3, 4)

Σ(1, 2) = i

∫

G(1, 4)W (1+, 3)Γ(4, 2, 3)d(3, 4)

Γ(1, 2, 3) = δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ(6, 7, 3)d(4, 5, 6, 7)

ΣGW (r, r′,ω) = −
i

2π

∫

dωeiωηG(r, r′,ω + ω′)W (r, r′,ω′)

G0(r, r
′; ϵ) = lim

η→0+

∑

i

ψi(r)ψ∗
i (r

′)

ϵ− (ϵi + iη sgn(Ef − ϵi))

1

GW formal scaling ~ system size4



Let’s get (a little bit) more real



GW approximation - screened electrons

Etot = (15)

Ex[n]
LDA =

3

4

✓
3

⇡

◆1/3Z
dr n (r)4/3 (16)

Ec[n]
LDA = parameterised with quantum Monte Carlo (17)

Exc[n] =

Z
dr n(r)✏HEG

xc ([n], r) (18)

�(T, p) =
1

A

 
G(T, p, {Ni})�

X

i

Niµi(T, p)

!
(19)

G(T, V, {Ni}) = EDFT(T = 0, V, {Ni}) + F vib(T, V, {Ni}) + pV (20)

µi(T, pi) = Ei + µi(T, p
0) + kBT ln

✓
pi
p0

◆
(21)

IP = E(N � 1)� E(N) (22)

EA = E(N)� E(N + 1) (23)

✏s = E(N � 1, s)� E(N) (24)

⌃ = iGW (25)

2

self-energy: Σ = Σx + Σc

Σx = iGv

Σc = iG(W − v)

ϵqps = ϵKS
s + ⟨s|Σ(ϵqps )|s⟩ − ⟨s|vxc|s⟩

ψs(r) = φKS
s (r)

ĥ0(r)ψs(r) +

∫

dr′Σ(r, r′; ϵqps )ψs(r
′) = ϵqps ψs(r)

ΣGW (r, r′,ω) = −
i

2π

∫

dωeiωηG0(r, r
′,ω + ω′)W0(r, r

′,ω′)

G0(r, r
′; ϵ) = lim

η→0+

∑

i

ψi(r)ψ∗
i (r

′)

ϵ− (ϵi + iη sgn(Ef − ϵi))

W0(r, r
′, ϵ) =

∫

dr′′ε−1(r, r′′; ϵ)v(r′′ − r′)

Σ(r, r′; ϵ) =
i

2π

∫

dϵ′eiϵ
′δG0(r, r

′; ϵ+ ϵ′)W0(r, r
′; ϵ′)

ε(r, r′, ϵ) = δ(r− r′)−

∫

dr′′v(r − r′′)χ0(r
′′, r′; ϵ)

χ0(r, r
′; ϵ) = −

i

2π

∫

dϵ′G0(r, r
′; ϵ′ − ϵ)G0(r

′, r; ϵ′)

G0(r, r
′; ϵ) = lim

η→0+

∑

s

φKS
s (r)φKS∗

s (r′)

ϵ− (ϵKS
s + iη sgn(Ef − ϵKS

s ))

ϵKS
s and φKS

s (r)
notation: 1 = (r1,σ1, t1)

P (1, 2) = −i

∫

G(2, 3)G(4, 2+)Γ(3, 4, 1)d(3, 4)

W (1, 2) = v(1, 2) +

∫

v(1, 3)P (3, 4)W (4, 2)d(3, 4)

Σ(1, 2) = i

∫

G(1, 4)W (1+, 3)Γ(4, 2, 3)d(3, 4)

Γ(1, 2, 3) = δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ(6, 7, 3)d(4, 5, 6, 7)

1

Σ = Σx + Σc

Σx = iGv

Σc = iG(W − v)

ϵqps = ϵKS
s + ⟨s|Σ(ϵqps )|s⟩ − ⟨s|vxc|s⟩

ψs(r) = φKS
s (r)

ĥ0(r)ψs(r) +

∫

dr′Σ(r, r′; ϵqps )ψs(r
′) = ϵqps ψs(r)

