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Density functionals for exchange and correlation:
From LDA to GGA and beyond
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Uensity-irunctional | heory
DFT is an exact theory of the ground state of an interacting many-particle system:

Ey = .I"rL:IJ.:'!. Eun] & By= 11‘:-r|:-:51'.:1'r|:"I'|.|'-:’L.|"I",'| by Hohenberg-Kohn theorem: (] — w[n{r)]

Tatal energy density funcrional (electrons: wir, r') = 17[r — ¢'|)
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density: m(c} = 3077 fulduled % (gufad = 6y

Interacting case rewritten:

Buln] = Tifn] + Buln] + ; f Al ulr, )nirdrde| 4 f a{r)ulc) dr

AC energy functional; @ochange, Coulomb correlations & correlated kinetic enargy
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Wuality of DFT in practice exclusively depends on XC functionall
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. ) , i A En )
= “onby' nesd oo apprasineate Bl L] = wy([ra]; 1] |
folr) —

. a5 =zam af exchange and coernl abbea tares
on] = Fle| + Bn],  Edr) = {0[=] W |dn0] — L mmirhwir, v elrjdrdr”

heware, F[n] may be approximated direcely as &[]
... within DFT, but leading 7o geaeralized Mokn-Sham scheme', eg. Hartree-Fock eqs.
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Local-density approximation

F::fn["-!-] = f fbfl':"i'::.’"'[ﬂl:l']}d“-" [+ gradient terms = B2 'n] see below)
AR,
# local dependence on density or Wigner-Seitz radius
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electron gas, &, [ﬂ'] = ﬁg?T”‘)ln:n[r:'
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+ correlation part -e?r'm"{':"'r:l- kinchs
*+ agnalytically for +, — 0 and +, = oo
= numerically “exact” for 2 < ry <2 100 from
Chiantum Maonte Carlo dats’
as parametrization interpolating over all
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# a “workhorse” in DFT applications
s real systems far from homogeneity
- .. why does LA work at all?
. neither slowly varying, why should GGA work?
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View on XC through the XC hole

Definition of the KO hole by a coupling constant in:egratinn"
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From the XC hole to the XC energy
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LA & GGA approximate average haoles rather closely = wweark mestly ok

U Pereiinr gt &l . F Chern Fhys 108, 1552 fIaas),

Sum rule and other constraints on the XC hole

= sum rule (constraing global behaviar)
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surfaca], 5 £5t-5 averaging unweights tail and near-nucleus regians
. XK puter ial er{[?1] rh for LA & GGA can be locally poor, but again
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Performance of the LDA

L 1

+ binding energies are too large {averbinding)
A molecular dissooistion energies
K cohesive energies of solids
»  but formation enthalpies often ok,

# activation energies in chemical reactions

X too small for Hy on variaws surfaces (Al Cu, 36, ...)

& Ha malocule predicted to be stable

# bwlk eguation of state inaccurate

X gualitative: 50z at high pressure < at zero pressure
X guantitative: underestimated transition pressure
for diamond 3 @-tin phase transitions in 50 & Ge

band structure mestly correct, cxcept band gap

not J_u5t an LDA problem (at least in 50, Ge, GaM, .

[bulk fattice constants accurate to within 1...3%, usvally underastimated
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Generalized Gradient Approximation

@ Gradient expansion of XC hale regi[ve]; e, u) = ) "”‘{n_:r,, u) b Vo
and conslramis 1o moet T - FmmmT

LE

v Eg. reg b, 1) < 0, S naie, u)de = — 1, by real space cutoffs —3 numerical GGA -y

o %’i_'__al_lr"-g'_ relations and | Lounds on B hn; araly it"-' ap |;|r\-;1:-c|m.;h,|-;:|r| to npmerical GGA Bl
= parameter-free GOA by Perdew-Wang "PWS1'

w zirnplified in*_F_'_B_If.E;{_-'.ﬂ. AT Podges Burle | Everarl
& Earlier: analytic madel ar ansats = ermpirical p:,lr:,1n1|::t|:_:r|:$} 1""'-1,1. ;z_ru Lot _-Jf_;l Ipe o
w Becke 86(X), Langreth-mMahi{C), Lee-Yang-Parr(C], ... ey sy

