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Motivation Theory Accuracy I Scaling Accuracy II Summary

Why do we need four-center integrals?

(u�u�|u�u�)
exact
ex-

change

Hartree-Fock
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corre-
lation
correc-
tions

GW methods

Møller-Plesset
Perturbation

Theory

Random Phase
Approximation

(𝑖𝑗|𝑘𝑙) = ∬
𝜑u�(𝐫)𝜑u�(𝐫)𝜑u�(𝐫′)𝜑u�(𝐫′)

|𝐫 − 𝐫′|
𝑑𝐫 𝑑𝐫′Σu�

u�(𝐫, 𝐫′) = −
occ
∑
u�

𝜓u�u�(𝐫)𝜓∗
u�u�(𝐫′)

|𝐫 − 𝐫′|

𝐸u� = 1
2

occ
∑
u�u�

∬ 𝜓∗
u�u�(𝐫)Σu�

u�(𝐫, 𝐫′)𝜓u�u�(𝐫′)𝑑𝐫𝑑𝐫′

𝐸u� = 1
2

occ
∑
u�u�

∑
u�,u�

𝑐u�∗
u�u�𝑐u�

u�u�∬ 𝜑∗
u�(𝐫)Σu�

u�(𝐫, 𝐫′)𝜑u�(𝐫′)𝑑𝐫𝑑𝐫′

Σu�
u�u�u� = − ∑

u�u�

occ
∑
u�u�

𝑐u�
u�u�𝑐u�∗

u�u� ∬
𝜑∗

u�(𝐫)𝜑u�(𝐫)𝜑∗
u�(𝐫′)𝜑u�(𝐫′)

|𝐫 − 𝐫′|
𝑑𝐫𝑑𝐫′

= − ∑
u�u�

𝐷u�u�u� (𝑖𝑘|𝑙𝑗)

Numeric atom-centered Orbitals
-strict localization at given radius
-can include correct near-nuclear behavior
-can include correct asymptotic behavior
-no analytic solutions for four-center integrals
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Theoretical framework: RI-V1
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𝜑u�(𝐫)𝜑u�(𝐫)𝜑u�(𝐫′)𝜑u�(𝐫′)

|𝐫 − 𝐫′|
𝑑𝐫 𝑑𝐫′

𝜌u�u�(𝐫) = 𝜑u�(𝐫)𝜑u�(𝐫)

≈ ∑
u�

𝐶u�
u�u�𝑃u�(𝐫)

⇒ (𝑖𝑗|𝑘𝑙) = ∑
u�,u�

𝐶u�
u�u�𝑉u�u�𝐶u�

u�u�

𝑉u�u� = (𝜈|𝜇)

𝐶u�
u�u� = ∑

u�
𝑉 −1

u�u� (𝜈|𝑖𝑗)

⇒ (𝑖𝑗|𝑘𝑙) ≈ ∑
u�,u�

(𝑖𝑗|𝜇) 𝑉 −1
u�u� (𝜈|𝑘𝑙)

𝐽

𝐼

Example: 𝐶𝑢12 cluster
(40 basis functions per atom)

(𝑖𝑗|𝑘𝑙): 395.5 GB
(𝑖𝑗|𝜇) and (𝜇|𝜈): 4.2 GB

1J. L. Whitten, The Journal of Chemical Physics 10, (1973)

Arvid Conrad Ihrig Fritz-Haber Institut der Max-Planck-Gesellschaft
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Accuracy I - The S22 test set

Accuracy Analysis I
The S221 test set

1Petr Jurečka et al., Phys. Chem. Chem. Phys. 17, (2006).
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Accuracy of RI schemes in FHI-aims with a cc-pVTZ basis
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linear dependencies

product functions 𝑃u�(𝑟) with
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maximal angular mo-
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u� per species

angular momentum channels
0 … 2𝑙u�u�u�

u� for each species

auxiliary basis set for
system (ABS/ABS+)

u�: species index
u�: function index
u�: angular momentum
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RI-LVL convergence for MP2
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RI-LVL convergence for MP2
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Fully Extended Polyalanine - A scaling prototype

Scaling Analysis:
HF for Fully Extended Polyalanine
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Total Computational Time and Exchange Matrix Evaluation

101 102

System size (number of atoms)
100

101

102

103

104

105

tim
e
in

se
co

nd
s

RI-V, total time
RI-V, time for Σ
RI-LVL, total time
RI-LVL, time for Σ

RI-LVL

RI-V
Test setup:

– fully extended Polyalanine
– Hartree-Fock calculation
– 180 cpus
– tight integration settings
– RI-V: tier 2
– RI-LVL: tier 2 (g[z=6])

Scaling of RI-V and RI-LVL for HF
RI-LVL – tier 2 basis sets with enhanced auxiliary basis (g[z=6])

RI-V – tier 2 basis sets

All calculations use tight settings and are executed on 180 cpus.
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Memory Consumption

0 20 40 60 80 100 120

System size (number of atoms)

0

500

1000

1500

2000

2500

3000

R
A
M

in
M

B
(p
er

C
PU

) RI-V, average
RI-V, min/max
RI-LVL, average
RI-LVL, min/max

RI-LVL

RI-V

Test setup:
– fully extended Polyalanine
– Hartree-Fock calculation
– 180 cpus
– tight integration settings
– RI-V: tier 2
– RI-LVL: tier 2 (g[z=6])
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Total Energy Errors
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Test setup:
– fully extended Polyalanine
– Hartree-Fock calculation
– 180 cpus
– tight integration settings
– RI-V: tier 2
– RI-LVL: tier 2 (g[z=6])
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Accuracy II - Heavy Elements

Accuracy Analysis II
Copper and Gold clusters

Arvid Conrad Ihrig Fritz-Haber Institut der Max-Planck-Gesellschaft
Localized Resolution of Identity



Motivation Theory Accuracy I Scaling Accuracy II Summary

Accuracy for Copper clusters
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Test setup:
– RPA@PBE0 calculations
– tier 1 basis sets
– custom integration settings

Accuracy of RI-LVL for heavy elements
RI-V – tier1 basis sets with custom integration settings

RI-LVL – tier1 basis sets with the same custom integration settings
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Accuracy for Copper clusters
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Accuracy for Gold clusters
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Test setup:
– RPA@PBE0 calculations
– tier 1 basis sets
– custom integration settings
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Summary and Conclusions

Results
RI-LVL in combination with a suitably chosen auxiliary basis gives very accurate
results for light elements
RI-LVL is very accurate for heavier elements, even without modifications of the
auxiliary basis
explicit use of the sparsity exhibits superior scaling, as shown for exact exchange

Outlook
implement RI-LVL for RPA and u�u�

Arvid Conrad Ihrig Fritz-Haber Institut der Max-Planck-Gesellschaft
Localized Resolution of Identity



Motivation Theory Accuracy I Scaling Accuracy II Summary

Thank you for your attention!
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