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From
 your solid state physics lecture …

: 

…
 the electrons live in the periodic potential 

created by the ions 

In a perfect cristal, the atom
s form

 a periodic lattice …
 

B
loch’s theorem

: E
lectronic eigenstates are 

plane w
aves m

odulated by periodic function 

Bloch’s theorem
: 

The eigenstates of an electron in a periodic 
potential 

are 

w
ith 



Bloch’s band picture: 
The exam

ple of SrVO
3 

W
here are the electrons? 

Everyw
here in the solid ! 

=> D
elocalisation (driven by kinetic energy) 



Q
uestion: “H

-solid” 
Consider an hypothetical H

ydrogen solid, w
ith H

 
atom

s occupying the sites of a 2d periodic lattice. 
D

escribe the electronic eigenstates ! 

  [Let’s consider 1s orbital only, forget about m
olecule 

form
ation (ions are fixed!), m

agnetic solutions and assum
e 

nearest neighbor hopping only …
.] 

Q
uestion: “H

-solid” 
Consider an hypothetical H

ydrogen solid, w
ith H

 
atom

s occupying the sites of a 2d periodic lattice. 
D

escribe the electronic eigenstates ! 

 A
dditional inform

ation:  
lattice constant a = 8 km

 



The electronic Coulom
b H

am
iltonian 

Electron-electron Coulom
b interaction

 
Electron-ion Coulom

b interaction
 

The electronic Coulom
b H

am
iltonian 

V
eff(r

i) 

Independent electron picture 



The independent electron picture – 
consequences: 

•
N

-electron state = Slater determ
inant of Bloch 

w
aves 

•
M

om
entum

 k of single electron a good 
quantum

 num
ber 

•
Spectrum

 = band structure 
•

Products of expectation values factorize ! 
  

𝐻
=
 
 

𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠 𝑖
ℎ(𝑖) 

Back to the H
-”solid” w

ith a=8km
 …

 

•
Atom

s independent 

•
Atom

ic occupations are good quantum
 

num
bers => think in real space! 

•
Insulator not because of interference effects 
opening the band gap, but Coulom

b blocking 

•
“Double occupancy” is suppressed!  -- E.g.:                                     

 The “independent particle picture” predicts a band m
etal w

ith very sm
all  

but finite bandw
idth of a half-filled band and electrons delocalised over hundreds 

of kilom
eters …

.. In reality: 



Correlations? 

 

•
“Correlatio” (lat.) = interrelation 

•
Tw

o entities are “correlated” if there exists a 
m

utual relationship …
. 

•
M

athem
atically: 

In general: correlations = effects beyond m
ean field theory 



Som
e orders of m

agnitude 

•
Kinetic energy of an electron in the solid? 

•
Coulom

b m
atrix elem

ent betw
een localised 

W
annier functions? 

W
hy does band theory w

ork????? 



Several answ
ers …

. 

•
Screening reduces Coulom

b interactions, 
typically by an order of m

agnitude 

•
Landau theory! 

    [Band theory not as a single particle theory,  

     but as a description of low
-energy excitations  

     in the solid => “Q
uasi-particles”] 

�
It does not alw

ays w
ork …

…
 

 

 

Exam
ple :  

CeSF – an f-electron pigm
ent  

(cf. Rhodia’s N
eolor series) 

Tom
czak, Pourosvkii, Vaugier, G

eorges, Bierm
ann,  PN

A
S (2013) 

 

D
FT-LD

A
 Kohn-Sham

 
Band structure 

Ce: 4𝑓 1 configuration, param
agnetic 
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Tom
czak, Pourosvkii, Vaugier, G

eorges, Bierm
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A
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D
FT-LD

A
 Kohn-Sham

 
Band structure 

Retain (at least) local Coulom
b 

interaction  = “Hubbard U
” 

Ce: 4𝑓 1 configuration, param
agnetic 

Calculated colour of CeSF: 

Exam
ple :  

CeSF – an f-electron pigm
ent  

(cf. Rhodia’s N
eolor series) 

Tom
czak, Pourosvkii, Vaugier, G

eorges, Bierm
ann,  PN

A
S (2013) 

 

D
FT+D

M
FT spectral function

 
       total                   f-only 

Ce: 4𝑓 1 configuration, param
agnetic 



“M
ott insulators” 

•
Exam

ples: param
agnetic YTiO

3, CeSF, Ce2O
3 …

. 
are m

etallic in band theory, but insulating in 
nature ! 