ΣGW (r, r′,ω) = −
i

2π

∫

dωeiωηG0(r, r
′,ω + ω′)W0(r, r

′,ω′)

G0(r, r
′; ϵ) = lim

η→0+

∑

i

ψi(r)ψ∗
i (r

′)

ϵ− (ϵi + iη sgn(Ef − ϵi))

W0(r, r
′, ϵ) =

∫

dr′′ε−1(r, r′′; ϵ)v(r′′ − r′)

Σ(r, r′; ϵ) =
i

2π

∫

dϵ′eiϵ
′δG0(r, r

′; ϵ+ ϵ′)W0(r, r
′; ϵ′)

ε(r, r′, ϵ) = δ(r− r′)−

∫

dr′′v(r − r′′)χ0(r
′′, r′; ϵ)

χ0(r, r
′; ϵ) = −

i

2π

∫

dϵ′G0(r, r
′; ϵ′ − ϵ)G0(r

′, r; ϵ′)

G0(r, r
′; ϵ) = lim

η→0+

∑

s

φKS
s (r)φKS∗

s (r′)

ϵ− (ϵKS
s + iη sgn(Ef − ϵKS

s ))

ϵKS
s and φKS

s (r)
notation: 1 = (r1,σ1, t1)

P (1, 2) = −i

∫

G(2, 3)G(4, 2+)Γ(3, 4, 1)d(3, 4)

W (1, 2) = v(1, 2) +

∫

v(1, 3)P (3, 4)W (4, 2)d(3, 4)

Σ(1, 2) = i

∫

G(1, 4)W (1+, 3)Γ(4, 2, 3)d(3, 4)

Γ(1, 2, 3) = δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ(6, 7, 3)d(4, 5, 6, 7)

1

Σ = Σx + Σc

Σx = iGv

Σc = iG(W − v)

ϵqps = ϵKS
s + ⟨s|Σ(ϵqps )|s⟩ − ⟨s|vxc|s⟩

ψs(r) = φKS
s (r)

ĥ0(r)ψs(r) +

∫

dr′Σ(r, r′; ϵqps )ψs(r
′) = ϵqps ψs(r)

ΣGW (r, r′,ω) = −
i

2π

∫

dωeiωηG0(r, r
′,ω + ω′)W0(r, r

′,ω′)

G0(r, r
′; ϵ) = lim

η→0+

∑

i

ψi(r)ψ∗
i (r

′)

ϵ− (ϵi + iη sgn(Ef − ϵi))

W0(r, r
′, ϵ) =

∫

dr′′ε−1(r, r′′; ϵ)v(r′′ − r′)

Σ(r, r′; ϵ) =
i

2π

∫

dϵ′eiϵ
′δG0(r, r

′; ϵ+ ϵ′)W0(r, r
′; ϵ′)

ε(r, r′, ϵ) = δ(r− r′)−

∫

dr′′v(r − r′′)χ0(r
′′, r′; ϵ)

χ0(r, r
′; ϵ) = −

i

2π

∫

dϵ′G0(r, r
′; ϵ′ − ϵ)G0(r

′, r; ϵ′)

G0(r, r
′; ϵ) = lim

η→0+

∑

s

φKS
s (r)φKS∗

s (r′)

ϵ− (ϵKS
s + iη sgn(Ef − ϵKS

s ))

ϵKS
s and φKS

s (r)
notation: 1 = (r1,σ1, t1)

P (1, 2) = −i

∫

G(2, 3)G(4, 2+)Γ(3, 4, 1)d(3, 4)

W (1, 2) = v(1, 2) +

∫

v(1, 3)P (3, 4)W (4, 2)d(3, 4)

Σ(1, 2) = i

∫

G(1, 4)W (1+, 3)Γ(4, 2, 3)d(3, 4)

Γ(1, 2, 3) = δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ(6, 7, 3)d(4, 5, 6, 7)

1

exact exchange 
(Hartree-Fock)

screening (due to 
other electrons)



