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Kohn-Sham (KS) Density Functional Theory 
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Kohn-Sham Total Energy

Coulomb Energy:
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Kinetic Energy:

Energy:

KS kinetic energy is an 

orbital-dependent functional
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Outline

Section I
� Exact definitions / Functional Form
� Uniform Electron Gas (LDA)
� Gradient Expansion  (PBE-like functionals)

Section II
� Orbital Dependent Functional 
� Exact Exchange

Section III 
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Section III 
�Hybrid Functionals / Generalized KS

Summary

Purpose: Introduction to XC functional performance and development 

Not covered: VDW, Magnetism, RPA (see other talks)



Exchange Functional

as in Hartree-Fock
but with KS orbitals
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Ex is a KS-Density Matrix Functional
(implicit density functional                            )
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Correlation Functional

MB wavefunction KS single Slater-Det.

As in Many-Body theory (where there are different densities)
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Tc as large as Uc
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Jacob’s Ladder (Perdew)
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Uniform Electron Gas (UEG, HEG, Jellium)
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LDA Exchange
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Dirac-Exchange 1930
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Exchange Hole
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UEG correlation
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Perdew,  Wang 1992

Perdew,  Zunger 1981

Vosko,Wilk,Nusair 1980

Sun, Perdew, Seidl 2010

Spin polarization
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Overestimation for atoms:

Error cancellation with exchange !

Perdew,  Zunger 1981 Sun, Perdew, Seidl 2010



Rung 2: Gradient Expansion
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Generalized Gradient Expansion
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Exchange Enhancement Factor
PW86 Perdew Wang 1986 8148 cit.
B86 Becke 1986 917 cit.

B88 Becke 1988 19414 cit.

PW91 Perdew Wang 1991 2817 cit.

PBE Perdew, Burke, Ernzerhof 1996 20630 cit.
revPBE Zhang Yang 1998 521 cit.
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revPBE Zhang Yang 1998 521 cit.

RPBE Hammer, Hansen Norskov 1999 1678 cit.

AM05 Armiento Mattsson 2005 105 cit.

WC Wu Cohen 2006 244 cit.

PBEsol Perdew el at 2008 208 cit.

SOGGA Zhao Truhlar 2008 42 cit.

RGE Ruzsinszky Csonka Scuseria 2009

PBEint Fabiano Constantin Della Sala 2010

APBE Constantin Fabiano Laricchia Della Sala 2011

Many are optimized  for certain propertiesFew are not empirical

(Citations from google-schoolar)



Fx Limits

PW91

RPBE

B88

PBE

revPBE

804.1)( <sFx

r
d

h
r

x
x

)(

2

1),(

2

1
)(

0

3 r
r

rr

rr
r

ρ
ε  →′

′−

′
=

→∫
13/1

2 )2( −= xAc

(fitted on atoms)

3/12

2 )6(2 π=c

0042.0=βBecke88

Exact asymptotic property

X

Pag. 14

][273.2][][ ρρρ LDA

xxcx EEE ≥≥

Lieb-Oxford bound
SOGGA

PBEsol

Exact GE2 
LDA 9.8

PBE 0.8

B88 0.2
s

MARE(%)

for atoms

X

F
x



GGA performance

LDA (MAE=58mA)

Lattice constants for 60 solids

B0

underestimate 
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PBE=55mA

TPSS=47mA
PBEsol=29mA

SOGGA=29mA

AM05=35mA

WC=31mA

overestimate 



PBE: quest for parameters
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To satisfy the LDA response
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atoms improoves

 revPBE)in  as  1.2( large ≈κ

solid improoves

 SOGGA)in  as 0.5 ( small ≈κ

804.0=PBEκ

(PBEsol)

APBE: Constantin,Fabiano,Laricchia, Della Sala,  Phys. Rev. Lett. 106, 186406 (2011)

26.0=xµ
Semiclassical neutral atom: 

asymptotic-Z expansion

(APBE)

(LO bound)
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Two dimensional PBE scan: Fabiano, Constatin, Della Sala submitted

small
too large

too small

(Perdew) GGA cannot be exact for solid and molecules: PBE (APBE) best on the average

We need to go beyond GGA : meta-GGA, OEP, hybrids ...



Section II

Orbital Dependent Functional 
Exact Exchange
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Exact Exchange



Exchange potential for Hydrogen atom
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1-e Self-interaction

1-electron (ns=1) or 2-electron (ns=2) systems
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For 1-e systems exchange cancels
coulomb exactly

GGA/Hybrid functionals:

large self-interaction errror

2) Orbital dependent Functionals

1) Perdew,Zunger (SIC) 9517 cit.
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Perdew, Levy 1997 
Della Sala, Gorling 2002 (molecules) 



Kohn-Sham Eigenvalues

Rydberg
series of virtual 

orbitals

Difficulties in 
representing

virtual unbound orbital
in local basis sets

Common LDA/GGA gives largely incorrect largely incorrect absolute 

eigenvalues (3eV), but  acceptable energy differences (ok 

for solid-state).  LDA/GGA LUMO more diffuse

Exact-KSLDA/GGA
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HOMO energy in HF and Exact-KS is
similar and close to the Exp. I.P.