•
N

ote: This is not a failure of D
FT (or the specific 

choice of the effective single particle potential) 
but a failure of the single particle picture itself! 

•
N

ote: sym
m

etry breaking helps the single particle 
picture, e.g. m

agnetism
 suppresses double 

occupation w
ithout the need for correlations!   

A note on m
agnetism

 …
 

•
Exam

ple: ferro- or antiferrom
agnetic ordered 

solid 
•

At each site R either 
 

or 

Then, trivially: 

•
Seem

ingly, no need for correlations: 

 



Side rem
ark: “LDA+U

” 

•
Static m

ean field theories that apply a spin
-

dependent effective potential to the single-
particle band structure can open the gap in 
the m

agnetic phases! 
•

N
ote how

ever: m
ism

atch in energy scales 
(N

eel tem
perature << gap !) indicates that 

m
agnetic order is likely not the prim

ary 
reason for the gap 

•
N

eeded: true finite tem
perature description! 

M
odelling correlated electron behavior 

“Lattice m
odels” 

Local Coulom
b interaction  

        = “Hubbard U
” 

J. H
ubbard, 

1964 

H
ubbard m

odel 

=> M
inim

al description of interplay 
betw

een Coulom
b interaction and 

delocalisation energy 
 



The M
ott transition 

Spectral function 
of half-filled 
H

ubbard m
odel, 

param
agnetic 

phase 

Increasing interaction/bandwidth 

Zhang, Rozenberg, Kotliar, 1993 
G

eorges, Kotliar, 1992 
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Exam
ple: Ising m

odel 

•
M

ap lattice m
odel onto a single spin in an 

effective m
agnetic field 

  •
Determ

ine m
agnetic field (“m

ean field”) self-
consistently 

W
hat’s a m

ean field theory? 

•
Auxiliary system

 (“reference system
”), that 

can be solved 
•

Self-consistency condition for the m
ean field 

to restore sym
m

etries of the original problem
 

Tw
o ingredients: 



For a review
, see G

eorges, Kotliar, Krauth, Rozenberg, Rev. 
M

od. Phys. 1996 
  

D
ynam

ical m
ean field theory (D

M
FT)  

D
M

FT 
Σ(ω

) 
Single    

site 

U
 D

M
FT 

Calculate G
loc from

 an im
purity problem

 (that is, a 
single site coupled to a bath): 

D
eterm

ine bath (the dynam
ical m

ean field)  self-
consistently 



U
 

A
nderson im

purity problem
: 

Integration over bath degrees of freedom
 gives 

hybridisation function 

Equivalent form
ulation of A

ndersen 
im

purity problem
: 

Im
purity action: 



D
M

FT – one slide for experts …
 

Im
purity action: 

D
M

FT approxim
ation: 

Calculate Green’s function G and deduce self-energy: 

and self-consist …
 

Standard M
FT vs. D

FT vs. D
M

FT 

Standard M
ean Field 

Theory – ex.: Ising M
odel 

 DFT 
DM

FT 

Physical 
quantity 

M
agnetisation 

D
ensity 

Local Green’s function 

A
uxiliary System

 
Spin in effective field 

Electrons in 
effective potential 

Q
uantum

 im
purity 

problem
 (interacting!) 

“W
eiss field” 

Effective m
agnetic field 

Kohn-Sham
 

potential 
Dynam

ical m
ean field 

(effective hybridisation) 

 



DM
FT in a nutshell …

 

•
N

on-perturbative.  
•

Captures w
eak and strong coupling lim

its on equal 
footing; gives a picture of the M

ott transition 
•

Incorporates “atom
ic physics” of localised degrees of 

freedom
 into the itinerant band picture 

•
D

escribes correlation effects on different energy scales 
(=> coexistence of quasi-particle excitations and 
H

ubbard bands in the correlated m
etallic state)  

•
Self-energy is taken to be purely local – for non-local 
fluctuations cluster extensions required 

•
Finite tem

peratures w
ell described 

D
M

FT as the infinite dim
ensional solution 

•
H

ubbard m
odel in the lim

it of infinite 
coordination num

ber stays non-trivial m
odel 

(M
etzner and Vollhardt, 1989) 

•
In that lim

it, perturbation theory sim
plifies, self-

energy purely local (M
ueller-H

artm
ann, 1989) 

•
A

 constructive solution can be obtained from
 

m
apping onto im

purity problem
 (G

eorges, Kotliar, 
1992) 

•
Further contributions by: O

hkaw
a, Brandt, 

M
ielsch, Keiter, …

 For bibliography see Georges et 
al., Rev. M

od. Phys. 1996 



“Ab initio” m
odeling of m

aterials …
? 