On the importance of screening
ϵqpnk = ϵLDA

nk + ⟨φnk|Σx + Σc(ϵ
qp
nk)− vxc|φnk⟩

Σ = Σx + Σc

Σx = iGv

Σc = iG(W − v)

ϵqps = ϵKS
s + ⟨s|Σ(ϵqps )|s⟩ − ⟨s|vxc|s⟩

ψs(r) = φKS
s (r)

ĥ0(r)ψs(r) +

∫

dr′Σ(r, r′; ϵqps )ψs(r
′) = ϵqps ψs(r)

ΣGW (r, r′,ω) = −
i

2π

∫

dωeiωηG0(r, r
′,ω + ω′)W0(r, r

′,ω′)

G0(r, r
′; ϵ) = lim

η→0+

∑

i

ψi(r)ψ∗
i (r

′)

ϵ− (ϵi + iη sgn(Ef − ϵi))

W0(r, r
′, ϵ) =

∫

dr′′ε−1(r, r′′; ϵ)v(r′′ − r′)

Σ(r, r′; ϵ) =
i

2π

∫

dϵ′eiϵ
′δG0(r, r

′; ϵ+ ϵ′)W0(r, r
′; ϵ′)

ε(r, r′, ϵ) = δ(r− r′)−

∫

dr′′v(r − r′′)χ0(r
′′, r′; ϵ)

χ0(r, r
′; ϵ) = −

i

2π

∫

dϵ′G0(r, r
′; ϵ′ − ϵ)G0(r

′, r; ϵ′)

G0(r, r
′; ϵ) = lim

η→0+

∑

s

φKS
s (r)φKS∗

s (r′)

ϵ− (ϵKS
s + iη sgn(Ef − ϵKS

s ))

ϵKS
s and φKS

s (r)
notation: 1 = (r1,σ1, t1)

P (1, 2) = −i

∫

G(2, 3)G(4, 2+)Γ(3, 4, 1)d(3, 4)

W (1, 2) = v(1, 2) +

∫

v(1, 3)P (3, 4)W (4, 2)d(3, 4)

Σ(1, 2) = i

∫

G(1, 4)W (1+, 3)Γ(4, 2, 3)d(3, 4)

Γ(1, 2, 3) = δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ(6, 7, 3)d(4, 5, 6, 7)

1

exp:�1.17�eV

• Hartree-Fock (HF) exact exchange gap much too large
• W is essential for solids



Angle resolved photoemission - ZnO
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Band gaps of solids

P. Rinke et al. New J. Phys. 7, 126 (2005), phys. stat. sol. (b) 245, 929 (2008)
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Do we know the band gap of InN?



Inorganics: Challenges

sources: Pixelligent

LEDs - solid state lighting 

• to increase efficiency  
-> brightness 

• to produce colour variability  
and stability

Laser diodes 

• to produce a bright green 
laser diode



Do we know the band gap of InN?

Figure adapted from Butcher and Tansley Superlattices Microstruct. 38, 1 (2005)
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Do we know the band gap of InN?

Figure adapted from Butcher and Tansley Superlattices Microstruct. 38, 1 (2005)
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Proposed reasons for band gap variation
e.g. Butcher and Tansley Superlattices Microstruct. 38 (2005)

• high carrier concentration -> Moss-Burnstein effect
• impurities, point defects, trapping centers
• non-stoichiometry
• formation of oxides and oxynitrides
• metal inclusions, formation of metal clusters



Do we know the band gap of InN?

Figure adapted from Butcher and Tansley Superlattices Microstruct. 38, 1 (2005)
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Proposed reasons for band gap variation
e.g. Butcher and Tansley Superlattices Microstruct. 38 (2005)

• high carrier concentration -> Moss-Burnstein effect
• impurities, point defects, trapping centers
• non-stoichiometry
• formation of oxides and oxynitrides
• metal inclusions, formation of metal clusters

 How can first principles help? 

• Density-functional theory (DFT)
• atomistic control
• stoichiometric, defect and impurity free structures

• many-body perturbation theory (GW)
• method of choice for band gaps in solids



InN - GW band structure and Moss-Burstein
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InN - GW band structure and Moss-Burstein
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Organic or plastic electronics

Org.

sources (left to right): Eco Friend, Nature Publishing Group



Org.