€ Alternative: analytic ansatz 4 (many) fitted parameters (— fit to atomization energies)
Fa- see accuracy limit of GGA functienals

Gaeneric GOGA functional
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local densiby w

and scaled gradient s
Pty

= Enhancement factor F..(n, 5) {over LDA exchange): function of (i
— “understanding” how GGEA'S wark

e  Caloulptions with GGA'S are not more invalved than with LDA,
gxcept that weefie; 1] = veeln, Vi, ¥iW 1) lam

Generalized gradient approximation: Nutshell view

Exchange-correlation density functional

Bg8Am) = [ &M [ ), [Tnil ) Jo'r

srhancement factor {over local exchange)

“Catalogue:”

Fuo 1w f
HETH  Handy et al i F
=PBE Hammer et al. "%
rewPRBE Zhang et al, "B 14
erdew ot al. ‘9% '
Pyl Pordews & Wang 01
POl Pardesy & Wang 91 12
B EBacke & Perdew "23

BLYP Becks & Lee et al. "84 1.0




Performance nf’;-F’EE-GGA vs. LDA

¥ atomic & molecuiar total energies are '
I'

i proded

«  GiA corrects for the LDA overdinding
mean error far 3 set of small molecules:

=31 eV (HF] — =1.4 &V [L5DA)
— 0.5 eV (GGEA) — 0.05 el [goal)

better cohesive

energies of solids

improved activation energy barriers in

chemical reactions (but still too low)

improved description of relative ardering
of bulk |',I|'I.H'\j|'_':j.

K GGA softens the bonds (. adidy ]

increasing lattice constants
decreasing bulk maduli
L T r__:_l:_-_n_:_f.iat-;:nt impruucrrll:rll:

LD wiglds good bond energics for

highly soardinated atoms,

-
on surfaces

surface energies, diffusion barriers

e significance of GGA Y
X oGO8 workfuncticns for several metals
torn oot sornewhat smaller than in LOA

| o oo particle energies Shands clase to LDA,

Analesis ine terms of selfoonsistent LA donsity possibic
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scaled grachent

* revlPBE & BLYP more nonlacal than PRE GiGA
= malecules: more accurate atomization e
— solids: bondlengths too large, cohesive energies taa small

LY correlation incorrect far _iq.’liurn

scaled gradicent

o more local GhAS will make lattice censtants smaller [Tinte et al. PRE B&, 11059 (1038]],
But likely incresse binding energies,
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-.- how GGA’s change binding energies

"Spectral decomposition” in terms of s
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Gibbs construction:
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anergy (oW atom)
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vs. GGA: Phase transition F-tin - diamond in Si

T . a
Tinsity parameter r, [hohr]

Meall ed wl,

Phase transition S-tin - diamond in Si

- T T LI | T 17 T T =
| [—tin diamond
Incon. GG
"

i

Y

- - =
LDA ™~

1 1

1 L
(k.G 0.f (1A a8 1.0

ralative volume ‘uf.'"-.-'m

E“f + J};T-f? = R 4 p AR

25

[}
(=]

transition pressure (GPa)
2 @

P = 10.3...12.3 GPa

i

:

&
a2 03 04 05 OB

anergy charge (aviatom)

& LA increases transition pressure, “inhomogeneity effect”
» use of LDA-psewsdopotentials insufficient

Mall et al, PRE &k, 2550 {1905); DalCarse ez al. PRE 63, 12080 {1996%; Mchahen e al, PRE AT, 4237 [1943)
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Inib) 4 §Malg) — InN{B)
formation enthalpy Ay = Hiaw— [HE"' |- HII:"-"] < [

gxpt.—=
LDA
GGA e = - e Nj I::gas}
o In (bulk)
| B e T L R P Ty ™y [bulk}
AT
i ' H SIS (S N
-1.5 —1.0 —i1.5 (.0 Q.5

ernergy armor (W]

FBE GGA ¥ impraves cohesive energy of each constituent (Na, In, InN)
& but not formation enthalpies — InM is endothermic

Thermodynamic stability: GGA vs. LDA

Binding energies improved by GGA — farmation enthalpies too?