                      Com
bine  

             ab initio techniques  
                           w

ith  
              m

any-body theory 

D
ensity Functional Theory 

P. H
ohenberg, W

. Kohn, 1964,  

W
. Kohn, L. Sham

, 1965 

Interacting electron gas 

N
on-interacting electrons 

in effective potential 
such that the ground state density is 
the sam

e for the tw
o system

s 

M
apping 

Cf. M
atthias Scheffler’s lecture 



D
ensity Functional Theory 

DFT used here as a m
eans to generate the one-body 

part of a m
any-body Ham

iltonian  

Interacting electron gas 

N
on-interacting electrons 

in effective potential 
such that the ground state density is 
the sam

e for the tw
o system

s 

M
apping 

M
ulti-orbital H

ubbard-
H

am
iltonian 

•
Solve w

ithin D
ynam

ical M
ean Field Theory (D

M
FT) 

•
=> “LDA+DM

FT” (A
nsim

ov et al., Lichtenstein et al., 1997/98) 

O
ne-particle part of Ham

iltonian from
 DFT-LDA 

Hubbard interaction  
for  

“correlated shell” 

Hund’s rule coupling 



Lichtenstein, Katsnelson, 1998 
A

nisim
ov, …

 Kotliar, 1997 
 

D
ynam

ical m
ean field theory w

ithin realistic 
electronic structure calculations: “DFT+DM

FT” 

D
M

FT 
Σ(ω

) 

D
FT+D

M
FT for SrVO

3 

From
: Tom

czak, Casula, M
iyake, Bierm

ann, arXiv 2013. 
See also: various authors,  Pavarini et al, 2004, N

ekrasov et al. 2005,  
Lecherm

ann, et al. PRB 2006 



Low
er H

ubbard band seen in 
photoem

ission of SrVO
3 ! 

(Inverse) Photoem
ission spectrum

 
From

: M
orikaw

a et al. 1995 
D

FT+D
M

FT calculation 
From

: Pavarini, SB, Poteryaev, Lichtenstein, 
G

eorges, PRL 2004 
 

Bloch’s band picture: 
The exam

ple of SrVO
3 



LD
A

 band structure of 
SrVO

3 

Com
parison to A

ngle-Resolved 
Photoem

ission: the case of SrVO
3 

 

A
izaki et al., PRB 2011 



Renorm
alisation by factor 0.5 

“Hubbard band” 

A
izaki et al., PRB 2011 

SrVO
3:  

angle-integrated photoem
ission spectra  

Sekiyam
a et al., PRL 2004 



DFT+DM
FT …

 a story of success! 

A
pplications to 

•
3d transition m

etal oxides, sulphides 
      [CaVO

3, LaTiO
3, YTiO

3, VO
2, V2O

3, BaVS3, …
] 

•
Transition m

etals [M
n, N

i, …
] 

•
f-electron elem

ents and com
pounds [Ce, CeSF, RE2O

3] 

•
Iron Pnictides [LaFeA

sO
, FeSe, BaFe2A

s2, BaCo2A
s2] 

•
Spin-orbit m

aterials [Sr2IrO
4, Sr2RhO

4] 

•
Low

-dim
ensional system

s (organics) 
•

…
. 

 Photoem
ission vs. theory: BaCo2A

s2 

Xu et al., PRX  (2013) &
 

A
. van Roekeghem

 et 
al., PRL 2014 
 See also:  
PES by D

haka et al. 

A
.

Van Roekeghem
 

IO
P-CA

S &
 Ecole 

Polytechnique 
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 Tow
ards a first-principles schem

e for 
correlated m

aterials: G
W

+D
M

FT 
•

Form
ulated in functional language: 

Free energy of a solid as a functional Γ[G
,W

] of  

1)
the Green’s function G and  

2)
the screened Coulom

b interaction W
. 

[A
lm

bladh et al., Int J. Q
u. Chem

. 1999] 

•
Γ[G

,W
] = H

artree part + Ѱ
[G

,W
] 

•
   

Bierm
ann, A

ryasetiaw
an, G

eorges, PRL 2003 



G
W

+D
M

FT Eqs. 

 

+ outer loop: self-consistency 
over G

W
 calculation: update 

P_nonlocal and Σ
nonlocal 

H
ubbard U

 becom
es an auxiliary quantity that is 

self-consistently determ
ined! 