Organic or plastic electronics

sources (left to right): Eco Friend, Nature Publishing Group

Inorganic/organic interfaces are already present... 

... and affect or determine device properties. 

Can we understand and control them? 
 



Atomistic organic/inorganic interface
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ZnO

Level alignment
Molecular geometry

Interface properties

Atomistic organic/inorganic interface



Level alignment at interface

HIB: hole injection barrier

EIB: electron injection barrier

valence band

conduction band

Fermi level

molecular  
states

vxc(r) =
�Exc[n]

�n(r)
(15)

Eads = Emol@surf � Emol � Esurf (16)

Etot = (17)

Ex[n]
LDA =

3

4

✓
3

⇡

◆1/3Z
dr n (r)4/3 (18)

Ec[n]
LDA = parameterised with quantum Monte Carlo (19)

Exc[n] =

Z
dr n(r)✏HEG

xc ([n], r) (20)

�(T, p) =
1

A

 
G(T, p, {Ni})�

X

i

Niµi(T, p)

!
(21)

�(T, p) =
1

A

 
G(T, p, {Ni})�

X

i

Niµi(T, p) + qµe

!
(22)

G(T, V, {Ni}) = EDFT(T = 0, V, {Ni}) + F vib(T, V, {Ni}) + pV (23)

µi(T, pi) = Ei + µi(T, p
0) + kBT ln

✓
pi
p0

◆
(24)

�(�µH,�µe) = Eslab
q � Ebulk

q �NH�µH + q�µe + q(✏VBM0

q � µbulk
e,q ) (25)

j / AT 2 exp

✓
�charge injection barrier

kBT

◆
(26)

IP = E(N � 1)� E(N) (27)

EA = E(N)� E(N + 1) (28)

✏s = E(N � 1, s)� E(N) (29)

⌃ = iGW (30)

2

injection limited current:



Molecular levels at surface

surface gas phase



Molecular levels at surface
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Molecular levels at surface

surface gas phase

+

EA

IP

∆Emol (1)
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+
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dr n(r)vext(r) + Exc[n] (6)

Exc = α
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EHF
x − EPBE

x

)

+ EPBE
c (7)

EHF
x (8)

In analogy to Hartree theory Kohn and Sham divided the total energy into
known contributions such as the kinetic energy of the non-interacting particles
Ts, the Hartree energy
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ij

∫∫

dr dr′
φ∗
i (r)φi(r)φ∗

j (r
′)φj(r′)

|r− r′|
, (9)

the external energy

Eext[n] =

∫

dr n(r)vext(r) , (10)

and an unknown remainder. This last term includes all electron-electron inter-
actions beyond the Hartree mean-field and is defined as the exchange-correlation
energy

Exc[n] = Etot[n]− Ts[n]− Eext[n]− EH [n] . (11)

Performing the variation with respect to the density then yields the effective
potential
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actions beyond the Hartree mean-field and is defined as the exchange-correlation
energy
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The screened Coulomb interaction
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Renormalization at insulator surfaces

CO HOMO-LUMO gapNa Cl
O
C

gap/eV DFT  
(LDA)

G0W0@
LDA

Exp.*

free CO 6,9 15,1 15,8

CO@NaCl 7,4 13,1

* Constants of Diatomic Molecules (1979),
   Phys. Rev. Lett. 22, 1034 (1969)

C. Freysoldt, P. Rinke, M. Scheffler,  Phys. Rev. Lett. 103, 056803 (2009)



Make CO “ride the image potential”

C. Freysoldt, P. Rinke, M. Scheffler,  Phys. Rev. Lett. 103, 056803 (2009)

Supported ultrathin films are novel  
nano-systems in their own rights:
C. Freysoldt, P. Rinke, M. Scheffler,   
Phys. Rev. Lett. 99, 086101 (2007)

Ge image potential

NaClGe

• Will the CO gap depend on 
NaCl thickness?