Exp. I.P.

Exact KS eigenvalues:

Response properties (TD-DFT, NMR,...)



-1/r corrected Functional

Leeuwen, Baerends 1994 (LB94)  714 cit.
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Orbital-Dependent Functionals
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Energy Functional of the Rung 4-5 are orbital dependent 

functional (implicit density functional of the form) 

Exact Exchange 
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∫∫ ′−,2 ba rr

How to obtain KS equations with a local xc-potential ? 
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Chain-Rule: Density Response
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Chain Rule: RHS term
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Exact-Exchange (EXX)

•1976 (Talman) EXX for atoms (GRID) 850 cit. => ok! 
•1997 (Gorling) EXX for solids (PW) 272 cit. => ok!
•1999 (Gorling; Ivanov) EXX in GTO 243;217 cit. => bad potential !
•2002 (Yang) OEP iterative minimiz. in GTO 179 cit. => more stable
•2003 (Kummel) EXX on GRID 127cit. => iterative
•2007 (Yang) GTO: good potential with penalty function  43 cit.
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•2007 (Yang) GTO: good potential with penalty function  43 cit.
•2007 (Hesselman) GTO: “balanced” basis set 

EXX is local-basis set is numerically tricky
���� more stable/efficient methods required for large systems

Total Energy deviation from HF (eV)

HF<EXX<LHF<KLI



44444 344444 21444444 3444444 21
Term Response
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vx vanishes asymptotically
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Term Correction
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vx vanishes asymptoticallyas -1/r (self-interaction free)

Della Sala, Gorling 2001               207 cit.

CEDA: Gritsenko, Baerends 2001

ELF: Staroverov, Scuseria,  Davidson 2006

Localized Hartree-Fock (LHF) method

LHF potential functional 

of the density matrix



LHF potential

Different 
asymptotic 
behavior

Atomic Shell structures
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r
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No structure 
around 

hydrogens



Section III 

Hybrid Functionals
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Hybrid Functionals



Generalized Kohn-Sham

Non-interacting Kohn-Sham system Interacting MB system
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Single determinant Φ ; MB wavefunction Ψ

Partially-interacting 
Generalized Kohn-Sham(GKS) system

Local potential

ΨΨ= MBV
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Generalized Kohn-Sham(GKS) system
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We are not forced to solve only the very 

simple KS non-interacting system.  

We can solve also easily solve  Hartree-Fock
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KS-DFT and beyond
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Self-Energy (Quasi-particle)
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Global Hybrid
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M05-2X a=0.56 Zhao Thrular 2006   670 cit.



Hybrid performance

Hybrid methods improve 
bond-lengths of molecules
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Transition metals

GGA better than hybrids

for transition metals

PBE PBE0 B3YLP

Lattice 

const

0.044(+) 0.024(+) 0.053(+)

Bulk 

Moduli

12.3(-) 0.1 13.7(-)

B3LYP fails for solids: PBE0 much better



Range-separated Hybrid
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Long-range=>GGA 
Efficient for solids
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Heyd,Scuseria,Enzerhof (HSE) 2003  548 cit.

As PBE0, but more efficient



Long-range corrected Hybrid
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Short-range=>GGA

Long-range=>HF 

For molecules

(charge-transfer in TD-DFT)
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Yanai, Tew, Handy 2004 (CAM-B3LYP)  578 cit.

Tawada et al. (LC-BYLP) 293 cit.

Hybrid improve electronic 

properties (dipole, polarizability)



Summary & Conclusions
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Summary & Conclusions



OEP or  Hybrid  ?

Both OEP and hybrid methods include EXX in the total energy 

However the eigenvalue spectrum is different
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Hybrid (GKS) larger gap than OEPx



KS vs GKS energy gap

Many-Body 

Energy-Gap
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KSderiv

gapE ∆+∆= ε

GKSderiv

gapE ε∆=

OEP 

LDA HF EXX MCY3

GKS

MCY3

OEP

Exp

-homo 9.5 18.1 15.9 15.2 14.6 I=15.7

-lumo 6.1 -2.3 10.3 1.4 10.6 A=1.3

-lumo-

∆xc

-2.3 1.4

Gap 3.4 20.4 5.6 13.7 4.0 14.4GKS 

Casida 1999 

OEP: good gap for neutral excitation; GKS good MB gap



Functionals (non-local, non-linear)
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