[Cubic nitridl:'_-'l

= LD‘nﬂ. ,JF
| GGA Fa
Formation enthalpy (&% /unit) = f l,-"'l
I -
. — iin*f- .-'_P.lh
LL I.:'_.... -"".-'":“. - cxpk. o - 1 .' ."II
Alds [ -101 | -105 | o120, 125 g b I:jf
Gahs | 067 | -064 | -0.74 . 094 i G
. -1 i 1 L L L L 1
o GGA -~ LDA OB 9 1011 1213

hinding energy {&V/pair)

# FBE GGA corrects cohesive energies

i Fuchs ot al, Phys Few B 4L 205213 (2002)
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Dissociation of H, over Tu{111)'
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barrier to dissaciation II. a1 IIIII|I —
— GGA B, =207 eV & = tc’.',.-."-\ ,-“a-'l.'.'uul w3
— LDA I, = 0.LeV » = . r;f.:.l.l:ﬁ___f/'l,-l.llllll
total energy of Tree F -:.I"-: 'l|'|| i'-'-x
~ GGA B, == -318 eV | e
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FIG 1, dad The PES o Hy dissecisizem ower Cuill])
e sl Cuv 4 Hl calculaied within the GOA, The inser shows 1he dissaciaoon
grameny. (b S3ame as {a) bur caloulmed with the LA aoly.

' [Harmmer et 3/, Phys Rew Lert 73, 1400 (1994)]

.. . alternative GGA functionals

Formation enthalpies

104 AN GaM | Inl
1 o [ J Fhang/Yang "FEE"
oo ELYP
o J i} | -
E- 0.5 - - . ! FEL GGA
> A I
a2 ] |
B o0+-- - g 1T
N ; . LDA
Ju |
1 - [
PR TN TN TN e S SN S N 1
-3 o -1 O

formation enthaipy {sY/ipair)

e similar trend as for PEE GGA, underestimate of A He even more pronounced

«  SOAM st tlllh.id.'}rj Fmprw-ﬁj oweq L4 {Lew: My wot perieet hgea
. . " v BRI mimte do L DA
Zhang. Yang, FRL B0 830 (1008} “revised PRE". Mk feits error cumcefintion )
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Hybrid functionals - adiabatic-connection
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Li
Expect . .1 B _ Lba
- | E by &+ )
=1 LDA and GGA guite accurate i
ﬂi""‘““'"‘l'E'ﬂ ::'1 weﬂr.-.q.-!ar_l
[l but off in exchange limit . . . overestimated dissociation energies | o-lin bon sevesad  spdil !
:. ;n.- dl:.\_.-\....jl Ly it «;.-;f_:,_
e chould use exact exchange for A =0 i o tee cameat et o
and a local functional for A = 1 ' .
| A0S cwact -:'-:-:-'-":-.:L-.#-:
Hybrid functional = “interpolation” i

.. E;_c:-.-b — -E;E::u“+_'?-h{Ex _ E:E:l::.i} 5

Frising parameter o = (16 0.3 by fitting  divseeiabion Pt a) .,...,..H;h_._
@ = 1/4 by 4th order perturbation theory

= B3ILYP: 3-parameter combination of Becke X-GGA, LYP C-GGA, LDA
. . . molecular dissociation energies within 3 kcal fmal

b Backs, J Cham Firves S8, 5848 [L002) Pardow of al o Chem Phes TOL, Q022 /2006).
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Orbital dependent XC density-functionals

Kohn-Sham |'|-ﬂu1-..Fr|t.l:.:.r.'.I;:.:Tln.g sty.st-:l?:- make ¢i[n] dEHEit}l’-fr_l-l'll-;'_.ti;I'lll-Ell:|.5: o+ 'HHE[:?'.'-; r] = gy
* LDA and GGA are  explicit density-functicnals E,..[n]

# |mplicit density-functionals formulatad in terms of g [=]7
— more flexible for further improvements
self-interaction free: Exoln]|way = 0, vel|r] = 22 = —#
nanspherical 9..(r, )

wr Cxample I: |Exact exchange

Exchange-energy
Bl ; j‘E.,J il paalr M’i{ﬂd.—dr“

r— rrI

A looks lika in Hartrea-Fock, but —Z0 — 0™ (1)| (1) = €,db{r)  KS and HF orbitals diffarent!

