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Introduction
Experimental results

Experimental results, by using a coherent laser pulse in the THz region:
▶ light-induced superconductivity in cuprates1

▶ state manipulation/control in gas2 and liquid3 phase systems
▶ polarization reversal in ferroelectric solids4

1Science, 331(6014), 189–191.
2Phys. Rev. Lett., 107, 163603.
3Nature Communications, 8(1), 14963.
4Phys. Rev. Lett., 118, 197601.
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https://doi.org/10.1126/science.1197294
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.107.1636 03
https://www.nature.com/articles/ncomms14963
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.118.197601


Introduction
Ab initio approach

Previous approachs:
▶ nuclear motion modeled as driven harmonic oscillators5,6

▶ no nuclear quantum effect nor lattice distortion
▶ lowest-order anharmonicities only

Aim: develop an ab initio to study light-driven nuclear dynamics:
▶ method based on Molecular Dynamics
▶ Machine-Learning methods: speed-up and larger systems

Focus on:
▶ response of the system at varying E intensities and frequencies
▶ light-induced (structural) phase transitions
▶ light-driven control of the system state (out-of-equilibrium)

5Nature Physics 7, 854–856 (2011)
6Phys. Rev. B 89, 220301(R)
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https://www.nature.com/articles/nphys2055
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.89.220301


Theory
Electric Dipole Approximation

The Hamiltonian Ĥtot of the system of electrons and nuclei is:

Ĥtot = T̂e + V̂ee + V̂en + T̂n + V̂nn

Light-matter coupling using the Electric Dipole Approximation (EDA)7

ĤE
tot = Ĥtot − ΩP · E (t) (Ω = unit cell volume)

In the previous equations:
▶ P is the polarization (dipole per unit volume)
▶ E is the external electric field (with wavelength λ)
▶ the approximation is valid as long as |λ| ≫ lattice parameter

(long-wavelength limit → E is homogeneous over the system)

7John Wiley & Sons, Photons and Atoms
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https://onlinelibrary.wiley.com/doi/book/10.1002/9783527618422


Theory
Polarization in periodic systems

P has an electronic and a nuclear contribution, i.e. P = Pn + Pe :
▶ Pn is expressed through the classical formula:

Pn = qe

Ω

Nn∑
I

Z IRI (where RI is the I th nucleus position)

▶ (the derivative of) Pe is expressed using the Modern Theory of
Polarization8,9:

∂λPe = qe

(2π)3

occ∑
n

∫
BZ

d3k 2Im ⟨∂λunk|∂kunk⟩

P is defined up to a quantum |ai| qe/Ω along the lattice vector ai direction.

8Phys. Rev. B 47, 1651(R)
9Journal of Solid State Chemistry, 195, 2–10
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https://journals.aps.org/prb/abstract/10.1103/PhysRevB.47.1651
https://doi.org/10.1016/j.jssc.2012.05.010


Theory
Born-Oppenheimer approximation

Classical nuclei and Born-Oppenheimer/adiabatic approximation:
▶ with E = 0

electrons: Ĥe (R) |ψR (r)⟩ = E KS
R |ψR (r)⟩ DFT−−→ 0 = δE KS

R [n]
δn

nuclei: H0
n = Tn + Vnn + E KS

R
MD−−→ FI = −∂H0

n
∂RI

▶ with E ̸= 010

electrons: 0 =δFR (E)
δn = δ

δn

(
E KS

R − ΩP · E

)

nuclei: HE
n =Tn + Vnn + FR (E)

where FR (E) ,E KS
R , and P depend parametrically on R

10Phys. Rev. Lett. 89, 117602
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.89.117602


Theory
Weak field approximation

Assumption: E is small enough s.t. we can discard any induced change in the
electronic structure.11

We can then safely rely on the following approximated approach:
▶ electrons:

▶ KS equations are solved for E = 0
▶ P is computed only at the end of the scf procedure
▶ the enthalpy is approximate with a linear expression in E:

FR (E) ≃ E KS
R
∣∣
0

− E · P|0

▶ nuclei: the nuclear Hamiltonian is then approximated with a linear
expression in E:

HE
n ≃ Tn + Vnn + E KS

R − ΩP · E

= H0
n − ΩP · E

11Phys. Rev. B 107, 054102
9/22

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.107.054102


Theory
Born Effective Charge tensors

Within these approximations, the forces gain just a simple term:

FI = − ∂HE
n

∂RI ≃ F0I + Ω ∂P
∂RI · E

We need to know the Born Effective Charge (BEC) tensors Z ∗I
ij of each ion I:

Z ∗I
ij = Ω

qe

∂Pi

∂R I
j

(qe elementary charge, Ω u.c. volume)

The BEC tensors can be computed using:
▶ finite differences : Z ∗I

ij ∝ ∆Pi/∆R I
j

▶ DFPT12:

Z ∗I
ij = Ω

(2π)3

occ∑
n

∫
BZ

d3k 2Im ⟨∂unk

∂R I
j

|∂unk

∂ki
⟩ + Z I

12Rev. Mod. Phys. 73, 515
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https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.73.515


Implementation
i-PI protocol

How to sample NVE and NVT ensembles:
▶ the potential is now time-dependent due to the term ΩP · E (t)
▶ we need a new protocol to perform driven-MD within i-PI:

p (t + ∆t/2) = p (t) +
[
F (q (t)) + eZ∗ · E (t)

]
∆t/2

q (t + ∆t) = q (t) + p (t + ∆t/2) ∆t/m

p (t + ∆t) = p (t + ∆t/2) +
[
F (q (t + ∆t)) + eZ∗ · E (t + ∆t)

]
∆t/2

▶ implemented sinusoidal E fields (with a gaussian envelope function too)
▶ P is not strictly needed for the dynamics, but the BEC tensors are
▶ . . . but the BEC could depend on the positions R:

Z ∗I
ij (R) = Ω

qe

∂Pi (R)
∂R I

j

11/22



Implementation
Driver

Quantum Espresso13,14,15:
▶ plane-waves basis set
▶ Pseudo-Potentials
▶ different kind of functionals

Some modifications have been done:
▶ P is computed using the Resta formalism16 at each MD step
▶ DFPT calculations are performed “on-the-fly” (merged pw.x with ph.x)
▶ the BEC are computed at each MD step
▶ implemented communication with i-PI for P and Z ∗I

ij

13J. Phys.:Condens. Matter 21 395502 (2009)
14J. Phys.:Condens. Matter 29 465901 (2017)
15J. Chem. Phys. 152 154105 (2020)
16Phys. Rev. Lett. 80, 1800
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https://iopscience.iop.org/article/10.1088/0953-8984/21/39/395502
https://iopscience.iop.org/article/10.1088/1361-648X/aa8f79
https://pubs.aip.org/aip/jcp/article/152/15/154105/1058748/Quantum-ESPRESSO-toward-the-exascale
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.80.1800


Results
LiNbO3: crystal structure

Properties:
▶ lattice: rhombohedral
▶ space group: 161
▶ u.c. volume: ≃ 695a.u.3

▶ spontaneous polarization at 0 K: P ≃ 1.17 (v̂1 + v̂2 + v̂3) a.u.

Nb (blue), Li (green), O (red)


v1 v2 v3

5.55 3.29 3.29 x
0.00 4.47 1.66 y
0.00 0.00 4.15 z


cell parameters (angstrom).
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Results
LiNbO3: BEC tensors

The BEC tensors have been computed as E-induced forces:

Z ∗I
ij ∝ ∂Pi

∂R I
j

= − ∂2U
∂R I

j ∂Ei
=
∂F I

j

∂Ei

Some examples of the computed BEC tensors:

Z ∗Li =

( Px Py Pz

1.21 0.09 0.18 Ex

0.20 1.00 −0.11 Ey

0.01 0.21 0.97 Ez

)
Z ∗Nb =

( Px Py Pz

4.57 −0.97 0.04 Ex

−0.32 5.52 −1.17 Ey

−0.92 0.72 5.70 Ez

)

Z ∗O =

( Px Py Pz

−1.45 −0.27 −0.02 Ex

−0.33 −2.79 −1.16 Ey

0.28 −0.91 −2.49 Ez

)

Different atoms (of the same species too) could have really different BEC
tensors.
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Results
LiNbO3: BEC tensors

Why do we need to compute the BEC tensors at each MD step?
▶ P can not be assumed linear w.r.t. the displacements: ∆P ̸= Z ∗

const · ∆R

▶ Z ∗ can not be assumed constant w.r.t. R.