• NaCl on Ge: 
‣ prototypical semiconductor/

insulator interface



CO on NaCl on Ge - layer dependent gap

C. Freysoldt, P. Rinke, M. Scheffler,  Phys. Rev. Lett. 103, 056803 (2009)

• molecular levels can be tuned by polarization engineering
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Why bother with GW? 

What’s wrong with DFT?



Density-functional theory and excitations
exact DFT: • ionization potential given by Kohn-Sham 

eigenvalue of highest occupied state

IKS = −ϵN (N)

ϵqpnk = ϵLDA
nk + ⟨φnk|Σx + Σc(ϵ

qp
nk)− vxc|φnk⟩

Σ = Σx + Σc

Σx = iGv

Σc = iG(W − v)

ϵqps = ϵKS
s + ⟨s|Σ(ϵqps )|s⟩ − ⟨s|vxc|s⟩

ψs(r) = φKS
s (r)

ĥ0(r)ψs(r) +

∫

dr′Σ(r, r′; ϵqps )ψs(r
′) = ϵqps ψs(r)

ΣGW (r, r′,ω) = −
i

2π

∫

dωeiωηG0(r, r
′,ω + ω′)W0(r, r

′,ω′)

G0(r, r
′; ϵ) = lim

η→0+

∑

i

ψi(r)ψ∗
i (r

′)

ϵ− (ϵi + iη sgn(Ef − ϵi))

W0(r, r
′, ϵ) =

∫

dr′′ε−1(r, r′′; ϵ)v(r′′ − r′)

Σ(r, r′; ϵ) =
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2π

∫

dϵ′eiϵ
′δG0(r, r

′; ϵ+ ϵ′)W0(r, r
′; ϵ′)

ε(r, r′, ϵ) = δ(r− r′)−

∫

dr′′v(r − r′′)χ0(r
′′, r′; ϵ)

χ0(r, r
′; ϵ) = −

i

2π

∫

dϵ′G0(r, r
′; ϵ′ − ϵ)G0(r

′, r; ϵ′)

G0(r, r
′; ϵ) = lim

η→0+

∑

s

φKS
s (r)φKS∗

s (r′)

ϵ− (ϵKS
s + iη sgn(Ef − ϵKS

s ))

ϵKS
s and φKS

s (r)
notation: 1 = (r1,σ1, t1)

1

∂E

∂ns
= ϵs

E(N + 1, s)− E(N) =

∫ 1

0
dn ϵs(n) ≈ ϵs(0.5)

IKS = −ϵN (N)

ϵqpnk = ϵLDA
nk + ⟨φnk|Σx + Σc(ϵ

qp
nk)− vxc|φnk⟩

Σ = Σx + Σc

Σx = iGv

Σc = iG(W − v)

ϵqps = ϵKS
s + ⟨s|Σ(ϵqps )|s⟩ − ⟨s|vxc|s⟩

ψs(r) = φKS
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∫
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2π
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otherwise: • Janak’s theorm (PRA 18, 7165 (1978))  
 
 
 
rearranging and making mid-point approx.  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Ionisation Potential, Affinity and (Band) Gaps
• Could use total energy method to compute 

(also known as ΔSCF)  
 
 
Ionization potential: minimal energy to remove an electron  
 
 
 
Electron affinity:  minimal energy to add an electron  
 
 
 
(Band) gap:  

Could use total energy method to compute

ϵs = E(N ± 1, s)− E(N)

Ionisation potential: minimal energy to remove an electron

I = E(N − 1)− E(N)

Electron affinity: minimal energy to add an electron

A = E(N)− E(N + 1)

(Band) gap: Egap = I −A
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Could use total energy method to compute

ϵs = E(N ± 1, s)− E(N)

Ionisation potential: minimal energy to remove an electron

I = E(N − 1)− E(N)

Electron affinity: minimal energy to add an electron
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ΔSCF better than eigenvalues for IPs!

but:
• only justified for differences of ground states

• ionisation potential, electron affinity
• excited states that are ground states of 

particular symmetry 

• difficult to find excited state density
• excited state density is not unique

• separate calculation for every excitation needed
• not practical for large systems or solids