Haow to calculate the exchange potential?



. exact Kohi-Sham exchange

A n] Sl |_-:;-.' Jebylry] .51:”"'[1_-2]
W[ Wi 1] = —F— = i S.C. .. Ch@in ru
[:x] drnjc} Jllr'.'-".‘." I,t‘w_:l-ﬁt-"‘:sfr;} drfr] dndr + o cann rule
AR P
whess "'1:] 2 "'| E;
R L . :
| 1J o Eives Fock exchange potential (dependent on i)
dehelrh
.:.'H. Iﬁl!‘fl |::|:| . .
2 f
I'_: s :_I'_.' 51-'“.5{1_,:' Trezery first crder perturbation theary

{ :25 v (r :
— - I3 |' e
5,1{1..-} Xis {Tn Ly _:I from linea response theory

-

Solved priar to Haohenberg-Kaohn DFT For aters [1-0 inkagral aquation]:
Optimized Effective Potential mathod — — 'r.l"':'-[r:l| mjﬁ_m:w‘.t-[fﬂw‘,b} 7
v

For diatomics [2-D) & solwds {in KLI approximation) ta wefng v)
Im 3-03 for bulk semicamfuctors within plane-wave psewdopotential appraach
Bandetrugture of Si (and others] superior to HF [lacal hamiltemian! ), irmproved ower LERA,

Self-interaction free etc. - but what is a compatible, general correfation functional?
Splids: GGEA correlation seems fing |[Steedele ot o, Phys Ree B 59, L0031 (1900])
Maolecules: GGA & LDA correlation not =naugh [Clementi, Chakeseerky, J Chem Phys SGE 2541 {1980)]
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oo Orbital dependent density-tuncuioitais
*] Example |1 Meta-GGA's

AL pnergy functional
.i'-J""':m[n; = )rnl:'r':lr'.:':ﬁﬁ"'fn, Wt dr
L]

AT I;I-'.

kinetic energy density of non-interacting efectrons  f,{r) = £ 307 F| W i

Lo O S W
deulr) 2 Ol

L

® TTPS57 Taa, Peides, Scosroweioy, Scuserio, oond-mat 50306305 [2000)
“PEZE" Perdew. Eurth_ Zizpan, Blaha, Phys Few Lete 82, 2844 (159730 X4 “nen-empeial™, LDA limia
Wan Weadin, Sousedia, J Chem Pros 209, 06 (L5959 #E “highly fitbed, nox LEVA linmit
Calle, Saluatkti, Theamt Chim B21a 55, 55 {]ﬂ?ﬂ]. E o LOW Bnit — BLYP GGA
Bicke, J Chem Phys 100, 2092 {1998 XC + ﬂaﬂﬂhany"‘iilhﬂ"

* TP5% accomplishes a consisbent improvernent over [PBE} GGA
w PHETE improved malecular binding energy, but worsened bond leagths in meslecales & sclids
# hybrid functionalks gn syecage more aocurate for molecular binding energies,
oohesive energies of solids up o nowe Aot vapoeiad
& TP5S provedes sound, nonempirical basis far new hybrids
— Mext step: correfation compatible with o=act exchange?

Ly

|_f;*5.‘|“_"5. a0 TPSS F-'!Gf-ﬁl.