0 100 200 300 400 500 600
time (fs)

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

|
P

Z
* co

ns
t

R|
 (a

.u
)

LiNbO3 (NVE@20K, t = 1fs)
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Results
LiNbO3: BEC tensors convergence

The BEC tensors need to be converged w.r.t. k-points in DFPT calculatons.

Here are the results for Nb in the 1x1x1 primitive cell:

nk = 1 : Z∗Nb =

( Px Py Pz
4.6 −1.0 0.0 Ex

−0.3 5.5 −1.2 Ey
−0.9 0.7 5.7 Ez

)
−1
Nn

∑
I

Z∗I =

( Px Py Pz
1.75 0.88 0.50 Ex
0.88 0.46 0.30 Ey
0.59 0.30 0.21 Ez

)

nk = 23 : Z∗Nb =

( Px Py Pz
5.2 −0.9 0.2 Ex

−0.2 6.0 −1.2 Ey
−0.9 0.9 6.2 Ez

)
1

Nn

∑
I

Z∗I =

( Px Py Pz
0.07 0.00 0.00 Ex
0.00 0.07 0.00 Ey
0.00 0.00 0.07 Ez

)

nk = 43 : Z∗Nb =

( Px Py Pz
5.2 −0.9 0.1 Ex

−0.2 6.0 −1.2 Ey
−0.9 0.8 6.1 Ez

)
1

Nn

∑
I

Z∗I =

( Px Py Pz
0.01 0.00 0.00 Ex
0.00 0.01 0.00 Ey
0.00 0.00 0.01 Ez

)

pw.x + ph.x = eda.x does not work (yet) with nk > 1: debugging!
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Results
LiNbO3: BEC tensors convergence

Observation: the sum rule
∑

I Z ∗I = 0 “does not improve” if we increase the
cell size and keeping nk fixed.

Explanation: the BEC tensors are expressed using a k-points derivative:

Z ∗I
ij = Ω

(2π)3

occ∑
n

∫
BZ

d3k 2Im ⟨∂unk

∂R I
j

|∂unk

∂ki
⟩ + Z I

To get more accurate results we need a denser k-grid.

Problem: for large cells DFPT calculations are really expensive!

time nk = 13 nk = 23 nk = 43

Na = 10 1m 5m 33m
Na = 30 6m 38m 4h45m
Na = 80 1h20m 15h /

Possible solution: Machine-Learn the BEC tensors and/or polarization.
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Results
LiNbO3: EDA-NVE

Applied E-field with Emax = 10−3a.u. and ω = 19THz.

0 2 4 6 8 10 12 14 16
time (ps)

1.062

0.675

0.287

0.100

0.488

0.876

1.263

en
er

gy
 (a

.u
.)

1e 3 LiNbO3 (NVE@0K, t = 1fs,Emax=10 3 a.u., 19THz)
0
n

0
n(t = 0)

E v

1.21

0.77

0.33

0.11

0.55

0.99

1.43

E-
fie

ld
 (a

.u
.)

1e 3

Question/outlook: how the system respond to an external perturbation?
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Results
LiNbO3: EDA-NVE

Applied E-field with Emax = 10−3a.u. and ω = 19THz.
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Results
LiNbO3: Projection on vibrational modes

Vibrational modes energy of LiNbO3.

2.52 2.54 2.56 2.58 2.60
time (a.u.) 1e6

0

50

100

150

200

A
2 s

2 s
/(2

N
) w

ith
 N

=
E h

ar
m

(t)

The 2 highly populated modes have frequencies 14.5 and 23 THz.