“GW
+DM

FT” as a bridge betw
een Coulom

b 
interaction in the continuum

 and H
ubbard physics: 



W
hat G

W
+D

M
FT is supposed to do for 

you …
 

•
D

escribe correlated states w
ith arbitrary local 

correlation strength 
•

Include exchange beyond D
FT-LD

A
 (!) 

•
M

ake the link betw
een 1/|r-r’| and an auxiliary 

quantity U
(w

) (not a param
eter any m

ore!) – screening 
from

 first principles! 
•

Charge ordering instabilities [cf. Ayral et al., PRL 2012] 
•

Describe “uncorrelated states” beyond DFT  
•

G
et rid off double counting (Caveat: in orbital-

separated schem
e, need to take care of “Σ

pd”) 
•

Solve issue of self-consistency/starting point of G
W

 

For applications to real solids, see eg. H
ansm

ann et al, PRL 2013, Tom
czak et al, EPL 2012,  

PRB 2014. 
For extended m

odel stuides, see: A
yral et al., PRL 2012, PRB 2013, Li et al., PRB 2014. 

•
Electronic correlations 

 �
need to incorporate “atom

ic-like” physics 
 •

G
eneral concepts of m

ean field theories: 
auxiliary system

, self-consistency  
�

Exam
ples: Ising, D

FT, D
M

FT 
 •

D
M

FT: m
apping of the solid onto interacting 

quantum
 im

purity problem
 w

ith effective 
hybridisation function (dynam

ical m
ean field) 

�
suitable for strong/w

eak coupling &
 

interm
ediate  correlated m

etal regim
e 

 •
Successful to describe spectroscopic  

     properties of a w
ide range of m

aterials 
 

Conclusions 



Perspectives 

•
N

on-local extensions of DM
FT (“Cluster-

DM
FT”) 

•
Im

proved interfacing of D
M

FT and electronic 
structure techniques (GW

, basis sets …
) 

•
M

ore quantities: transport, forces …
 

•
Bigger system

s …
 

Electron
addition

...

...–
theoretician’s

pointofview

C
onsiderm

any-body
ground

state
|Ψ

NG
S
⟩and

add
an

electron
w
ith

quantum
num

bers
m
,σ:

c
†m
σ |Ψ

NG
S
⟩

(1)

–
p.1



Electron
addition

...

...–
theoretician’s

pointofview

C
onsiderm

any-body
ground

state
|Ψ

NG
S
⟩and

add
an

electron
w
ith

quantum
num

bers
m
,σ:

c
†m
σ |Ψ

NG
S
⟩

(2)

Letstate
evolve

in
tim

e:

e
iH

t
c
†m
σ |Ψ

NG
S
⟩

(3)

–
p.2

Attim
e
t,does

the
state

stillressem
ble

the
initialstate

c
†m
σ |Ψ

NG
S
⟩
?

(4)

C
onsideroverlap⟨Ψ

NG
S
|c
m
σ
e
iH

t
c
†m
σ |Ψ

NG
S
⟩

(5)

–
p.3



Attim
e
t,does

the
state

stillressem
ble

the
initialstate

c
†m
σ |Ψ

NG
S
⟩
?

(6)

C
onsideroverlap⟨Ψ

NG
S
|c
m
σ
e
iH

t
c
†m
σ |Ψ

NG
S
⟩

(7)

In
the

case
ofa

non-interacting
system

:
∼

exp
(i

E
n
ergy

t).
In
an

interacting
system

:electron
decays

...

–
p.4

G
reen’sfunction

–
survivalkit

D
efinition

of(zero-tem
perature)G

reen’s
function:

G
(k
,t)

=
−
⟨T̂

c
k (t)c

†k (0)⟩

w
ith

c
k (t)

=
ex

p(−
iH

t)c
k ex

p(iH
t)

and
the

tim
e-ordering

operator
T̂.

⟨...⟩denotes
the

expectation
value

in
the

ground
state.