ΔSCF versus eigenvalues for finite systems

∞

≈
≈

Pinheiro Jr, Caldas, Rinke, Blum, Scheffler 
Phys. Rev. B, 92, 195134 (2015)



ΔSCF versus eigenvalues for finite systems

∞

≈
≈

largely the result of the delocalization or self-interaction 
error  (Science 321, 792 (2008))

the more delocalized the state, the larger the error  

Pinheiro Jr, Caldas, Rinke, Blum, Scheffler 
Phys. Rev. B, 92, 195134 (2015)



ΔSCF versus eigenvalues for finite systems

∞

≈
≈

data courtesy of Max Pinheiro

Band gaps of solids

• band gap:

• in solids:                   and                   cannot be                                                       
                     calculated reliably  

• Band gap: Egap = I −A = E(N + 1)− 2E(N) + E(N − 1)
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Band gaps of semiconductors and insulators

• Band gap: Egap = I −A = E(N + 1)− 2E(N) + E(N − 1)

• For solids E(N + 1) and E(N − 1) cannot be reliable computed

• In Kohn-Sham the highest occupied state is exact
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• DFT: highest Kohn-Sham state exact:  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Ionisation potential: minimal energy to remove an electron

I = E(N − 1)− E(N)

Electron affinity: minimal energy to add an electron

A = E(N)− E(N + 1)

(Band) gap: Egap = I −A

∂E

∂ns
= ϵs

E(N + 1, s)− E(N) =

∫ 1

0
dn ϵs(n) ≈ ϵs(0.5)

IKS = −ϵN (N)

ϵqpnk = ϵLDA
nk + ⟨φnk|Σx + Σc(ϵ

qp
nk)− vxc|φnk⟩

Σ = Σx + Σc

Σx = iGv

1

• Band gap: Egap = I −A = E(N + 1)− 2E(N) + E(N − 1)

• For solids E(N + 1) and E(N − 1) cannot be reliable computed

• In Kohn-Sham the highest occupied state is exact

⇒

Egap = ϵKS
N+1(N + 1)− ϵKS

N (N)

= ϵKS
N+1(N + 1)− ϵKS

N+1(N)
︸ ︷︷ ︸
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N+1(N)− ϵKS

N (N)
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EKS
gap
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⇒ discontinuity in vxc upon changing the particle number
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Ionisation potential: minimal energy to remove an electron

I = E(N − 1)− E(N)

Electron affinity: minimal energy to add an electron

A = E(N)− E(N + 1)

(Band) gap: Egap = I −A

∂E

∂ns
= ϵs

E(N + 1, s)− E(N) =

∫ 1

0
dn ϵs(n) ≈ ϵs(0.5)

IKS = −ϵN (N)

ϵqpnk = ϵLDA
nk + ⟨φnk|Σx + Σc(ϵ

qp
nk)− vxc|φnk⟩

Σ = Σx + Σc

Σx = iGv

1

• DFT: highest Kohn-Sham state exact:  

many DFT functionals do not 
capture this derivative discontinuity



Band gaps of solids

P. Rinke et al. New J. Phys. 7, 126 (2005), phys. stat. sol. (b) 245, 929 (2008)
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FIG. 4 Feynman diagrams for the GW approximation. Arrowed solid lines represent Green’s functions, wiggly lines the
screened and dashed lines the bare Coulomb interaction. See also Fig. 7 for a comparison between the fully self-consistent and
the non-self-consistent GW scheme.

As such the term random-phase approximation is not
very transparent. It dates back to the work of Bohm
and Pines (Bohm and Pines, 1951, 1953; Pines, 1953;
Pines and Bohm, 1952) and their systematic investiga-
tion of the homogenous electron gas (HEG). The RPA
was one of several physically-motivated approximations
in the treatment of the HEG which allowed them to sep-
arate collective degrees of freedom (plasma oscillations)
from single-particle degrees of freedom (e.g., quasiparti-
cles or charged excitations) via a suitable canonical trans-
formation reminiscent of early work in quantum electro
dynamics (Bloch and Nordsieck, 1937; Pauli and Fierz,
1938). A similar theory was developed rather indepen-
dently for nuclei by Bohr and Mottelson (Bohr and Mot-
telson, 1953).