Further analysis to validate the two coupled phonons model.
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Results
LiNbO3: Two coupled phonons model

Simple mechanism for polarization reversal17,18:
▶ there exists a low frequency phonon mode QP in the ferroelectric phase

whose excitation induces changes in P
▶ the QP mode potential is a double well
▶ the QP mode is anharmonically coupled to a high frequency

infrared-active phonon mode QIR

The potential of the two-phonons model is19:

V (QP ,QIR) = 1
2ω

2
IRQ2

IR − 1
4ω

2
PQ2

P + 1
4c2

PQ4
P − aQPQ2

IR

We can obtain the EOM to perform a qualitative and intuitive study of the
phonon populations (when an external driving is applied).

17Phys. Rev. B 92, 214303
18Phys. Rev. Lett., 118, 197601.
19Phys. Rev. Lett. 118, 197601
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https://journals.aps.org/prb/abstract/10.1103/PhysRevB.92.214303
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LiNbO3
IR Raman activity

The IR activity In of the vibrational mode Qn is defined as:

In
def=

∑
α=x,y,z

∣∣∣∂Pα

∂Qn

∣∣∣2 =
∑

α=x,y,z

∣∣∣∣∣
3N∑
i

∂Pα

∂Ri

∂Ri

∂Qn

∣∣∣∣∣
2

=
∑

α=x,y,z

|Z ∗ · Nn|2

where N is the matrix whose columns are the vibrational modes.

0 5 10 15 20 25
pulsations  (THz)

0

10

20

30

40

50

60

70

IR
 c

ro
ss

 se
ct

io
n 

(a
.u

.)

LiNbO3 (1x1x1 u.c.) IR cross section

21/22



Conclusions

What has been done insofar:
▶ set up a theoretical framework to perform light-driven MD
▶ computation of Z ∗ “on-the-fly” using DFPT
▶ implemented communication of P and Z ∗ between i-PI and QE

▶ preliminary study on LiNbO3 (small cells)

What has to be done:
▶ machine-learn P and Z ∗ to speed up MD simulations
▶ systematic study of LiNbO3 with an external E field:

▶ validate the two coupled phonons model
▶ study the E-frequency/intensity response of the system

▶ implement NPT ensemble (improper piezoelectric tensor is needed)
▶ study other materials
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Supplementary material



Further order terms

Let’s go beyond the two approximations that have been adopted, i.e. slowly
varying and weak fields.

High intensity fields: the E-induced changes on the electronic structure are
▶ no longer negligible → solve KS equation with external E field
▶ still negligible, but results are not accurate → consider the derivative

w.r.t. E of the:
▶ energy (i.e. polarizability) to properly defined a conserved quantity
▶ BEC tensors, to get better values for the forces

Rapidly oscillating fields (high frequency/spatial inhomogeneity):
▶ consider quadrupole terms (computation could not be trivial at all)
▶ consider magnetic dipoles

1/9



Time to compute Z ∗ and P

Time to compute the BEC tensors using DFPT:

time nk = 13 nk = 23 nk = 43

Na = 10 1m 5m 33m
Na = 30 6m 38m 4h45m
Na = 80 1h20m 15h /

Time to perform a DFT calculation + polarization calculation:

time nk = 13 nk = 23 nk = 43

Na = 10 10s 20s 2m
Na = 30 34s 3m 17m
Na = 80 6m 43m 4h

2/9



Electric polarization
Electronic polarization Pe , classical expression for a continuous charge
distribution:

Pe = 1
Ω

∫
Ω

d3r n (r) r ill-defined with pbc

Electronic polarization Pe , classical expression for a continuous charge
distribution:

����������XXXXXXXXXX
Pe = 1

Ω

∫
Ω

d3r n (r) r ill-defined with pbc

The Modern Theory of Polarization relies on a single-particle formalism
(KS orbitals in Bloch-like form):

∂λPe = qe

(2π)3

occ∑
n

∫
BZ

d3k 2Im ⟨∂λunk|∂kunk⟩

In FHI-aims the integral is performed along the direction of a reciprocal
lattice vector ni = bi/ |bi |:

Pe
i (1) − Pe

i (0) =
∫ 1

0
dλ

∂Pe
i

∂λ

assume that−−−−−−−→
Pe

i (0)=0
Pe

i =
∮
T1

dni
∂Pe

i
∂ni

References:
Honghui Shang et al 2018 New J. Phys. 20 073040
Phys. Rev. Lett. 89, 117602
Journal of Solid State Chemistry 195 (2012) 2–1
Rev. Mod. Phys. 66, 899 (1994)
Phys. Rev. B 47, 1651(R), (1993)
New J. Phys. 20 (2018) 073040