— e e e

ALED I Bratiabical sooroary el the ovross ol Tour density Functionasls for various properties of moleciles, sslids, aned surlaces,
al il = 00439 &% — LOGLED haroree. Fer JoelleiaeEn, |:.':l."l1'.11.'.:l|'r:' clivestarizes Dolk deogily

- il EEHY v:l.lm'.'___!':-::l'ﬂ'._n_l'._:_ri'.!.]:_u Grrors
_-!:'Iil_::li:rl.'g-' [itnits] Tt set af propaaty LRI FHE FREOH CTPES Hod-jd
Acomaation cnergy oA (kealfmel] GO DTS manleeabes) 78 gwd I a4 6t 1. =
ol '.::n;-_‘.]. a {.:'l\.] A0 aree el 1. 54 i Dils Dy ol I!I_‘I -
Flarmcmnic fl.-|:|'|_|.'|:|.|._',-' waty [T “:- A listonies= 1440 AR50 A4 10 al.T .HIL-_L_
loaisntion pobentinl (e%) V2SS apecion] 10,5 ,2F Rz f.n [Tx]
f'ZJ-*;-.'.r.L'-:'n'._.'uzl'uuil._-.- Lot :I [ [ :-"'\-l_'l_'il':-] 1.4 100 [ .14 n.l4
H-bond dissoc, creergy Qo [kealymcd] 10 complexes .G ns 1.41 0 I
1 bond lansths r, [n:'i.'l o S O R TRTE P 2.l 1Ay L0 ) D«E:il
Fl-brespsel aozgglos: (elisged LA mnirles 111 4.0 2.0 R i
Labbioe constiant [A] L7 solics Akl 080 02 OOVE Gy
Ikl smsedulins S051%00 17 zolicl= 121 1.6 g7 9.2 a.l ?
X0 siwface enery {ergfem™ 0 r,o=246 1245 22 ER B 13 :
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Theory: Adiabatic-Connection Fluctuation-Dissipation Theorem

o Adiabatic connaction:  KS system BNl — physical system XSS
E:w_'[”'] = _{;:{ﬂhjﬁ-’mf'-]:';}di. — IE-"[ﬂ-;'

» Fluctuation-dissipation theorem:

# From noninteracting Kohn-5ham to interacting response by TO-DFT

el [Ty ()] (" dwoeic”) £il7) - .. K5 eigenvalues
]_' "o Eﬁ F '||? F Fr . _
snltu, r, o) e e wilfnl,r] ... KS orbitals

aa i} = xnliu) + xolin) - i "Diyson equation” Gdim.

In principfe ACFDT form uia gives exact XC functional

fn practice starting point for fully n-unl:::-ml approximations
15 Y -
L_kﬂplﬂ_ﬂf- : i, L LET T VP8 o d oo Fliatr g o s T e
le teelods Lo dee Cloall eleacfoe Iil.rl-u"-.-"“u A I
b aped S Poeed Sarngbloe s M, dba -~ S84 J

Results: H, molecule . . . a simple bond
— - - —
dET -
Adiabatic connection ﬁ Binding encrey & bond length
E, (e¥) Rqg (bohr)

TLSDA —4.02 1.44

PBE GGA —4.54 1.41
=0EP —3.64 138

RPA -4, 71 1.39

RPA+ ~4.73 1.40

PGG —4.85 !.-4!]-

expi. a -4.7h 1.40

- post <DEP

.-" PGG seif-cnrre}atmﬂ freal

¥ RPA and RPA+ both perform within chemical accuracy!
¥ Short-range errors of RPA cancel in total energy differences
T PGG slightly overbinds — correlation kernel needed?

Foeh i R CemLze , 3"-.-',-5 EE#E ﬁf‘?_,':l.-rl-';"'lﬂ'u' |:-Ep.p?__:l



Summary

» XC hole provides some understanding of LDA & GGA

o LDA & GGA are de facto controlled approximations te the average XC hole

* GGA remeadies LDA shartcomings w.r.t, total energy differences but may also
overcorrects somewhat {e.g. lattice parameters)

» still can & should check GGA induced corrections for plausibility by
-simple arguments |ike homogeneity & coordination
- results from “quantum chemical” methods (Quantum Monte Carlo, CI, _ . . ]

T s g ]

= hybrid functionals mix in exact exchange (B3LYP functional)

* orbital dependent, implicit density functionals;

exact Kohn-Sham exchange, Meta-GGA & QEP method,
functionals from the adiabatic-connection fluctuation-disspation formula