Bohm and Pines, 1951 describe the origin of the term
random phase approximation as follows:

“We distinguish between two kinds of re-
sponse of the electrons to a wave. One of
these is in phase with the wave, so that
the phase di↵erence between the particle re-
sponse and the wave producing it is indepen-
dent of the position of the particle. This is
the response which contributes to the organ-
ised behaviour of the system. The other re-
sponse has a phase di↵erence with the wave
producing it which depends on the position of
the particle. Because of the general random
location of the particles, this second response
tends to average out to zero when we consider
a large number of electrons, and we shall ne-
glect the contributions arising from this. This
procedure we call the random phase approxi-

mation.”

The RPA enables Bohm and Pines to absorb the long-
range Coulomb interactions into the collective behaviour
of the system, leaving the single-particle degrees of free-
dom interacting only via a short-range screened force.
Hedin’s GW approximation utilises this for a perturba-
tive expansion. For systems in which screening is strong
(e.g., solids) the screened Coulomb interaction will be
much smaller than the bare one. It is therefore advanta-
geous to build a perturbation series in W rather than v.
In the words of Bohm and Pines, the RPA amounts to
neglecting the interaction between the collective and the
single-particle degrees of freedom. This simplification fa-
cilitated the first GW calculations for real systems in the
mid eighties (Godby et al., 1986; Hybertsen and Louie,
1985, 1986). However, it also illustrates the limitations
of the GW approach and potential avenues to go beyond
it (see Section XIII).
In principle the prescription is clear. Start from a given

G0 and iterate Hedin’s GW equations (86) - (88) and (47)
to self-consistency (scGW ). However, remarkably few
fully self-consistent solutions of Hedin’s GW equations
have been performed in the last 50 years. The first cal-
culations for the homogeneous electron gas (HEG) were
reported at the turn of the previous century (Garćıa-
González and Godby, 2001; Holm, 1999; Holm and von
Barth, 1998). They were quickly followed by calculations
for real solids, like silicon and sodium (Ku and Eguiluz,
2002; Schöene and Eguiluz, 1998). Self-consistency was
then dropped for several years for reasons that will be
elucidated further in Section IV.F. scGW resurfaced a
few years later in the context of quantum transport calcu-
lations (Strange et al., 2011; Thygesen and Rubio, 2007,





I need your input!

Take out your mobile phone (or laptop) and go to: 

https://presemo.aalto.fi/barcelona2019gw
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Charge separation at donor-acceptor pairs
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ground state!!!
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Correct level ordering, but how to get back 
to the ground state?
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Correct level ordering, but how to get back 
to the ground state?

We need some form of self-consistency!



Another problem: starting-point dependence

N. Marom, P. Rinke, et al. Phys. Rev. B 86, 245127 (2012)
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Another problem: starting-point dependence

N. Marom, P. Rinke, et al. Phys. Rev. B 86, 245127 (2012)
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Find optimal starting point or remove 
starting-point dependence!



Self-consistent GW (scGW)GW – The Issue of Self-Consistency

Hedin’s GW equations:

G(1, 2) = G0(1, 2)

Γ(1, 2, 3) = δ(1, 2)δ(1, 3)

P (1, 2) = −iG(1, 2)G(2, 1+)

W (1, 2) = v(1, 2) +

∫

v(1, 3)P (3, 4)W (4, 2)d(3, 4)

Σ(1, 2) = iG(1, 2)W (2, 1)

Dyson’s equation:

G−1 (1, 2) = G−1
0 (1, 2) − Σ (1, 2)

se
lf
-

co
ns
is
te
nc
y

self-
consistency
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implemented in FHI-aims:    
F. Caruso, P. Rinke et al. Phys. Rev. B 86, 081102(R) (2012)
                                          Phys. Rev. B 88, 075105 (2013)
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Ionization potentials in scGW

F. Caruso, P. Rinke et al. Phys. Rev. B 86, 081102(R) (2012)
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The loan pair in pyridine
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What the Green’s function gives us