3/9
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Theory
Projection on vibrational modes

The vibrational modes nl are the normalized mass-weighted eigenvectors of
the dynamical matrix:

D · ε = ε · Λ with Λls
def= δlsω

2
s → nl

def=
M · ε

l∣∣∣M · ε
l

∣∣∣
∆R (t) and v (t) are expressed as a superpositions of vibrational modes:

∆R (t) =
Nn∑
s

As
εs√
M

cos (ωst + ϕs) →
√

M · εl · ∆R (t) = Al cos (ωl t + ϕl)

v (t) =
Nn∑
s

−Asωs
εs√
M

sin (ωst + ϕs) → ω−1
l

√
M · εl · v (t) = −Al sin (ωl t + ϕl)

We then get

Hharm =
3N∑
s

ω2
s A2

s
2 =

3N∑
s

Es −→ A2
s = 2Es

ω2
s

(As has the dimension of length × mass1/2)
4/9



LiNbO3
Projection on vibrational modes

Thermalization using the GLE thermostat at 300K with ω0 = 20cm−1
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The equipartition theorem is satisfied: En = kBT .
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LiNbO3
Projection on vibrational modes

Thermalization using the GLE thermostat at 300K with ω0 = 20cm−1
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Variable lattice parameters
A time-dependent E-field can induce structural distorsions.
Promote the lattice parameters ai to dynamical variables:

HE
n,ai

(
RI , pI) −→ HE

n

(
θI , ωI , ai , κi

)
where θI are the fractional coordinates, ωI the corresponding conjugate
variables, and κi the conjugate variables to the lattice parameters ai :

A def= [a1, a2, a3] =

a1x a2x a3x
a1y a2y a3y
a1z a2z a3z

 → RI = A · θI

pI = B · ωI

with B =
(
A−1)t

References:
J. Phys. Chem. Solids Vol. 56, No. 3/4. pp. 501-505. 1995
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Equations of motion
From the Hamilton equations of motion of HE

n we obtain:

dRI

dt = pI

M I + dA
dt · θI

dpI

dt = F0I + FEI − B · dA
dt · pI

with

F0I = −∂H0
n

∂RI and FEI = −ΩE · ∂P
∂RI

Attention! We need to know the following term:

dκi
dt = − ∂HE

n
∂ai

= −∂H0
n

∂ai
− ∂

∂ai

(
ΩP · E

)
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Theory
Conserved quantity in time-dependent systems

Time-dependent Hamiltonian:

H (p, q, t) def= H0 (p, q) + V (q, t)
Extended phase-space Hamiltonian:

H̃ (p, q, q̃, p̃) def= H (p, q, q̃) + p̃

˙̃p = −
∂H̃
∂q̃

= −
∂H
∂t

˙̃q =
∂H̃
∂p̃

= 1 → q̃ = t

Solving the equations of motion for p̃ we get the following conserved quantity:

Acons (p, q, t) def= H (p, q, t) −
∫ t

0

∂H
∂τ

dτ = H (p, q, t) −
∫ t

0

∂V (q (τ) , τ)
∂τ

dτ

Let’s explicitly show that this is a conserved quantity:
dAcons

dt
=

∂Acons

∂t
+

∂Acons

∂q
dq
dt

+
∂Acons

∂p
dp
dt

=
��

��∂V (q, t)
∂t

−
��

��∂V (q, t)
∂t

+
∂Acons

∂q
∂H
∂p

−
∂Acons

∂p
∂H
∂q

=
∂H
∂q

∂H0
∂p

−
∂H0
∂p

∂H
∂q

= 0
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LiNbO3
Conserved quantity in time-dependent systems

0 500 1000 1500 2000 2500
time (a.u.)

79.165

79.160

79.155

79.150

79.145

79.140

79.135

79.130

en
er

gy
 (a

.u
.)

LiNbO3 (NVE@2K, t = 1fs,|E|=10 3 a.u., 20THz)
enthalpy
energy
conserved
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