N
B.k

from
Fouriertransform

w
ith

respectto
Bravais

lattice.
Additionalquantum

num
bers

→
G
m
atrix

in
orbitalspace

–
p.5



G
reen’sfunction

–
properties

A
(k
,ω

)
=

−
1π
T
rℑ

G
(k
,ω

)

N
on-interacting

case:

G
0 (k

,ω
)
=

1

ω
+
µ
−

ϵ
o (k

)
+
iη

G
eneralcase:define

self-energy
Σ
such

that

G
(k
,ω

)
=

1

ω
+
µ
−
ϵ
o (k

)
−

Σ
(k
,ω

)

Allinteraction
effects

are
hidden

in
the

self-energy:

Σ
(k
,ω

)
=

G
−
1

0
(k
,ω

)
−
G

−
1(k

,ω
)

–
p.6

G
reen’sfunctions–

properties

O
ne-particle

excitations
↔
poles

of
G
(k
,ω

)

A
(k
,ω

)
=

1π

−
ℑ
Σ
(k
,ω

)

(ω
−

ϵ
0 (k

))
2
+
(−

ℑ
Σ
(ω

))
2

W
ell-defined

band-like
states

if
ℑ
Σ
sm

all.

–
p.7



Ferm
iliquids

In
a
Ferm

iliquid
(local(i.e.k-independent)self-energy

and
µ
=

0,forsim
plicity

...):

Im
Σ
(ω

)
=

−
Γ
ω
2
+
O
(ω

3)

R
eΣ

(ω
)

=
R
eΣ

(0)
+
(1

−
Z
−
1)ω

+
O
(ω

2)

A
(k
,ω

)
=

Z
2

π

−
ℑ
Σ
(ω

)

(ω
−

Z
ϵ
0 (k

))
2
+
(−

Z
ℑ
Σ
(ω

))
2
+
A
in
k
o
h

Forsm
allIm

Σ
(i.e.well-defined

quasi-particles):Lorentzian
ofw

idth
ZIm

Σ,
Poles

atrenorm
alized

quasi-particle
bands

Z
ϵ
0 (k

),
W
eightZ

(instead
of1

in
non-interacting

case)

–
p.8

W
hataboutfinite

tem
peratures?

D
efine

therm
alG

reen’s
function!

Idea:therm
alweight

ex
p(−

β
H
)/Z

ressem
bles

ex
p(−

iH
t)

→
N
otion

of“im
aginary

tim
e”

–
p.10



W
hataboutfinite

tem
peratures?

D
efinition

ofG
reen’s

function:

G
(k
,τ
)
=

−
⟨T̂

τ c
k (τ

)c
†k (0)⟩

w
ith

c
k (τ

)
=

ex
p(−

τ
H
)c

k ex
p(τ

H
)

and
the

tim
e-ordering

operator
T̂
τ
in
im
aginary

tim
e.

⟨...⟩denotes
the

therm
alexpectation

value
attem

perature
T,related

to
β
by

β
=

1/k
B
T.

–
p.11

In
practice:

O
btain

G
(k
,iω

n )by
Fouriertransform

from
G
(k
,τ
).

(where
ω
n
=

(2n
+
1)π

/β
are

the
“ferm

ionic
M
atsubara

frequencies”)

Need
to
m
ake

“analytic
continuation”of

G
(k
,iω

n )to
obtain

G
(k
,ω

)forrealfrequencies,and
calculate

spectra.

–
p.12



Tem
perature

dependence
...

...ofelectronic
properties

can
be

strong
in
correlated

m
aterials!

N
otonly

through
Ferm

ifactor(therm
aloccupation

of
states),butalso

through
the

spectralfunction
itself!!

N
ote:

Σ
is
tem

perature-dependent.
Exam

ple:In
a
Ferm

iliquid

Im
Σ
(ω

)
=

−
Γ
(ω

2
+
π
T
2)

at low
energies

and
low

tem
peratures

→
N
otion

ofcoherence
tem

perature
(below

w
hich

Ferm
i

liquid
properties

are
observed)

–
p.13

Finite
tem

peratures

Param
agnetic

phase
diagram

ofhalf-filled
H
ubbard

m
odel

w
ithin

D
M
FT:

Firstordertransition
(ending

in
2nd

ordercriticalpoints)
w
ith

coexistence
region

ofm
etallic

and
insulating

solutions!

–
p.14



R
ealm

aterials...:V
2 O

3

–
p.15

H
igh

tem
peratures?

Param
agnetic

phase
diagram

ofhalf-filled
m
odelw

ithin
D
M
FT:(Ferm

i Liquid)
M

etal

U

T
Sem

i
C

onductor

M
ott

Insulator

B
ad

M
etal

U
  (T)

U
  (T)
c1

c1
U

c2
U

U
c

c
T

c2

–
p.16



H
igh

tem
peratures?

0
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ω

Ferm
iliquid,bad

m
etaland

sem
iconducting

regim
e

–
p.17

R
ealm

aterials...

2D
O
rganic

BEDT
com

pound

Lim
elette

etal.,PRL
2003

–
p.18