The scGW density

ρ(CCSD)− ρ(HF ) (54)

ρ(scGW )− ρ(HF ) (55)ρ(PBE)− ρ(HF ) (56)

C

O

density from Green’s function: ρ(r) = −i
∑

σ Gσσ(r, r, τ = 0+)

Caruso, Ren, Rinke, Rubio, Scheffler, Phys. Rev. B 86, 081102(R) (2012)

Patrick Rinke (FHI) RPA/GW Trieste 2013 23

Spectral function:

Density:

Total energy:

A(ϵ) = −
1

π

∫
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Return to the TTF/TCNQ dimer

F. Caruso, P. Rinke, et al. Phys. Rev. B 90, 085141 (2014)
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FIG. 4 Feynman diagrams for the GW approximation. Arrowed solid lines represent Green’s functions, wiggly lines the
screened and dashed lines the bare Coulomb interaction. See also Fig. 7 for a comparison between the fully self-consistent and
the non-self-consistent GW scheme.

As such the term random-phase approximation is not
very transparent. It dates back to the work of Bohm
and Pines (Bohm and Pines, 1951, 1953; Pines, 1953;
Pines and Bohm, 1952) and their systematic investiga-
tion of the homogenous electron gas (HEG). The RPA
was one of several physically-motivated approximations
in the treatment of the HEG which allowed them to sep-
arate collective degrees of freedom (plasma oscillations)
from single-particle degrees of freedom (e.g., quasiparti-
cles or charged excitations) via a suitable canonical trans-
formation reminiscent of early work in quantum electro
dynamics (Bloch and Nordsieck, 1937; Pauli and Fierz,
1938). A similar theory was developed rather indepen-
dently for nuclei by Bohr and Mottelson (Bohr and Mot-
telson, 1953).

Bohm and Pines, 1951 describe the origin of the term
random phase approximation as follows:

“We distinguish between two kinds of re-
sponse of the electrons to a wave. One of
these is in phase with the wave, so that
the phase di↵erence between the particle re-
sponse and the wave producing it is indepen-
dent of the position of the particle. This is
the response which contributes to the organ-
ised behaviour of the system. The other re-
sponse has a phase di↵erence with the wave
producing it which depends on the position of
the particle. Because of the general random
location of the particles, this second response
tends to average out to zero when we consider
a large number of electrons, and we shall ne-
glect the contributions arising from this. This
procedure we call the random phase approxi-

mation.”

The RPA enables Bohm and Pines to absorb the long-
range Coulomb interactions into the collective behaviour
of the system, leaving the single-particle degrees of free-
dom interacting only via a short-range screened force.
Hedin’s GW approximation utilises this for a perturba-
tive expansion. For systems in which screening is strong
(e.g., solids) the screened Coulomb interaction will be
much smaller than the bare one. It is therefore advanta-
geous to build a perturbation series in W rather than v.
In the words of Bohm and Pines, the RPA amounts to
neglecting the interaction between the collective and the
single-particle degrees of freedom. This simplification fa-
cilitated the first GW calculations for real systems in the
mid eighties (Godby et al., 1986; Hybertsen and Louie,
1985, 1986). However, it also illustrates the limitations
of the GW approach and potential avenues to go beyond
it (see Section XIII).
In principle the prescription is clear. Start from a given

G0 and iterate Hedin’s GW equations (86) - (88) and (47)
to self-consistency (scGW ). However, remarkably few
fully self-consistent solutions of Hedin’s GW equations
have been performed in the last 50 years. The first cal-
culations for the homogeneous electron gas (HEG) were
reported at the turn of the previous century (Garćıa-
González and Godby, 2001; Holm, 1999; Holm and von
Barth, 1998). They were quickly followed by calculations
for real solids, like silicon and sodium (Ku and Eguiluz,
2002; Schöene and Eguiluz, 1998). Self-consistency was
then dropped for several years for reasons that will be
elucidated further in Section IV.F. scGW resurfaced a
few years later in the context of quantum transport calcu-
lations (Strange et al., 2011; Thygesen and Rubio, 2007,
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